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Foreword

These notes are primarily concerned with stability and control of linear delay
differential equations. This is an active area of research with most of the recent
results available only through journals. These notes are an attempt to remedy
this situation.

The editors have chosen a variety of experts representing a broad spectrum
of techniques. The authors of the chapters not only have given a good overall
view of their subject but have also included an extensive bibliography as well as
new and original results. Emphasis is placed on presenting the material in such
a way that it can be directly applied to specific problems. Some attention also
is paid to numerical schemes.

This is a welcome addition to the subject and should be useful to theoreticians
as well as practitioners.

JACK HALE
4/9/1997



Introduction

The idea of editing a book on the stability and stabilization of time-delay
systems emerged in the spring of 1996.

The two editors, Luc Dugard and Erik 1. Verriest, participated in a French
colloquium on “Analyse et commande des systémes avec retard” organized in
Nantes in the framework of GDR CNRS “Automatique”. Many other authors
contributing to this book also participated to this colloquium and the audience
was enlarged with researchers from different countries. It is noticeable that most
authors also participate to the 4th European Control Conference, Brussels, July
1-4, 1997, with an invited session dedicated to the stability and stabilization of
continuous time delay systems.

The study of continuous-time delay systems has known a growing interest,
in the past decade, in the automatic control community. Time-delay systems
can be “tackled” from many points of view. In particular, the models of such
systems can be considered as evolution in abstract systems, differential equations
on rings or modulus, or as functional differential equations.

Surprisingly, only few books and monographies are dedicated to this subject.
Motivated and encouraged by the enthusiasm of Silviu-Iulian Niculescu, who
completed his Ph.D. dissertation on the stability and stabilization of continuous-
time delay systems in early 1996, we decided to appeal to some specialists, recog-
nized in the field, to edit a book on the subject, restricted to well-defined points.
The book finds a niche in the time-delay system literature and should allow the
interested reader to acquire a general idea of the problems posed by the stability
and the stabilization of time-delay systems, as well as the various approaches
and tools used to study and solve these problems. The book is characterized by
a well defined spectrum. Stability analysis is studied in the first several chapters.
Numerical aspects follow in the next ones. The stabilization problems are ex-
amined later, with some extensions to robustness issues and nonlinear aspects.
This provides a coherent unity to the book.

The book consists of 14 chapters. The first chapter entitled “Stability and
Robust Stability of Time-Delay Systems: A Guided Tour” is written by S.-I.
Niculescu, E. I. Verriest, L. Dugard and J.-M. Dion. This chapter is intended
to provide the reader with basic ideas on the various approaches to study the
stability of time-delay systems. In particular, frequency domain and time do-
main approaches yield stability criteria which can be delay dependent or delay
independent. Some extensions are given for the robust stability of uncertain time-
delay systems. The stabilization aspects are not directly tackled in this chapter,
but the results can be used for the study of the stability of the closed-loop
time-delay systems.

The second chapter entitled “Convex Directions for Stable Polynomials and
Quasipolynomials: A Survey of Recent Results” is written by L. Atanassova, D.
Hinrichsen and V. L. Kharitonov. This chapter presents very recent results on
robust stability of time-delay systems in the frequency framework. The notion
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of convex directions for stable polynomials and quasipolynomials is largely used
here and applied to time-delay systems. This is a nice extension of some previous
results on the stability of a polytope of polynomials or quasipolynomials, using
the Edge Theorem.

The third chapter entitled “Delay-Independent Stability of Linear Neutral
Systems: A Riccati Equation Approach” is written by E. I. Verriest and S.
1. Niculescu. The linear neutral time-delay systems form a particular class of
time-delay systems. The derivative of the delayed state appears in the system
equation. Delay independent stability conditions are given in terms of some
appropriate Riccati matrix equation coupled with a Lyapunov equation. The
existence of solutions to these equations can be expressed in terms of feasibility
of linear matrix inequalities (LMI).

The fourth chapter entitled “Robust Stability and Stabilization of Time-
Delay Systems via Integral Quadratic Constraint Approach” is written by M.
Fu, H. Li and S.-I. Niculescu. This chapter is devoted to robustness aspects
using the integral quadratic criterion (IQC) approach. The stability conditions
are expressed in terms of linear matrix inequalities. Based on these results, design
procedures are given for the robust stabilization problem and explicit controller
formulas are provided for static state feedback.

The fifth chapter entitled “Graphical Test for Robust Stability with Dis-
tributed Delayed Feedback” is written by E. I. Verriest. This chapter analyzes
the performance degradation and stability margins for delay perturbations of a
nominal state feedback control. Some conditions for stability of time-delay sys-
tems are re-interpreted as robust stability conditions and give frequency domain
criteria. These criteria lead to interesting graphical methods that allow to derive
stability margins in a straightforward way, in the spirit of the Nyquist criterion.

The sixth chapter entitled “Numerics of the Stability Exponent and Eigen-
value Abscissas of a Matrix Delay System” is written by J. Louisell. In this
chapter, a method is presented, which is based on the analysis of the endpoint
values of the solution to a functional equation occurring in the Lyapunov theory
of delay equations. The existence of the solution to this functional equation is
investigated in depth. A computational method is provided, that allows a very
accurate determination of the system stability exponent.

The seventh chapter entitled “Moving Average for Period Delay Differential
and Difference Equations” is written by B. Lehman and S. Weibel. This chapter
extends some seminal works on the theory of averaging. In particular, it is shown
that the delay must not be neglected in the averaged system to better approxi-
mate the dynamics of the original system. Two simple applications validate the
developed theory on periodic delay differential and delay difference equations.

The eighth chapter entitled “On Rational Stabilizing Controllers for Interval
Delay Systems” is written by L. Naimark, J. Kogan, A. Leizarowitz and E. Zeheb.
This chapter is mainly concerned by the question of stabilizability of systems
with an interval delay and fixed coefficients by rational controllers and intends
to explain how to design these stabilizing controllers. Robustness aspects are
also considered, when uncertainty is assumed on the coefficients of the rational



transfer function.

The ninth chapter entitled “Stabilization of Linear and Nonlinear Systems
with Time Delay” is written by W. M. Haddad, V. Kapila and C. Abdallah.
This chapter is concerned with the design of fixed order dynamic feedback com-
pensators for the linear case . Static full state feedback controllers are obtained
for the nonlinear systems under sufficient conditions. In both cases, delay inde-
pendent conditions are provided.

The tenth chapter entitled “Nonlinear Time Delay Systems: Tools for a
Quantitative Approach to Stabilization” is written by J. P. Richard, A. Goubet-
Bartholomelis, P. A. Tchangani and M. Dambrine. In this chapter, a fairly gen-
eral study is made. Qualitative and quantitative stability results are provided.
The use of the comparison approach linked with vector Lyapunov functions ap-
pears as a simple and powerful tool for the study of nonlinear systems.

The eleventh chapter entitled “Output Feedback Stabilization of Linear
Time-Delay Systems” is written by X. Li and C. E. de Souza. A delay dependent
method is developed for designing linear dynamic output feedback controllers.
Robustness considerations are given for uncertain polytopic systems and efficient
numerical procedures are provided.

The twelfth chapter, entitled “Robust Control of Systems with A Single In-
put Lag” is written by G. Tadmor. This chapter develops a state-space design
methodology for H,, problems and gap optimization in systems with a single
input lag.

The thirteenth chapter entitled “Robust Guaranteed Cost Control for Uncer-
tain Linear Time-Delay Systems” is written by H. Li, S.-I. Niculescu, L. Dugard
and J.-M. Dion. The problem of stabilization of time-delay systems with linear
fractional uncertainty is studied using the linear matrix inequality techniques.
Some specific problems are considered, in particular, the case of mixed state

and input delays. The guaranteed cost control problem is ensured through the
feasibility of LMIs.

The fourteenth chapter entitled “Local Stabilization of Continuous Time-
Delay Systems with Bounded Inputs” is written by S. Tarbouriech. The objective
is to determine some domains of safe admissible states for which the stability of
the saturated closed-loop system is guaranteed. The domains are obtained from
an optimization linear program. Conditions are given in terms of solutions of
finite dimensional algebraic Riccati equations.

This book gathers a fairly wide number of approaches, methods and tools
for the (robust) stability analysis and the (robust) stabilization of time-delay
systems. It makes the state of the art in the field and provides the readers with
implementation and numerical issues as well as worked examples. This book is
then a valuable tool for the control community and for the engineer who wants to
acquire both the basic notions on the subject and some more advanced stability
and stabilization results. Each chapter contains its own notations and definitions,
and is provided with a rich bibliography which allows the readers to examine
thoroughly a particular point.
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Abstract. In this chapter, some recent stability and robust stability re-
sults on linear time-delay systems are outlined. The goal of this guided
tour is to give {without entering the details) a wide overview of the state
of the art of the techniques encountered in time-delay system stability
problems. In particular, two specific stability problems with respect to
delay (delay-independent and respectively delay-dependent) are analyzed
and some references where the reader can find more details and proofs
are pointed out. The references list is not intended to give a complete
literature survey, but rather to be a source for a more complete bibliog-
raphy. In order to simplify the presentation several examples have been
considered.

1 Introduction

1.1 Basic ideas

In the mathematical description of a physical process, one generally assumes
that the behaviour of the considered process depends only on the present (in
the usual sense) state, asumption which is verified for a large class of dynamical
systems.

However, there exist situations (for example, material or information trans-
port), where this assumption is not satisfied and the use of a “classical” model in
systems analysis and design may lead to poor performance. Moreover, small de-
lays may lead to destabilization [73]. In such cases, it is better to consider that
the system’s behaviour includes also information on the former states. These
systems are called time-delay systems.

* On leave from Laboratoire d’Automatique de Grenoble (France); Also with the De-
partment of Automatic Control, University “Politehnica® Bucharest (Romania)



2 A Guided Tour

Following {110], the existence of a delay in a system model could have sev-
eral causes, as, for example: the measure of a system variable, the physical na-
ture of a system’s composant or a signal transmission. A classification of de-
lays with respect to the physical systems where they are encountered could be
(see [93]): technological, transmission or information delay, respectively. With-
out discussing these causes and classifications, natural questions arise: How to
model? How to analyze the stability? or How to control such systems?

Delay systems representations There are mainly three ways to model such
systems: as evolutions in abstract spaces (infinite dimensional systems), as func-
tional differential equations or as differential equations over a ring or module.

Evolutions in abstract spaces In this case, the delay system class is embed-
ded in a larger class of linear systems for which the evolution is described
by appropriate (bounded or not bounded) operators in infinite dimensional
spaces [35, 36, 85] (see also [69] for a geometric theory or [44] for an operator
theory framework). From a system theory point of view, this approach needs
the introduction of appropriate concepts of stabilizability, observability, de-
tectability, etc. Although this way is very general, the corresponding methods
are not always easy to apply for specific problems. For further remarks and
comments see also [13].

Functional differential equations In this case, we may have two different ways to
consider a delay system, as evolutions in a finite-dimensional space {70, 93],
or in a function space[70]. Some remarks on the effect of a delay on
the boundedness, stability, continuation, integrability or oscillations can be
found in [23]. From a system theory point of view, one can use classical
concepts specific to “finite-dimensional” linear systems, or introduce “new”
concepts more appropriate to a function space interpretation (see, for ex-
ample, [111, 112, 159]). One of the possible advantages of such a modelling
way lies in its facility to treat “infinite-dimensional” problems using “finite-
dimensional” tools, with a trade-off to be paid on the conservatism of the
obtained results.

Differential equations over rings or modules In this case, we have interesting
“gtructural” properties, as stabilizability and observability [86, 166, 51, 65,
127). In our opinion, these interpretations are better adapted for the cases
when explicit information on the delay size is not needed. Further remarks,
comparisons and examples can be found in [128, 161, 153].

Notice that, in some cases, classes of infinite-dimensional systems have nice rep-
resentations (simpler) as functional differential equations (see, for example, Hale
and Lunel [70] and the references therein).

Each described way has some advantages or inconvenients depending on the
considered problem to be handled. Thus, for example, if we are interested in
the stabilization problem, it is of some interest to know whether or not a finite-
dimensional controller is sufficient to stabilize a given delay system.
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Infinite-dimensional versus finite-dimensional Since the delay systems
are in the infinite dimensional system class, we have two ways to analyze them,
using tools specific to finite-dimensional systems:

- Finite-dimensional approximations, as for example: Padé approximants
[98], Fourier-Laguerre series [151] or optimal Hankel rational approximants
[56]. Specific problems for such approximants are the choice of their di-
mension and the stability {158, 64]. This approach will not be considered
explicitly in this chapter.

- Finite-dimensional interpretations. As mentioned before (in the func-
tional differential equation framework), a delay system can be described
either as an evolution in a finite-dimensional space or in a function space.
In each case and under appropriate assumptions, the considered “infinite-
dimensional” problem may be “transformed” into a finite-dimensional one.
It will be shown further how these transformations are done and what, in
some cases, their restrictions may be. We do not claim here that the pro-
posed approaches are the best, but emphasize that they are only alternative
“ways” to analyze complex problems. Notice however that in some cases, the
presented results are necessary and sufficient conditions.

Functional differential equations. A “short” historical perspective The
study of functional differential equations started long before 1900 (see the works
of Bernoulli, Euler, Condorcet or Volterra), but the basics and the mathematical
formulation were developed in the 20th century. Thus, the notion of a functional
differential equation was introduced by Myshkis {129] in 1949 as a differential
equation involving the function “¢(t)” and its derivatives not only in the ar-
gument 4,” (called time) but in several values of ‘¢.” Thus, a classification of
such differential equations includes: retarded, and neutral equations with point
or distributed delays.

Without being exhaustive we cite some of the books which have marked
the study of such systems (in the last 40 years) and which could be seen as
basic works for this framework: Bellman and Cooke [12] (frequency based ap-
proach, entire functions), Krasovskii [95] (time-domain approach, extension of
the Lyapunov second method to functional differential equations), Halanay [67]
(extension of the Popov theory to time-delay systems), Résvan [154] (absolute
stability of time-delay systems), Lakshmikantam and Leela [97] (differential in-
equalities and comparison theorems), Burton [23] (refinements of the Lyapunov-
Krasovskii theory and periodic solutions), Kolmanovskii and Nosov [93] (a good
introduction to the stability of functional differential equations and a lot of ex-
amples) or Diekman et al. [44] (“small” solutions, operator theory approach).
Some recent comprehensive introductions are Gorecki, Fuksa, Gabrowski and
Korytowski [60], Marshall et al. {118, Kolmanovskii and Myshkis [94] and Hale
and Lunel [70]. The first volume of Bensoussan et al. [13] presents a detailed
account of the product space approach, and the construction of the structural
operators.
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Delay as a parameter In the sequel, we consider a class of time-delay systems
described by linear delay-differential equations including “point delays”. The de-
lays are seen as parameters of the system, and we are interested in analyzing
the stability property with respect to them. The idea is to give characteriza-
tions of the stability regions for linear systems with delayed state in terms of
delays. To the best authors’ knowledge, this problem is still open (see [44] and
the references therein), but in some cases, complete characterizations can be
given. In this sense, two notions of stability are introduced: delay-independent
and delay-dependent stability, respectively. The time-varying as well as the mul-
tiple delays cases are also considered, using some appropriate delay-independent
/ delay-dependent notions. Several examples including the scalar case are also
presented.

Notations The following notations will be used throughout the chapter. R (C)
denotes the set of real (complex) numbers, R* = R - {0}, C* = €~ {0}, C(0,1)
denotes the unit circle in the complex plane. For a complex number z € C,
7 denotes its complex conjugate. R™ is the set of non-negative real numbers,
jIR denotes the imaginary axis of the complex plane, jR* = jR — {0}, R"
denotes the n dimensional Euclidean space, and IR™*™ (C™*™) denotes the set
of all n x m real (complex) matrices. A(M) represents the set of eigenvalues
(spectrum) of the complex matrix M € C™*". diag(A, B) denotes the matrix
[ é g }, where the zero blocks have appropriate dimensions for the matrices
Ae CM*™m B e ¢M™*" % (C7) denotes the open right (left) half com-
plex plan. In(M) = (n(M),v(M),d(M)) is the inertia of the complex matrix
M € €"*", where (M), v(M) and 6(M) denote the number of eigenvalues
with negative (C~), positive (C*) and zero real parts (jIR). u(A) with A €
i L2 thAll =1

nxn H 3 N —
IR™*" denotes the matrix measure of A given by: u(4) = h£%1+ 7

Cn.r = C([-7,0], IR™) denotes the Banach space of continuous vector functions

mapping the interval {~,0] into R™ with the topology of uniform convergence.

The following norms will be used: || - || refers to the Euclidean vector norm;

Il lle= sup | 6(t) || stands for the norm of a function ¢ € Cp . Moreover,
—r<t<0

we denote By_C};’T the set defined by C% , = {¢ € Cn,r : || ¢ {|c< v}, where v is
a positive real number.
1.2 Linear delay systems class

In this chapter, a linear time-delay system is described by a functional differential
equation of the form:

z(t) = Az(t) + i Agiz(t — 73), (1.1)

i=1
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with an appropriate initial condition of the form (if the delays are supposed to
be constant):

x(tO + 6) = ¢(9)a ge [—"7-—9 O}: T= Tiy (t(}v ¢} € }R'+ X Cz,'r‘(]"z)

ax
i=T,ng
For such systems, one may associate a triplet X of the form X = (A4, Aq4,7),
where:

{ Ad = {Adli ce ;Adndj)

T=[T,.. . Tna),

which allows the description of the considered system in the parameter space
(A and A, correspond to the present and respectively, former state). Through-
out this chapter, X asymptotically stable means that the system (1.1)-(1.2) is
asymptotically stable.

The case nqg = 1 is known as the single delay case. For ng > 2, we shall also
consider the delay parameter space (11,...7,,) € R™. If one has multiple delays
(ng > 2), we may have a particular situation — the commensurable case (i.e.
there exists a delay value 7, such that all the delays 7; are rational “multipliers”
of 7). We shall see later that there are some similarities between this case and
the single delay case.

Further specifications are given when the delays are continuous (or piecewise
continuous) time-varying, but bounded functions. Thus, for the single delay case,
we may have two different situations:

~ continuous (or piecewise continuous) bounded time-varying delay function
7:RY = R, 7(t) < 7 for any ¢+ € IRT; in this case, the initial condition
(1.2) becomes:

z(to+60) = ¢(6), 8¢€é&,, (1.3)

where ¢ : £, ~» IR" is a continuous and bounded vector-valued function and
the definition domain &, is given by:

&, = {teR: t=n-1(n) <to,n>0}. (1.4)

~ continuous with bounded derivatives time-varying delay function, i.e. one
needs the following natural supplementary condition:

#Ht) < B<1. (1.5)

Uncertain linear delay systems As written in [206], “the term uncertainty
refers to the differences or errors between models and reality.” In this chapter we
consider either, only parameter uncertainty, i.e. when the parameters (A, Ay) of
the system are not well known, or parameter and delay time uncertainty, when
(A, A4, 7) are imprecise.

In this context, an uncertain linear delay system can be defined as a triplet
(2,D,®), where
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— X is the nominal system (free of uncertainties), i.e. the triplet (4, A4, 7) and

- the pair {D,®) describes the uncertainty, where D is the perturbation set,
i.e. a domain in which the uncertainty (physical parameters in our case) is
known to lie and @ is a mapping taking values from D which describes the
way the uncertainty “acts” on the system’s parameters.

This description allows a general framework for robustness stability issues. Notice
that this definition is more general than the cases treated here, but we do not
intend to review all the robustness problems in this framework.

We shall give also some classifications of delay systems involving parameter
uncertainty. Notice that we make a distinction between the delay as a parameter
and the others parameters (the pair (A4, A4)) of the systems. This aspect will be
clarified next.

1.3 Delay-independent versus delay-dependent stability

In order to better fix the notions that will be used in this chapter, we consider
the following two different cases (some stability notions and general results can
be found in Appendix):

Single delay Following Mori [123], we have two different kinds of asymptotic
stability for systems of the form (1.1)-(1.2), depending on the information on
the delay size in the property:

-~ Delay-independent, i.e. the property holds for all positive (and finite)
values of the delays. Hence this automatically implies robustness with respect
to the delay time.

- Delay-dependent, i.e. the stability is preserved for some values of delays
and the system is unstable for other values.

If the delay-independent notion is clear, the delay-dependent case has to be bet-
ter specified. For the sake of simplicity and in order to have no ambiguity, we
introduce the following assumption:

Assumption 1 The system (1.1)-(1.2) free of delay (T = 0) is asymptotically
stable.

With this assumption, we shall say that the system is delay-dependent stable,
if it satisfies Assumption 1 and is unstable for some values of 7 > 0. It is easy to
see that these notions are complementary one to the other. Thus, the problem
considered here is of the form:

Problem 1 Determine if a delay system of the form (1.1)-(1.2) satisfying As-
sumption 1 is delay-independent asymptotically stable or not. If not, find an
optimal (sub-optimal) bound on the delay size which still ensures the stability
property.
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Notice that we only consider here, in the delay-dependent case, the interval
containing 7 = 0, i.e. of the form [0, 7*), independently of possible other intervals
(for general “delay-intervals” of the form (r,7), with 7 > 0 see also [144]).

Remark 1. A natural question arises here: Is the considered problem well posed
or not? Indeed, the system free of delay is finite-dimensional and the associated
characteristic equation has a finite number of eigenvalues in the complex plane.
The system with delayed state is an infinite-dimensional one and its character-
istic equation has an infinite number of eigenvalues [165]. The answer is positive
and we shall see later why.

For the time-varying delay case, delay-independent stability means that
the stability property holds for any continuous (or piece-wise continuous) and
bounded time-varying delay function, with any positive and finite bound in the
specified class. The delay-dependent case could be defined by analogy.

Multiple delays The delay-independent and delay-dependent stability notions
can be easily extended to this case, by taking into account the behaviour with
respect to each delay. We have a particular “mixed” case, which could be called
delay-independent / delay-dependent: delay-dependent stability in one delay (or
several) and delay-independent stability in others (at least one) and all the pos-
sible combinations.

If the problem is posed in the delay-parameter space, it is clear that we may
have two different delays sets:

Unbounded sets including the delays-independent and delay-independent /
delay-dependent cases;
Bounded sets including only the delays-dependent case.

In conclusion, if a system is not delays-independent stable, two situations may
occur: there exists at least one delay in which the system is delay-independent,
and delay-dependent in all the others (the so-called “mixed” case in the un-
bounded sets class), or the stability is of delay-dependent type in each delay (the
bounded sets class). Using the same formalism as in the single delay case, we
can consider the following problem:

Problem 2 Determine if a delay system of the form (1.1)-(1.8) satisfying As-
sumption 1 is delays-independent asymptotically stable or not. If not, find an
optimal (sub-optimal, convez or not) region in the delay-parameter space which
still ensures the stability property.

If the delays are commensurable, we have the same delay-independent and
delay-dependent notions as in the single delay case.

The time-varying delay cases can be defined similarly to the single delay
case, taking into account that the delay-parameter space is not Euclidian, but a
function space. In order to simplify the presentation, this case is not explicitly
treated here, but it will be mentioned when some proposed results also hold in
this situation.
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Robustness issues The “delay-independent / delay-dependent” problems de-
fined previously could be seen as robustness problems with respect to delays. The
problem becomes more difficult if in addition there is uncertainty in (4, A4). In
this case we shall use an uncertain system representation of the form Y, =
(X, D, d) instead of the triplet X' form, and all the “delay-independent / delay-
dependent” notions, concepts and problems can be defined by similarity. For the
sake of simplicity, we do not detail all them here.

In order to distinguish between all the considered cases, we have used the
terms “delay-independent / delay-dependent” for stability analysis of X' and the
“robust delay-independent / robust-delay dependent” for the case (¥, D, ).

The term “robust” is associated to the fact that the considered property holds
for any admissible uncertainty in the form (D, ®). Also if we have time-varying
uncertainity we should use the “uniform asymptotic” stability concept instead of
the “asymptotic” one. Notice that, for the linear system with constant param-
eters and without uncertainty, the notions of asymptotic, uniform asymptotic
and exponential stability are equivalent (see [93] and the references therein).
Only the uniform asymptotic and exponential stability notions for functional
differential equations (of retarded type) are given in the appendix.

For example, for an uncertain system (X, D, &) with a single delay 7, we shall
say that the system is robustly delay-independent stable if the trivial solution of
the associated functional differential equation is uniformly asymptotically stable
for all positive values of 7 and all the admissible uncertainties in the (D, $) form.
Thus, we consider implicitely that the uncertain system free of delay is robustly
stable? The associated problem can be formulated as follows:

Problem 3 Determine if a delay system of the form (X,D,®) satisfying As-
sumption 1 is robustly delay-independent stable or not. If not, find an optimal
(sub-optimal) bound on the delay size which still ensures the stability property.

Stochastic perturbations Another aspect of robustness is the sensitivity of
the stability against stochastic perturbations. Stochastic models are useful when
the perturbations are not directly measurable (and predictable) and fluctuate
with time. With additive noise, an otherwise stable equilibrium is no longer an
equilibrium solution. However there may be interest in determining the existence
of a stable distribution. If the noise is state dependent (one often refers to such
models as bilinear models), the deterministic equilibrium may also be a stochas-
tic equilibrium state. In this case one may want to investigate the stochastic
stability of this equilibrium. There are very many details and since we shall not
consider stochastic issues in this book, we limit the citation to a few references.
A starting point to study aspects of stochastic delay systems is the monograph
by Mohammed [121] and the volumes by Mao [113, 115]. The stochastic stabil-
ity of the equilibrium solution of stochastic delay equations has been studied,

* Due to the framework presented here, we have not considered the cases in which the
delay term may induce robust stability if the system free of delay does not satisfy
this property.
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for various notions of stablity, by Mao [114] (asymptotic stability in probability,
moment stability and exponential stability), Mohammed [122] (moment stabil-
ity) and Nechayava and Khusainov [130] (exponential stability). An approach
extending the Riccati equation criterion discussed in this book can be found in
[52, 183, 184, 187).

1.4 Purpose of the chapter

In this chapter, some frequency and time-domain methods for analyzing stability
of linear delay systems are presented and their advantages and disadvantages
illustrated. The intention of the authors is twofold.

Firstly, we want to introduce the stability analysis for time-delay systems and
help the reader to understand some of the issues treated in the next chapters
dedicated to similar topics. In this sense, we intend to present a specific prob-
lem arising in the stability analysis of such systems: how robust is the system
stability with respect to the delay term, and thus, to give a characterization of
stability properties in terms of delays. We have also considered the robustness
analysis with respect to the other parameters of the system, i.e. uncertainty in
the “present” and “delayed” matrices (A respectively A4).

Secondly, we want to give a (non-exhaustive) guided tour of the existing
results in the literature and present some interesting results obtained in the
control literature on the proposed topics.

In order to simplify the presentation, we considered it necessary to include
some simple examples for which the stability results are well known. In some
cases, they illustrate the conservativeness of the existing results with respect to
necessary and sufficient conditions. Note however that in general, such conclu-
sions are difficult to draw. Also, we do not give complete proofs, but only some
ideas of the presented results.

1.5 Outline

The chapter is organized as follows: two examples from the control literature
are given in Section 2 in order to motivate the considered “delay-independent
- delay-dependent” framework. In section 3, we introduce appropriate stability
sets related to the considered concepts. Section 4 is dedicated to the frequency
domain approach and related techniques. The time-domain approach including
the Lyapunov methods and the comparison principles is presented in Section 5.
Other stability results using different frameworks are given in Section 6. The
robustness issues and related analysis techniques are given in Section 7. The
examples given in Section 2 are reconsidered in Section 8 in order to present
some applications of the techniques considered in this chapter. Some conclud-
ing remarks end the chapter. A short appendix includes some basic notions on
functional differential equations stability concepts and results (the Lyapunov-
Krasovskii and Razumikhin theorems).



10 A Guided Tour

2 Examples

In this section, some examples from the control literature are developed in order
to show where one may encounter delay-independent and delay-dependent sta-
bility properties respectively. The detailed examples (chemical industry, neural
network) are reconsidered later, when some of the techniques presented in this
chapter are used to prove the corresponding stability results.

2.1 Chemical Industry

Consider a first order, exothermic, irreversible reaction: A ~— B {102} [103].
Since, in practice, the conversion from A to B is not complete, one classical tech-
nique uses a recycle stream {which increases overall conversion, reduces costs of
the reaction, etc.). In order to recycle, the output must be separated from the
input and must flow through some length of pipe. This process does not take
place “instantaneously”; it requires some “transport” time from the output to
the input, and thus one may consider a system model involving a transport delay.

Suppose now that the unreacted A has a recycle flow rate (1 — A)g and 7 is
the transport delay. Then the material and energy balances are described by a
dynamical system including delayed states of the form:

Ei%i‘t“) = {'1; Mo + (1 - NA(t — 1) — A(®)] — Koe™ FA(t)

%ﬂ = ..é,. Ty + (1 = NT(t - 7) - T(1)] %—g ~KeemHA®) (21

1
"’"‘;'C—;U(T(t) -~ Ty)

where A(t) is the concentration of the component A4, T(t) is the temperature
and ) is the recycle coefficient, which satisfies the conditions: A € [0,1]. The
limits 1 and O correspond to no recycle stream and to a complete recycle, re-
spectively. The case when we have no delay in the recycle stream (7 = 0) has
been completely treated in [152] (see also [15}).

For such a system, it is proved that if the steady states of the system without
delay is locally asymptotically stable, then this property holds also for the system
(2.1) and furthermore the local stability is of delay-independent type [102], [103].

We shall see later that this property holds also if we suppose to have a time-
varying delay instead of a constant one.

2.2 Neural Networks

In a continuous (so called analog) neural Hopfield network [79], the state of each
‘unit’ is described by a voltage u; on the input of the ith neuron, and each
neuron is characterized by an input cepacitance C; and a transfer function f;.
For describing the connections between the neurons, one uses the connection

1 . .
matriz T, whose elements are of the form & (or —=—) when the noninverting

] 13
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(inverting) output of the unit j is connected to the input of the unit 7 through
a resistance Ri;.

Suppose that all the units are identical: C; = C, f; = f, R; = R and that
there exists a delay (due, for example, to the implementation the network using
VLSI), then the following model {see also [9, 116, 200}):

zi(t) = —z(t) + zn:aijf{xj(t -7)}, 1<i<n. (2.2)

=1

gives a good description of the system’s behaviour.

The associative memory, one of the oldest applications of neural networks,
consists in the capacity of the system to stock (“register”) information which
could be recovered not via an address as in a classical memory, but giving data
(not necessarily a complete information) with respect to the informations reg-
istered (see also [92]). This notion is related to the stability property of the
associated dynamical system.

In this context, it is important to know what is the effect of delay on the
system’s stability property. In general, it is supposed that the linearized system
without delay is locally asymptotically stable.

For this model, using a frequency based approach (for the linearized equa-
tion), two different situations may occur: delay-independent stability or delay-
induced instability [9, 10]. If the first notion was clearly stated in the previous
section, the second one states the fact that the stability property is not satisfied
for all values of the delay size, but only for an interval of the form [0, 7*). Thus,
this notion is identical to the delay-dependent notion stated before.

This example, as well as the chemical reaction presented before are com-
pletely analyzed later. :

2.3 Other examples

A lot of various engineering processes (robotics, machine tool vibrations) includ-
ing delays are given in {93, 110] (and the references therein).

Another representative area is in the control of flezible structure. In fact, in
this case a delay may occur in measuring the structural response and in applying
the considered active control. The effect of such delays as well as comments and
references can be found in [164, 41].

In all the examples considered before, the delay effect is a destabilizing one
(see also [50] for the case of contact stability of position controllers). However,
there exist some cases when the existence of a delay term may improve the
stability properties [1]; Indeed, consider an oscillating system of the form:

§(t) +wiy(t) = u(t), woeR*

It is easy to see that there does not exist any stabilizing output feedback of the
form u(t) = ky(t), k € R, but the closed-loop system is asymptotically stable
for u(t) = ky(t — 7), for some real k and 7 > 0.
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The engineering field is not the only source of delay systems examples. No-
tice that the last decade has witnessed important advances on modelling physi-
ological, ecological [59], population dynamics [96] or biomedical [109] dynamical
systems using delay in their representation.

In this sense, models of the form:

{ £1(t) = —a171(t) — fr(z1(t — 1), 22(t — 1)) 2.3)
E2(t) = —asza(t) — folz1(t — 72),22(t — 72)) .

(similar to the neural network example) are used in the study of protein hormone
regulation (see also [25] and the references therein) and of population dynamics
(see [165]).

From historical point of view, the first engineering studies of such dynamical
systems involving delayed states started in the 30s (see the paper of Callender
and Stevenson, or the ‘Editorial’ paper of the review ‘Engineering’ mentioned in
Ri#svan [154] or in Kolmanovskii and Nosov [93]).

3 Stability sets in parameter space

It was mentioned in the previous section that the commensurable delays case
could be treated in a similar manner to the single delay case. In order to give
a unitary presentation, we directly treat the commensurable delays case (with
constant delays) and we shall see that this one allows a complete recovery of the
single delay case.

Thus, throughout this section, the triplet X = (4, Ag,7) which describes
the delay system (1.1)-(1.2) further satisfies the condition (via an appropriate
permutation):

T=[m...Tnd) (3.1)
Ty = kTo, Yk = l,nd '
Introduce the set:

S(r) = {(A,4) : Z asymptotically stable at r=r} (3.2

It is easy to see that for r = 0, S(0) becomes:

g
S(0) = {(A, Ag) @ A+ z Ar is Hurwitz stable} ,

k=1

In conclusion, a pair (A4, A4) satisfies Assumption 1 if and only if (4, Aq) € S(0).
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3.1 On the continuity properties

In order to see if the problem 1 is well-posed, let us consider the sets S$(0) and
S(e), with £ a sufficiently small positive number.
Consider the characteristic equation associated with (1.1)-(1.2):

N4
det (sz,, 4= Ake”s'"“) = 0, (3.3)

k=1

which is a transcendental equation [47] for 75 > 0 and has an infinite number of
solutions. Some results concerning the location of the roots of the transcendental
equation (3.3) relatively to the imaginary axis can be found in [12, 44] (and the
references therein). These roots have some interesting properties: the number
of eigenvalues with —a (o > 0, arbitrary) real part in the complex plane C
is always finite and —oo is an accumulation point (i.e. there exists an infinite
subsequence of roots {A;}, such that zlnl_)I{.lo Re();) = —00). Notice however that

this result is not true for general functional diffrential equations. Other remarks
and comments can be found, for example [165] and the references therein.
Introduce now the “quantities”:

Up = Max {Re(/\) <0 : det (/\In - A- ZAde"\kh> = 0}

e » (34)
I, =min {Re(/\) >0 : det (/\In - A- ZAde"’\kh) = 0}
k==1
with up = —00 and I3 = +oo if the corresponding sets are empty (“u ” for

upper and “I” for lower). It is clear that these quantities give the real parts

of the corresponding eigenvalues (if there exists any for 1) “closest” to the
imaginary axis jIR. Using a Datko’s type argument [39], the numbers uj, and I,
continuously depend on %, on all the entries of the matrices 4 and 4y, (k = T, ny),
it follows that:

Proposition 1 [133] Consider the system (1.1)-(1.2) satisfying Assumption 1.
Then the foliowing properties hold:

1. If (A, Ag) € S5(0), then there ezists an & > 0 sufficiently small such that
(A, Aq) € S(h) for all h € [0,¢].

2. If (A, Aa) € S(0), and if there exisis a T for which the triple (A, Ag,m1) is
not stable, then there ezists an €, 0 < € < 11, such that (A, As) € S(h) for
all h € [0,¢) and for h = ¢ the characteristic equation (3.3) has roots on the
imaginary axis.

This proposition can be seen as the continuity stability property for system
“free” or “not” of delay. Notice that the part 1 of this proposition is more general
and holds also for time-varying delays or for several delays [133]. In this sense
one could use a Lyapunov second method type argument to prove it. We shall
see these cases later.
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Remark 2. Instead of the stability property, we could use the hyperbolicity one
(i.e. no eigenvalues on the imaginary axis) with associated “delay-independent
/ delay-dependent” notions [143]. Furthermore, the proposition still holds in a
“delay-interval” setup, i.e. if some property (stability or hyperbolicity) holds for
a given value 74 > 0, then there exists a delay-interval including this value such
that the considered property is still satisfied and at for (at least one of) the delay
margins, we have some eigenvalues on the imaginary axis.

3.2 Definitions and related remarks
We have the following definitions:
Definition 1 Delay-independent se.t. [133] The set So, defined by
Seo = {(A4,Aq) : X asymptotically stable Y7y > 0} (3.5)

is called the delay-independent stability set in the parameter space (4, Ag).
If a triplet X satisfies the condition (A, Ag) € S, we shall say that the
triplet is Sy stable..

Definition 2 Delay-dependent set. {133] The set S, defined by

S, = {(A4,As) : X asymptotically stable ¥ro € [0,7")
and unstable for 7 = 7"} (3.6)

is called the delay-dependent stability set in the parameter space (A4, Ag).
If a triplet X satisfies the condition (4, A4) € S, we shall say that the triplet
is S; stable.

Using the stability set S(r) definition, one has the following natural result:

Proposition 2 [133] The following assertions hold:

1. Soo = Mpem+S(r).
2. ST =S(O)"‘Soo.

Using the definitions given here, we have a simple algebraic equivalent for-
mulation of Problem 1 for the commensurable {constant) delays case:

Problem 4 Determine the mazimal cone included in all S(r) where r is real
and positive. Furtheremore, if a triplet (A, Aq,T) satisfying (8.1) is S, stable,
then find an optimal (sub-optimal) bound 7*.

Suboptimality indicates that the considered method guarantees the stability
for all 7 € [0, 7*], but there is no information on the behaviour of the system for
r > r*. Although the “suboptimal” notion seems to be quite conservative, we
emphasize that the proposed bounds are the “maximal allowable” ones withia
the corresponding framework. Several comments are given later for each case
analyzed.
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If the delay is time-varying, the stability notions are similar with S, « (or
Sy,8,00) and Sy » (or Sy g,r) respectively. Thus:

S(r) = {(A,As) : X uniformly asymptotically stable at
T€V(r)} (38.7)
and
Svoo = {(A,Az) : X uniformly asymptotically stable
Vr > 0 and V7 € V(r)}, (3.8)
where

Vir) = {reC® : 0<r(t)<r, VieR'}.

It is clear that S,(0) = S(0). The other cases can be defined by similarity. The
following result is an extension of Proposition 2:

Proposition 3 [133] The following assertions hold:
1. Syoo = Mper+Su(7).

2. Syr = 8(0) = Syco.

For example, consider now only the robust “delay-independent / delay-depen-
dent” notions for a system with a single delay T including uncertainty in the
matrices A and Agz. The definitions 1 and 2 become:

Definition 3 Robust delay-independent set. The set Srobust,co defined by

Srobust,o = {(A,44) : (Z,D,$) uniformly asymptotically stable
V7 > 0 and all admissible uncertainty (D, ®)} (3.9

is called the robust delay-independent stability setin the parameter space (A, Ag).
If a triplet (X2, D, $) satisfies the condition (4, Ag) € Srobust,0, We shall say
that the associated uncertain delay system is S,opust,00 Stable.

Definition 4 Robust delay-dependent set. The set Srobust,r defined by

Srobust,r = {(A,Aq) (¥,D,#) uniformly asymptotically stable
V7 €[0,7") and for all admissible uncertainty (D, $)
and unstable for 7 =7" and some admissible (D, #)}(3.10)

is called the robust delay-dependent stability set in the parameter space (A, Ag).
If a triplet (X, D, $) satisfies the condition (A, Ag) € Srobust,r, we shall say
that the associated uncertain delay system is Srobust,r Stable.

These definitions recover the case when we have no parameter uncertainty in
the matrices (4, Ag). To the best of the authors’ knowledge, a complete char-
acterizations of these sets does not exist. We shall present later some sufficient
and some necessary conditions ensuring that a pair (A, Ag) belongs to such sets
for a given representation of the uncertainty (D, $).
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3.3 Scalar single delay case

Let us consider now the following simple example:

z(t) = —az(t) — bzt — 1)
{ (a,b,7) ER xR xRt ' (3:11)
under appropriate initial conditions (1.2}, which will be used throughout this
chapter to illustrate the various analysis techniques.

Frequency-domain approactThe characteristic equation associated to
(3.11) is:

s+a+be” = 0. (3.12)

This is a transcendental equation having an infinite number of solutions. As
specified before, the analysis of such a system is done in the parameter space
{a,b).

Use of the D-decomposition method [93] gives a parametrization of the space
Oab in several regions, each region being characterized by the same number of
roots with positive real parts (see also [47]). Furthermore, each region is bounded
by a “hypersurface” (here a first order one), which has the property that at
least one root of the characteristic equation lies on the imaginary axis for the
corresponding parameters a, b and 7.

The “methodology” to be used is as follows: first, we find the “hypersurfaces”
by taking s = jw in (3.12), and second, for each region we consider one point for
which the analysis of the corresponding characteristic equation is more simple.

In our case, we have two “hypersurfaces”:

a+b = 0, (3.13)
which corresponds to the solution s = 0, and:

a + beos(wt) =0

{ w—bsin(wr) =0’ w# 0. (3.14)

Thus, S(r) is the Oab region, whose boundaries are parametrized by (3.13)-

(3.14), for 7 = r. (Indeed, we can consider b = 0, and the system z = —az,
a > 0 is stable, etc.).

The delay-independent stability region problem, which corresponds to the

intersection of all S{r), r > 0 (constant, but finite), can be seen as finding all a

and b, for which:

a+b>0
a + beos(wr) =0

w — bsin(wr) =0 has no solution for w # 0.

the system {
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Fig. 1. Scalar single delay case. Stability regions in the parameter space Oab

Simple computations prove that the corresponding set (depicted in Fig. 1) is
given by:

So = {(a,b) : a+b>0,a>|b|}. (3.15)
Since S; and S are complementary with respect to S(0), it follows that:
S = {(ab) : b>|al}. (3.16)

The only problem here is to find the optimal corresponding bound 7*. One way
to compute it, is to consider the characteristic equation (3.12) as an equation in
two variables: one real (w € IR*), and the other on the unit circle (z € C(0,1))
and to find:

min{g— : Jw+a+bdbz=0, z:e"’j"‘}.

Notice that the above set is always nonempty if b >| a |.

The idea of using two weriables for studying such stability problems is
not new, and it has been used for the delay-independent stability problem
in [87, 88, 71, 74, 75] (and the references therein). We shall talk later about
the corresponding techniques.

Remark 3. Another method to compute this bound has been given in [47] using
Rouché’s theorem for complex functions. Another idea has been given in [17] (see
also [16]), where the parameter space regions are bounded by “hypersurfaces”
defined by the discontinuities of the function 7(a, b).

In conclusion, we have the following result:
Proposition 4 The following assertions hold:

1) The triplet (—a, —b,7) is Seo stable if and only if a+b >0 and a >| b |.
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2) The triplet (—a,—b,T) is S; stable if and only if b >|a .
The corresponding optimal bound is given by:

arccos (‘- %)

T* = —55-—_—;2-'*- (317)

Furthermore, there do not exist other stebility regions.

It is easy to see that if a = 0, then the optimal bound 7* becomes 7° = -;%
This case (a = 0) is analyzed in the next section using a time-domain approach.

Time-domain Approach and Razumikhin Theorem This part is devoted
to the introduction (via an example) of two notions largely used in the litera-
ture to develop stability results: Lyepunov-Krasovskis functional and Lyapunov-
Razumikhin function.

Whereas the notion of a Lyapunov functional may seem like an obvious choice
to extend the “classical” stability analysis in the sense of Lyapunov for ordinary
differential equation to the infinite dimensional case, the notion of Lyapunov-
Raozumikhin is not so clear. In the latter one uses a “finite-dimensional” tool
for an “infinite-dimensional” problem. It was mentioned in the Introduction
that one can also interpret a functional differential equation as an evolution
in an Euclidian space. Now the Lyapunov-Razumikhin function can be seen as
the “result” of this interpretation. The main idea of the corresponding stability
result (see the appendix for the exact formulation) can be summarized as follows:
In the case of a Lyapunov-Krasovskii functional, V, a sufficient condition for
stability is that the derivative, V, of the candidate functional be negative along
all the system’s trajectories. In the Razumikhin based approach [155, 120] the
negativity of the derivative of the Lyapunov-Razumikhin function V : R™ = IR
is only required for the trajectories which leave at tt a certain set, defined by
the system evolution on the interval [t — 7,t] (see also the appendix for the
formulation). Other remarks on such an approach can be found in [95, 70]. To
the best authors’ knowledge, one of the first applications of Razumikhin theory
in control is due to Thowsen {173].

Consider now the scalar case, with @ = 0 and with a continuous, but bounded
time-varying delay 7(t).

Recalling that V(r) = {r€C® : 0<7(t) <r, Vte R*}, the following
holds:

Proposition 5 The triplet (0, ~b,7(t)) (see (3.11) with a = 0) where T € V(r),
is delay-dependent uniformly asymptotically stable if for all

1
T(t) < r< E (318}
Furthermore, the result holds if b is a continuous time-dependent function b :

R~ R' and-xsrelacedb T
b = T D ()
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Sketch of the proof: Use the Lyapunov-Razumikhin function:
z(t)?

V) = —5— (3.19)
for the functional differential equation:
i(t) = -ba:(t)+b2/ z(t + 6)dd, (3.20)
—27

(given here for b scalar) obtained from the original system by using the Leibniz-

Newton formula. For simplicity of the presentation, let us focus on the case when

all terms are constant. Other comments and remarks can be found in [133, 70].
The derivative of the function (3.19) along the trajectories (3.20) is:

V(z(t)) = —bx(t)® + bz(t) /—-T z(t + 6)do.
—2r

Consider now V(z(£)) < ¢*V(z(t)), t — 21 < ¢ < ¢. It follows that the derivative
V(z(t)) is bounded by:

V(z(t) < -b(1-bgr)z(t)?. (3.21)

Thus, br < 1, implies the existence of a ¢ > 1 (sufficiently small) such that
bgr < 1, and the stability resuit follows from Razumikhin theorem.

Remark /. We have seen that for a constant delay, the optimal bound on the

delay size is given by: 7* = % However, this bound is not the optimal one if

the delay is time-varying. In fact, if 7(t) < —2% there exist oscillating solutions

(see [70, 201] and the references therein).
Using a different time-domain approach, Barnea [7] (see also [70]) has im-

proved the stability bound in the case of constant 7, to T < 5%

Consider now the general case,
E(t) = —az(t)-bz(t-7(t)), a+b>0, TeV(r)(r>0).
Using the same ideas, we have:

Proposition 6 The following assertions hold:

1. The triplet (—a,~b,7(t)), with T € V(r) is Sy,c0 stable ifa >|b|.
2. If b>|a/|, the triplet (—a, —b,7(t)) is S,,, stable, and the stability is guar-
anteed for any T € V(r*), where:
. a+b
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Remark 5. The assertions in Proposition 6 still hold if & is a continuous time-

varying bounded function b(t) instead of a constant one. For example, the S, o

stability is then reduced to test if a > sup | b(¢) | instead of @ >| b | and r* is
teR

given by:

a+b b= supb(?)
" Eilalb , i b(t) >0, .
P+lalb’ | b=infe(t) ~ (#)>0,a+b(t) >0, VieR

Other remarks and comments on the set S, o, are given in [5].

Let us consider now the delay-independent case when the delay is constant.
Another way to obtain the sufficient condition a >| b | close to a necessary
and sufficient one (see Proposition 4), is to consider the Lyapunov-Krasovskii
functional:

1 L
Vizy) = 5.7:(3&)2 g z(t +6)%do. (3.23)
-7
The advantage of such functionals is the “decoupling” between the “present”
state z(t) and the “previous” ones z:(f), # € [~7,0). Notice that this functional
can also be interpreted as a function on the space product R" x C;, .
For the stability problem, simple computations prove that:

Viz) < —(a=]b)z(®)?

which is stricly negative for z # 0 if a >| b|. In this case, the delay-independent
stability condition follows from the Lyapunov-Krasovskii stability theorem (see
also the Appendix).

For a = b > 0 the considered Lyapunov-Krasovskii functional ensures only
uniform stability and not uniform asymptotic stability. A method to prove this
last property is to use an extension of Lasalle’s principle (see [70] and the ref-
erences therein). Also, there exists an Invariance principle for the Razumikhin-
based stability results (see [66]). Although this kind of approach is not used in
the chapter, the corresponding main idea is illustrated below.

Consider the functional:

Volzs) = i—a:(t)2 + /a z(t + 6)*de, (3.24)

which has the derivative:
Volz) = —(z(t) +z(t - )2
The set for which this derivative is zero is given by:
S = {p€Cnr : o6(0)=-0(-1}

The largest invariant set M, which is included in S is defined by all the initial
conditions for which z(t) = —z(t — 7) for all t € R, i.e. £(t) = 0 and thus
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z(t) = ¢, where c is a real constant. In conclusion, ¢ = —c¢, and thus ¢ = 0, that
is the asymptotic stability property of the trivial solution.

For S stability, the necessary and sufficient condition is completely recov-
ered, however the delay bound in the &; case is not the best possible one. The
difference is due to the technigue that was adopted, deliberately chosen for its
ease in coping with the general time-varying system uncertainty. Comparisons
between this bound and the optimal one were discussed in [133]. Other details
and comments about this approach are given later.

The a-stability In the previous parts, we have not considered particular con-
straints on the roots of the characteristic equation. In control theory, there is
interest in knowing their location. If for linear systems without delays, we may
consider various bounded or unbounded regions in the complex plane, for the
delay case, one may consider only the a—stability case, i.e. such that the solu-
tions have a decay rate . Olbrot [148] has pointed out that increasing the delay
for a given decay rate may induces instability in the system.

A simple way to analyze such a property is to use the system transformation:
y(t) = e**z(t) and study the stability of the delay system expressed in “y”. Let
us illustrate this for the scalar single delay case. The system transforms to:

g(t) = —(a—a)y(t) - be* y(t - 7). (3.25)

Due to the appearance of the delay 7 in the “new” system parameters (g, b),
b = be® it follows that one cannot have delay-independent stability results, in-
dependently on the “initial” (a, ) type property. Notice however that a cannot
be larger than a + b.

Using similar ideas to previous handled cases, we have the following result:

Proposition 7 1) If (~a+a,—b,7) is Seo asymptotically stable, then for any
T, 0 S T S Ta,is

1 a—«
Tai = —log (——) , 3.26

«Q

the system is a-stable.

2) If (~a+a,—b,7) is S; asymptotically stable, then the a-stability is guar-
anteed for any 7, 0 < 7 < T4, where T, q is the unique positive solution of the
transcendental equation:

a—a«

bz

z = em\/(bz)2"(a_a)2, 1,‘6(9—%—(—1-,00).

arccos ("‘

It is easy to see that for a — 0, Ta,i =+ 00, and 7,4 = 7% (given previously)
after some simple computations. In conclusion, this result recovers the condi-
tions given in Proposition 4. Notice that condition 1 ) can be obtained using also
comparison principle type techniques (see [125]).
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Some remarks on the scalar multiple delays case A complete study of the
stability regions in the parameter space (in the “bounded / unbounded” sense)
for systems involving two delays has been given in [72] using the properties of
some complex functions associated to the characteristic equation; the commensu-
rable case {7, 27} has been considered in [160] via the D-decomposition method.

The general delay-independent case has been considered in [63] (see also [28])
using M properties of some appropriate transfer function associated to the
system.

Other comments and remarks on related techniques follow later.

Remarks and comments on the stability of second order delay systems
In the previous paragraphs, we have remarked that the increasing of the delay
size may have a destabilizing effect. Furthermore, in the single delay (constant)
scalar case, there exist only fwo stability regions in the parameter space: S and
S, , respectively, i.e. if the system becomes unstable at 7%, it will be unstable for
any 7, 7 € (7%, 00).

In this context, a natural question arises: Does this property hold for non-
scalar linear systems? The answer is negative, and there exist some second order
examples®, which prove that the delay may have a stabilizing effect, i.e. if the
system is unstable for 7 = 71, there exists at least one delay value 7, for which
the system becomes stable. Such examples are given in {1, 68]. A complete study
of the stability regions in the parameter space for the second order case is given
in [81] using a Pontryagin based technique. For other remarks, see [14]. Necessary
and sufficient conditions for delays-independent asymptotic stability for systems
involving several (non-commensurable) delays are given in [18].

4 TFrequency Domain Approach

This section is devoted to the frequency-domain approach and related techniques
used for the stability analysis of linear delay systems involving constant (com-
mensurable or not) delays. We caution that these results are very difficult to
generalize to the time-varying delays case. Furthermore, some of these are re-
stricted to the single delay case.

Special attention has been paid to the matriz pencil techniques, which allow
to obtain some neat results which are readily interpretable. Although we do not
aim to emphasize their numerical tractability, we shall briefly comment on this
aspect.

4.1 Analytical and Graphical Tests

Analytical tests In this class of methods, one collects all the criteria that gen-
eralize the Hurwitz method to delay systems. In fact, if we have a linear delay

5 The term “second order” means that the dimension of the vector z in the corre-
sponding euclidian space is 2.
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system with a single or with commensurable delays, we may write the charac-
teristic function associated to the characteristic equation in the quasipolynomial
form:

q
P(\e) = Zp:Za,-kz\iek’\. (4.1)

i=0 k=0
‘We have considered here:

Pontryagin criteria. The main idea behind the Pontryagin criterion can be
summarized as follows: Suppose that P(),e*) given in (4.1) has principal term
(i.e. apg # 0). Let F(w) and G{w) denote the real and the imaginary part,
respectively of the quasipolynomial P(-,-). Then:

1. If all the roots of P are in €7, then the roots of F(w) and G(w) are real,
simple, alternate, and

F'(w)G(w) - Fw)G'(w) > 0, YweR. (4.2)

2. Conversely, all the roots of P are in €~ if one of the next conditions is
satisfied:
a) All the roots of F(w) and G(w) are real, simple, alternate, and the
inequality (4.2) is satisfied for at least one w € IR.
b) All the roots of F(w) (or G(w)) are real, simple and for each root the
inequality (4.2) holds.

To illustrate the application of this criterion, consider the scalar case, with
a = 0. Then G(w) = wsin(wr)+b and F(w) = wcos(wT). The roots of F are real

and simple: wp = 0, wy =

7,k =1,2,.... Simple computations show that

the asymptotic stability property holds for all 7, satisfying: 0 < 7 < 21;;, which
recovers the necessary and sufficient condition given in the previous section. The
case a # 0 can be treated similarly.

This method becomes more complicated in non scalar cases. The second order
case has been considered in [14, 81]. Using similar ideas, sufficient conditions for
instability have been proposed in [24].

Chebotarev criteria. This criterion can be seen as the “direct” generalization
of the Routh-Hurwitz criterion to the quasipolynomial case. The application of
such a criterion is not very practical since it implies the computation of a “large”
number of determinants.

We shall point out here also the ezistence of other criteria, such as
Yesupovisch-Svirskii criterion (see [165]), which is applicable for a restricted class
of delay systems.

Notice that all these analytical methods seem difficult to apply to the “delay-
independent / delay-dependent” stability problems considered here. However, for
the stability study of particular systems, it is important to see what method is
suitable with respect to the system “structure”.
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Root locus methods Consider the case of a delay system of the form X' in-
volving a single delay. As specified before, the roots of the characteristic equation
associated to X continuously depend on the system parameters. The root locus
methed idea is to determine the values of the parameters for which the charac-
teristic equation has roots on the imaginary axis. One may see these ‘limit’ cases
as the situations for which the system behaviour changes.

In order to find “delay-independent / delay-dependent” regions in the pa-
rameter space, the methods presented here are generally combined with other
algebraic or analytical methods (for example, of Routh-Hurwitz or Pontryagin
type). In this class, we can include:

‘D~decomposition method [131]: This method consists in obtaining a “decom-
position” of the parameter space in several regions, such that each region is
bounded by a hypersurface which corresponds to the case when at least one root
lies on the imaginary axis. Furthermore, for all the parameters lying in a given
region, the corresponding characteristic equation has the same number of roots
with positive real part.

In this case, the stability study is reduced to the analysis of the regions with-
out unstable roots. It is clear that each stable region depends on the parameters
of the system X, i.e. the “entries” A, A4 and 7, and thus each “hypersurface” can
be seen as a function of 7. If 7 is considered as a parameter, the “evolution” of this
hypersurface as function of 7 allows to detect the particular “delay-independent
/ delay-dependent” regions. The scalar case can be easily analyzed (see previous
sections)

Notice that the method can be extended for delay systems involving com-
mensurable delays. The parameter regions for the linear scalar case including two
commensurable delays of the form {r,27} has been considered in [160]. Other
examples and applications can be found in {93, 154]. However, this method is
very difficult to apply in the general case.

r-decomposition method: This method is applied only for delay systems with
a single delay and requires the transformation of the characteristic equation into

a form:
e™ = Dy(s) (zg—ﬁg) )

where Dy is a ratio of two given polynomials. The idea of the method is to
analyze the behaviour of the contour Dy(jw) (w € R*) with the unit circle in
the complex plane (since for 5 = jw, €’ is on the unit circle). In particular,
if there is no intersection with the unit circle, it is easy to conclude that the
stability for the case 7 = 0 is preserved for all positive values of delay, that is
a delay-independent type result. However this condition is only sufficient and
not necessary and sufficient. For the scalar single delay case, it corresponds to
a>|b}

Thus, to conclude on the type of stability one needs a second step, which
consists in analyzing the root locus behaviour in a neighborhood of the “critical”
values on the unit circle thus obtained.
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Let us apply this idea to the scalar case. We have:

n(s) _ b

Dols) = d(s) = s+a

and introduce now the polynomial W [191] defined as:
W(W*) = n(jwn(-jw) - djw)d(-jw) = ~w* —a® + ",

Thus if jwg is a root of the characteristic equation associated to X, then w2 is a
root of W.

Consider now the case ¢ = b > 0. The only root of W is w = 0, but in this
case, the root locus has no intersection with the imaginary axis, and thus we may
conclude asymptotic stability. Furthermore, since we do not need information on
the delay size, it follows that this case enters in the “delay-independent class.”

Other comments and remarks can be found in [80, 101, 191, 38]. Furthermore,
all these results can be extended to the more general case when P and @ are
analytic functions (see Cooke and van den Driessche [34]).

Other methods: Other methods have been developed in [172], but they are
relatively difficult to apply. We mention the simplification given in [147], based
on a pivoting algorithm.

Argument principle methods The argument principle is one of the basic geo-
metrical method used in the control theory of linear finite-dimensional systems,
see, e.g. the Nyquist criterion, the Satche diagram or the Michailov criterion.
These principles can be applied to linear systems with delayed states since the
number of the unstable roots in the complex plane is finite. However, these cri-
teria may become difficult (complex form of the corresponding hodographs, see
also {93] for basic results and examples).

Another criterion has been proposed by [165]. Due to its wide applicabil-
ity for general class systems described by functional differential equations, we
have preferred to present it. For the sake of simplicity, consider a linear system
involving a single delay and let X' the corresponding triplet.

Proposition 8 [165] The triplet X is asymptotically stable if and only if

i) F(jw) #0, forw € RT.
ii) The condition:

. 1 dF()
! = WV =
Hooo /(g) Fo o =0

where (g) is the “so-called” Bromwich contour defined by g = UL, g;, and:
- (g1): A = Hed?, where 6 ranges from —g to g

~ (g2): A = jw, where w ranges from H to 0.

- (93): A = jw, where w ranges from 0 to —H.
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Furthermore, if the conditions (i) and (ii) hold for any 7, the triplet X is S
asymptotically stable.

Remark 6. Condition (i) means that the characteristic equation has no roots on
the imaginary axis and condition (ii) says that there are no roots in C*. Some
applications and further comments can be found in [165].

4.2 Special criteria

Maximum Principle Based Criteria . In this class, we have included the
Small gain theorem based criteria and the so-called Mori and Kokame criterion
[126].

Small gain theorem criteria. As an illustration of the idea, consider the S,
asymptotic stability for a single delay case ng = 1.

As specified before, it requires that the matrix A is Hurwitz stable (it is
understood that (4, Ag) € S(0)). Introduce now the following finite-dimensional
dynamical system:

() = Az(t) + Aqu(t), (4.3)
which has the transfer function
Heu(s) = (sI — A7 Aq.
Suppose now that this transfer function satisfies the condition (see also [40]):

sup || Hzu(jw)ll < 1,
weR

then it follows via the maximum principle type argument [3], that

sup ||Heu(s)e™|| < 1, VreR™.
s€C—

This condition leads to:
det (I — (sl — A) "' Age™") # 0, VreR", seC,

which allows to conclude the delay-independent stability property. Related cri-
teria can be found in [181] (resulting from the “Strict bounded real lemma”
and the delay Riccati equation [182]) or in [27] (a singular value decomposition
technique).

Due to its facility to treat the S type problems for the non commensurable
delays case, we present this case here. Thus, we have delay-independent stability
(with respect to each delay) if the matrix A is Hurwitz stable and

aand (M(}UJ)) <1, w> 0’
where M(s) is defined as follows:
M) = n... L)' (sIn = A7 Aar .- - Agnd] -
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Here, X, is the corresponding family of block diagonal matrices [27, 150}, de-
fined by:

Xog = {diag (8lky,. . 80iTk,) = S €T, |&I<1],

Ttd
and S k; = nny.
$=1

Using similar ideas combined with matriz measures properties (see Desoer
and Vidyasagar [42]), one can obtain various delay-independent [29] or delay-
dependent conditions. Thus, for the single delay case, the triplet X is ., asymp-
totically stable if:

IPA4ll < 1,

where P is the unique symmetric and positive-definite solution of the Lyapunov
equation:

ATP+ PA = -2I,.

Notice also that this technique allows to recover the result due to Mori et al. [124]
(using a comparison principle technique), which can be summarized as follows:
the triplet X' is Sy asymptotically stable if:

mA) +lAdll < 0,

where p(A) is the corresponding matrix measure of A (see notations).
For the single delay scalar case, delay-independent asymptotic stability is
implied by the following conditions:

b
jw+a

a > 0, | I <1, VweR,

condition which is equivalent to a >| b |.

Remark 7. We have developed here only sufficient conditions, which are close
to the necessary and sufficient ones, which require w € R*, instead of w € R,
etc. (see [27] and the references therein). Furthermore, notice that relationships
between the scalar case with single or several non commensurable delays and
some H, norm of some associated transfer function have been considered in (63,

28].
® The general form is X, () defined by:
Xog(v) = {diag (81lny, .. 0nydr,,) : G EC, |&]< 7},

where 1 is replaced by ~.
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Mori and Kokame criterion [126]. The idea of this criterion is based on
the maximum principle of an harmonic or subharmonic” function [3] combined
with the following root property of the characteristic equation associated to
7 if there exist unstable roots of the characteristic equation, then they are
located in a compact domain in €T. Thus, the stability problem is reduced to
the computation of a given function on the boundary of a compact domain.
Several methods to restrict the compact domain have been proposed in [192] or
in [194]. Other comments can be found in [169, 168].

Polynomial criteria In this class of criteria, we have included the following
cases:

— One variable polynomial: the Tsypkin criterion [93} and the matriz pencil
techniques [133, 26, 27].

— Several variables polynomials: two variables (see [87, 88]) or several variables
(see [T1]).

Tsypkin criterion. This criterion is one of the first results of delay-independent
closed-loop stability type. Let us consider a transfer function of the form:

= D) r
) = gt

where P(s) and Q(s) are real polynomials of degrees (n— 1) and n, respectively.
Then we have the following result (see also [93] and the references therein):

Proposition 9 (Tsypkin criterion) If Q(s) is a stable polynomial, then the
closed-loop system:

P(s)e™*"
Q(s) + P(s)e~*™

is So asymptotically stable if and only if the following condition
|QUw)| > | PGw) |,

Hy(s) =

holds for all w € IR.

Remark8. A generalisation of this result in the multiple delays case has been
given in [47]. For the sake of simplicity we do not consider it here.

Two variables polynomial criteria To the best authors knowledge, the con-
nection between delay-independent stability of linear system with commensu-
rable delays and the roots distribution of an associated {wo variables polynomial
have been firstly considered by Kamen {87, 88], and has been largely treated in
the literature. The basic idea of such an approach can be summarized as follows:

7 See also [20] for the applications of such functions in control.
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First, the corresponding characteristic equation (associated to X') with re-
spect to imaginary axis,

ng
det (jwfn - A- ZAdke"j“””) =0, weR

k=1
can be interpreted as a two independent variables equation:

- one on the imaginary axis “jw” and
~ the other one on the unit circle “z = ¢™7%7” since 7 is a “free” parameter.

Second, due to the continuity properties presented in the previous section, the
delay-independent stability can be reduced to check:

ng
— the Hurwitz stability of the matrix 4 + Z Agr, and
k=1
~ if the corresponding characteristic equation has no roots on the imaginary
axis, i.e. if there are no roots which cross the imaginary axis, and thus the
corresponding upper and lower bounds u; and I, respectively satisfy the
conditions up < 0 and I, = +oc.

Thus, we have the following result [71]:

Proposition 10 The following assertions are equivalent:

i) The triple ¥ is Soo asymptotically stable
i) (A, Aq) € S(0) and

det <jw1n -A- ZAdizi> # 0, weR", z€(C((0,1) (44)

=1

Remark 9. Similar results for more general differential equations including de-
layed states have been developed in [33]. To the best authors konwledge, there is
no general way to reduce the computation difficulty of such problems, excepting
the case of commensurable delays.

Remark 10. We have preferred to present only the delay-independent stability
case here. It is clear that the delay-dependent case corresponds to the situation
when the equation (4.4) has some roots on the imaginary axis and unit circle,
respectively. Furthermore the condition (%) seems difficult to be verified by direct
computation.

Remark 11. For the sake of simplicity, we have not considered the multiple delays
criteria with non-comensurate delays. In this case, we should handle a polynomial
with ng +1 variables, where n  is the number of non-commensurable delays (we
may have also the “mixed” case: some commensurable delays combined with
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non-commensurable ones). Thus, for a triplet X, the corresponding polynomial
(in the hypothesis when all the ny delays are not commensurable)} becomes:

ndg
P(w,21,...2n,) = det (jw[n -4 - EAdkzk) .

k=1

More details are given in [74, 75] and the references therein.

Other two variables type methods can be found in [31] (delay-dependent type
results using two polynomials) or in [156] ( delay-independent type results for
the single delay case only). The Repin’s idea was to use a different form for the
condition (%) in Proposition 10. Thus, for the single delay triplet X' = (4, 44, 7),
one has S, asymptotic stability if:

- A is a Burwitz stable matrix, and
— for every w € R*, the solutions of the equation

det{)\A+Ad —Awly }

Mwl, MM+A4q] 0,

satisfy the condition | A |< 1 (see also [71]).
Notice here that for delay-independent stability one needs implicitly the Hurwitz
ng

stability of the matrices A and A + A4 (or A + Z Adr)- These aspects will be
k=1
considered later, when some simple sufficient tests for S; are given.

Matrix pencils techniques A different way to handle such “delay-
independent / delay-dependent” criteria is to use the matriz pencil techniques.
We have briefly presented before the two variables polynomial approach. One of
the major inconvenient of the corresponding results consists in the difficulty to
check the condition on numerical example. Thus, we need to simplify it, and one
of the way is to reduce the variables number from two to one; the “reduced” one
can be, for example, the imaginary azis variable (jw, w € R”).

This fruitfull idea has been exploited by Chen et al. [28] (matrix pencil frame-
work) and by Su [169] (eigenvalues computation of an appropriate complex ma-
trix with a larger size than the system’s matrices). The approach in [28] consists
in computing the generalized eigenvalue distribution with respect to the unit
circle for an associated constant, and finite dimensional matrix pencil. Notice
that this matrix pencil is obtained using a linearization technique for matrix
polynomials. In the framework presented here, this matrix pencil is the so-called
matrix pencil associated to finite delays. In order to give a complete charac-
terization, one needs to use the generalized eigenvalue distribution of a second
matrix pencil, the so-called matrix pencil associated to infinite delays.

Other matrix pencils techniques have been considered in [26], where the sta-
bility properties are reduced to the generalized eigenvalues distribution for some
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associated frequency-dependent matrix pencils. A different approach has been

considered in [141], where a sufficient condition for delay-independent stability

is given in terms of some appropriate algebraic properties of a matrix pencii,

possibly singular. The construction of such matrix pencils is similar to the one

encountered in the optimal control theory for linear systems without delay.
Before giving the main results, we introduce the following notion:

Definition 5. Let us consider two real matrices: M, N € R**%,

1) The matrix pencil A = zM + N, z € € is called simply dichotomic relatively
to the unit circle if it has no eigenvalue on the unit circle.

2) The matrix pencil A = zM + N, z € C is called dichotomically separable
relatively to the unit circle if there exist r eigenvalues };, i = 1,7, 1 <
r < hsuchthat | A\; [> 1> Aj |, foralli =T,r,foralj=r+1,h
(i.e. r eigenvalues outside the unit circle and all the others inside the unit
circle). Furthermore, if b = 2r, then the matrix pencil is called symmetrically
dichotomically separable relatively to the unit circle.

Consider the matrix pencils:
Ai(z) = zM;+N;,, i=1,2. (45)

associated to the triplet X' where M;, N, € R(27en?)x(2nan?) M,
Ny € R(Mam)X(man) gpe iven by:

(I 0 ... 0 0 [0 -I. 0 .. 0]
0 In... 0 0 0 0 I ... 0
M, = . | Ny = . )
0 0...I O 0 0 0 ... ~I.
10 0 ... 0 4, ®1,] | B-ng Bongt1 Bongs2 .- Bnye1 |
[I,0...0 0 ] [(0-1I, 0 ... 0 0 ] (4.6)
0I,...0 0 00 -I,... 0 0
M, = y, Nog= ) (4.7)
00...I, 0 00 .0.. 0 =I,
[ 0 0...0 A4y, ] |A Ay Ay .. Anyos Angs

with B_; (k = 1,n4), B; (’L =1,n4 — ].) given by:
B-—k = In ®A’l{a B‘i = Ai & Ina
By =A@ AT,

where ®, @ are the product and the sum of Kronecker (see Lancaster and Tis-
menetsky [99]). Following [133], the matrix pencil A, (z) is associated to the case
of finite delays and A,(2) to the case of infinite delay.

Denote by o(4) the set of eigenvalues of the matrix pencil A and let o, =
o(Ay) — 0(A3) (i.e. the generalized eigenvalues of the matrix pencil 4, which
are not eigenvalues of A).

With these notations and definitions, the following results:
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Theorem 1 (Delay-independent stability) [133, 143] The following state-
ments are equivalent:

(i} The triplet X' is So, asymptotically stable.
(ii) The pair (A, Aq) € S(0) and the matriz polynomial

ng—1
Pi(z) = (An, ® I,)2™ + Byz™ + B_pn, + Z (Brz™1t + B_jz")
i=1

(4.8)

has either no roots on the unit circle; or if it does, all the roots zo of P1(z)
on the unit circle are roots of the matriz polynomial P2(z):

Palz) = A+ A (4.9)
k=1

(i) The pair (A, Ag) € S(0) and the matriz pencil A; is either dichotomically
separable relatively to the unit circle or if not, all the generalized eigenvalues
20 of A1 on the unit circle are eigenvalues of As.

Remark 12. Tt is easy to see that the matriz pencils techniques can be included
into the one variable polynomial type criteria, but it seemed better to treat it
separately due to its applicability for numerical treatments.

Following [57], the matrix pencils A; and Ay are the linearizations of the ma-
trix polynomials P; and P, respectively. In conclusion, all the results obtained
in the matrix pencil framework can be easily converted into a polynomial frame-
work and conversely. For the numerical implementation, we prefer to present only
the matrix pencil formulation. Methods and algorithms for the computation of
the corresponding generalized eigenvalues can be found, for example, in [58], ete.

Remark 13. Tt is easy to see that the triplet T is S, asymptotically stable if
the corresponding system free of delay is stable and the matrix pencil Ag is
dichotomically separable with respect to the unit circle. This condition is only
a sufficient condition, but close to a “necessary and sufficient” one (for other
comments and comparisons, see also [133]).

Remark 14. Since we are in the delay-independent stability case, the condition
(A,Aq) € S(0) in (ii) or (iii) can be replaced by (A, Aq) € S(r), for some
r > 0. We prefer the first variant due to its simplicity in verifying such stability
conditions.

Remark 15. Suppose that X is associated to a single delay system. From Theo-
rem 1, simple computations prove that the following conditions:

~ A+ Ay is Hurwitz stable, and
— det [(A+ As2)T ® (A +244)] #0, for all z € C(0,1)
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are only sufficient to guarantee that X' is Sy, asymptotically stable (see also [169,
133)).

We have the following:

Theorem 2 (Delay-dependent stability) [133, 143] The following state-
ments are equivalent:

(i) The triplet ¥ is S, asymptotically stable.

(ii) The pair (A, Ag) € S(0) and the matriz pencil A, has at least one gener-
alized eigenvalue z, on the unit circle which is not eigenvalue of the matriz
pencil Ay. Furthermore, the optimal bound on the delay size is given by:

T o=

. . O
min _ min ~—, (4.10)
1<k<L2n4n? 1<i<n Wy

where ay € [0,27], €79% € g, and jwy; is an eigenvalue of the complez

ng
matriz A + Z Agemdont,

i=1

Remark 16. One of the “delay-independent / delay-dependent” stability prob-
lems is the computation of the generalized eigenvalues of two finite-dimensional
matriz pencils of large dimension. For a reduction of this complexity, based on
a tensor product approach, see [145] (basic notions on such an approach can be
found in [117]).

For example, consider the single delay scalar case. The corresponding A; and

Ay are given by:
10 g -1
A = Z{o —b}+[—b *2(1]’

Ay = —zb—a.

Suppose now that b # 0. In this case, the corresponding generalized eigenvalues
are 21,2 (A1) and 2’ (Ay):

@ = i @ oo

Thus, if 4, is dichotomically separable with respect to the unit circle then a >|
b|; A; and A; have the same eigenvalues on the unit circle ifa = b > 0 (we have
the hypothesis: @ + b > 0); A; has eigenvalues on the unit circle, that are not
eigenvalues of A3 if b >| a |, etc.

This technique can be easily extended to the following type problems:

delay-interval stability analysis, i.e. for a given delay value 7, for which the
stability property is guaranteed, to find the optimal bounds < 79, 7 > To,
such that the corresponding triplet 2 is asymptotically stable (or hyperbolic)
for all 7 € (z,7) (see, for example, [144]).
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delay-independent - delay-dependent or delay-interval hyperbolicity, i.e. to find
if there exists or not roots of the characteristic equation on the imaginary
axis under relaxed assumptions on the linear system free of delay (see, for
example, [143, 144]).

For the briefty of the presentation, we consider here only the delay-independent
hyperbolicity with a given number of roots in €* and the delay-interval stability
type problems.

We have the following results:

Proposition 11 [143] Consider the triplet X satisfying the eigenvalue distribu-

nd
tion In (A + ZA’”“) = (ng,ny,0) for T = 0. Then the following statements
k=1
are equivalent:
(i) X is delay-independent hyperbolic with n, roots with positive real pert {in
C™") of the characteristic equation.
(i) The matriz pencil Ay is dichotomically separable relatively to the unit circle
or if not, all the generalized eigenvalues zg of Ay on the unit circle are either
eigenvalues of Ay, either they satisfy:

nd fid
In (A+}:Adk) = In (A+ZAde§) ;

k=1 k=1
for all 20 € C(0,1)N0,.
For a given real r > 0, introduce now the sets:

O -
Ort = {(Tknak) T =—>r e €,
Wi

nd
jwr; € A (A + Ze"'h“*Ah) -{0}, 1<k<2n? 1<i< n}
h=1
Qg

Or— = (o) + Th,=— <7 e %% € Ay,
Wks

d
jwkieA(AJrZe‘f"“*Ah)—{O}, 1<k<2n?, 1§_i§n}

h=1
Proposition 12 [144] Consider the triplet X. The following statements are
equivalent:

(i) The triplet X is delay-interval asymptotically stable.
(ii) There ezists a v > 0 such that (4, Aa) € S(r) and such that the sets or 4
and oy are not empty. The exact bounds on the delay interval including r

are
min {r : (aaT) € 0r+}
= max {r : (a,7) €0y}

NN
|
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Furthermore, if T € {1,7}, the corresponding characteristic equation has at least
two complex conjugale eigenvalues on the imaginary azis.

Remark 17. 1t is clear that if o, 4 is an empty set, then we have the stability
guaranteed for all delays in (z,+00); if 0, — is empty, then we have the “delay-
dependent” stability, with the corresponding [0,7); and, if both sets o, + and
or,— are empty, then we have “delay-independent” stability. The results can be
developed similarly for the hyperbolic case.

5 Time-Domain Approach

5.1 Lyapunov’s Second Method

It was mentioned earlier that there are two ways to develop the second method
of Lyapunov for time-delay systems,

— One is based on the theory of Lyapunov-Krasovskii functionals.
— The other is based on the theory of Lyapunov-Razumikhin functions.

These approaches were briefly sketched for the scalar single delay case (The
corresponding stability theorems can be found in the Appendix). One of the
ways to extend these results to the general case is given below.

Lyapunov-Krasovskii functional method We limit the analysis to the sin-
gle delay and time invariant case. In the cited references, various extensions
are given: from the single delay case to multiple delays, time-varying delays,
etc. Basically the complexity increases somewhat but the main ideas remain the
same.

Delay-independent type criteria. Consider first a triplet £ = (4, 44, 7),
including a single delay and introduce the following Lyapunov-Krasovskii func-
tional:

{ V(z) = z(t)TPa(t) + [0 x(t + 0)T Sz(t + 6)do (5.1)

P>0, §>0
Following the same idea as in the scalar case, this functional yields:

Proposition 13 The triplet X is Soo asymptotically stable if there erists a triple

of symmetric positive definite matrices P > 0, S > 0 and R > 0 satisfying the
(delay) Riccati equation:

ATP+PA+PAsST'ATP+S+R = 0. (5.2)
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For details, see [179, 182]. Using the Schur complement property, the inequality
(5.2) can be transformed into an LMI (“linear matrix inequality”, see [21] and
the references therein) form:

[ ATP+PA+S PAy
ATP -8 (5.3)
P>0, §>0

and thus the Sy, problem is reduced to the feasibility of an LMI, i.e. finding if
there exist matrices P and S which satisfy simultaneously the set of constraints
{(5.3).

Remark 18. A necessary condition for the existence of a triple of positive definite
matrices solving the Riccati equation (5.2) is the Hurwitz stability of the matrix
A. This condition was also seen to be necessary for delay-independent stability
in the previous section.

Remark 19. Using the Bounded Real Lemma, one can relax the conditions in
(5.2). In fact, we may look for solutions satisfying P > 0 for the Riccati equa-
tion [137]:

ATP+ PA+PA,ST'AYP+S = 0.

Another relaxation (P > 0 and S > 0) has been considered in [141], where the
stability problem is reduced to the existence of positive-semidefinite solutions for
some appropriate Lur’e system, via some appropriate (possibly singular) matrix
pencils.

Remark 20. An equivalent frequency domain interpretation is given in [181].
Furthermore, if there exists a decomposition of the matrix Ay given by:
Aq = BD, BeR™™, DeR™", (5.4)
where m < n and rank(D) = m, then it is possible to modify Proposition 13 to:

Proposition 14 The triplet £ satisfying (5.4) is Seo asymptotically stable if
there ezists a symmetric and positive definite solution P > 0 to the following
Riccati inequality:

ATP + PA+PBS™'BTP+DTSD < 0, (5.5)
where S € R™*™ is a symmetric and positive definite matriz.

An advantage of a such decomposition of A4 lies in the fact that the associ-
ated LMI problem has smaller dimension: (m +n) x (m +n), instead of 2n x 2n.
The corresponding Lyapunov-Krasovskii functional is:

V(zy) = ()T Pe(t) + [°_z(t + 6)T DTSDax(t + 6)dd
P>0, $>0
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This Lyapunov-Krasovskii based Riccati equation formalism was extended to
the time-varying case (including time varying delays) in [180]. See also [107].
For example, in the case when in the triplet X, the delay 7 is time-varying with
bounded derivatives (7(t) < 8 < 1), choose a Lyapunov-Krasovskii functional
(5.1) is ([137)]):

z(t + 0T Sz(t +6)dd

{ Viz) = $(t)TP$(t) + B . s (5.8)

P>0, §>0

and Proposition 13 becomes:

Proposition 15 The triplet I is So, stable if the there exists a symmetric and
positive definite solution P > 0 to the following Riccati inequality:

ATP + PA+ PA4S™ ATP + T:—ﬂ—s < 0, (5.7)

where S € R™ ™ is a symmetric and positive definite matriz.
y

The case with the decomposition on A; = BD runs similarly.
Consider now the a-stability case. Using the same ideas as in the scalar case,
we have the following:

Proposition 16 The triplet £ satisfying (5.4) is a-stable for all T > 0 for which
there exists a symmetric and positive definite solution P > 0 to the following
Riccati inequality:

ATP + PA+¢*"PBS'BTP + DTSD +2aP < 0, (5.8)
where S € R™*™ is a symmetric and positive definite matriz.
By the Schur complement property (5.8) is equivalent to the following LMIs:

ATP+ PA+DTSD +2aP *"PB <0
e*"BTP -8 : (5.9)

P>0, §>¢

Notice that for a = 0, these LMIs completely recover the case of S, stability.
Due to the form of (5.9), we may see that the computation of the suboptimal (in
the sense “maximal allowable”) 7* is a generalized eigenvalue optimization type
problem [21] in the variables P and S. A “convex / quasi-convex” alternating
procedure has been proposed in [146].

Consider now the case with multiple delays, which are not commensurable.
For the simplicity of the presentation, we take ng = 2. Ways to extend the
Lyapunov-Krasovskii functional (5.1) to this case are:

V(z:) = =(t)T Pz (t) + Z [ z(t+0)7Sia(t +0)ds (5.10)

P>0, S >0, 52>0
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or:

—Ti-1

2
V(ze) = z(t)T Pz(t) + z(t+0)TSiz(t +0)ds (10 =0
. S, et oTsat 0w =0

P>0, 5>0, S5-8>0

if we assume 13 < 79 (this restriction turns out to be in fact immaterial for the
resulting criterion, see e.g. ([179, 182]).

Since the corresponding delays-independent conditions are similar, we de-
velop here only the results obtained via the Lyapunov-Krasovskii functional of
the form (5.10).

We have the following result expressed in the LMI form:

Proposition 17 Suppose that A; = B;D;, i = 1,2, with D; of mazimal rank.
Then X is So stable if the following LMIs hold:

ATP + PA+DfSD, + D¥S,D, PB, PB,
B?P -5 0 <0
Bfp 0 -5
P>0, 5>0, §>0

(5.12)

Using similar ideas, these results can be easily extended for the time-varying
delays case. Other remarks on this method can be found in [21, 48, 133, 180].

The Riccati-equation technique {or LMI) was also adapted to systems with
distributed delays [185, 187]. Analogous results have also been found in the
discrete case (i.e., delay-difference systems). Such equations are already finite
dimensional ‘(for commensurable delays), but treating them as ‘delay’-systems
allows a considerable reduction in dimension. For details, see [84, 186]. For de-
lay systems with stochastic perturbations, it can be shown that the considered
Lyapunov-Krasovskii functionals have the supermartingale property if again a
Riccati type equation holds for some positive definite matrices. By a straight-
forward extension of Khasminskii’s theory, stochastic stability can then be con-
cluded. Details can be found in [52, 184]. Finally, some preliminary ideas for ap-
plications of the approach to nonlinear delay systems are presented in [188, 189].

Delay-dependent type criteria Consider first the triplet 2, when one has a
single and constant delay. As in the scalar case, the analysis will be performed
on the [t — 27,t] system:

0
#(t) = (A+ Agz(t) + Ad/ [Az(t +6) + Agz(t + 6 — 7)] d8, (5.13)

-7

obtained using the Leibniz-Newton formula for the “original” system.
The associated Lyapunov-Krasovskii functional is:

V(z,) = sup e¥z(t+0)Pz(t+0)
06[—21,01 . (5.14)
P>0, 5=;log(1+’7): yeR*



Time-delay Systems 39

Although the form of this functional is quite complex, we see that it depends
only on one positive definite matrix P. Connections between this functional and
the Lyapunov-Razumikhin function V (z(t)) = z(¢)7 Pz(t) have been considered
in [89] via a comparison principle.

Perhaps a general view is that it is preferable to use Lyapunov-Krasovskii
functionals for delay-independent criteria and Lyapunov-Razumikhin functions
for delay-dependent type results.

Lyapunov-Razumikhin function approach. Asin the Lyapunov-Krasovskii
functional approach, we shall present the following cases:

Delay-independent type results. Consider first the single delay case with a
time-varying delay 7(t) € V(r), with r positive, but arbitrary. The corresponding
Lyapunov-Razumikhin function is:

{ V(z(t)) = z(t)T Pz(t) _ (5.15)
P>0

The same methods as in the scalar case lead to:

Proposition 18 The triplet X = (A, Ag,7(t)) is Sy,00 stable if one of the fol-
lowing (equivalent) conditions holds:

(i) there exists a symmetric and positive-definite solution P to the following
Riccati inequality:

ATP+ PA+ B 'PAP'ATP+BP < 0, (5.16)

(ii) there exists a symmetric and positive-definite solution Q to the following
matriz inequality:

QAT + AQ + 571 44QAT +8Q < 0, (5.17)
where (3 is a positive scaling.

Remark 21. The condition (5.17) is obtained from (5.16) by pre and postmulti-
plying the last one by P! and taking Q = P-1!.

A way to relax (5.16) is to consider the Riccati inequality:
ATP+PA+7'PA;S'ATP+ 8P < 0, (5.18)

with the constraint P > S. Notice that this technique will be applied to uncertain
systems. Thus, if 3 = 1, the stability problem is reduced to the Jfeasibility problem
of the following set of LMIs:

{ [ATP-FPA-{-P PAd}
<0

ATP -S
P>5 §>0
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All the results proposed in the Lyapunov-Krasovskii functional framework may
be developed along the same lines as for Proposition 18. For the sake of brevity,
we do not develop them here.

Delay-dependent type results. As shown earlier, delay-dependent conditions
are obtained from the Razumikhin approach on the associated [t — 27, t] system:

#(1) = (A+ Adz(t) + Ag / ’ [Az(t + 6) + Agz(t + 6 — 7)] d6. (5.19)

—7{t)

Thus, we have the following result:

Proposition 19 The triplet X = (A, A4, 7(t)) is uniformly asymptotically sta-
ble for any 7(t) € V(7*) if one of the following (equivalent) conditions holds:

(i) there exists a symmetric and positive-definite solution P to the following
Riccati inequality:

(A+A))TP+ P(A+ Ag)+
+7* [B7 PAAPT  ATATP + B P(Ad)* P (AD )’ P + (B + B2)P] < 0
(5.20)

(i) there exists a symmetric and positive-definite solution Q to the following
matriz inequality:

QA+ AT + (A+ A)Q
+7* [T AdAQAT AT + 871 (Aa)*Q(AD) + (B + 52)Q] < 0,(5.21)

where By and B2 are positive scalings.

Remark 22. Proposition 19 becomes very restrictive if the system is Sy o0 In
conclusion, we consider that the time-domain techniques should be applied as
follows:

— First, check if the system is delay-independent stable using a Lyapunov-
Krasovskii functional approach;

— Second, if we have failed, we give a suboptimal bound (in the sense “max-
imal allowable”) on the delay size using a Lyapunov-Razumikhin function
approach.

However, there are some simple cases for which we may conclude that the
stability is of delay-dependent type. We have seen before, that delay-independent
asymptotic stability implies that the matrix A is Hurwitz stable. Thus, if
(A,Aq) € S(0), but A is an unstable matriz, then the corresponding triplet
X is S, stable. Using similar arguments, we have the following result:

Proposition 20 Assume that (A, Ag) € S(0). Then the triplet X' is S, stable
if one of the following assertions holds:
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a) If the delays are commensurable,
i) the matriz A is unstable.

nd
ti) the matnz A + Z(-—l)‘Ad,-, is strictly unstable (i.e. there exist at least
i=1
one eigenvalue with strictly positive real part).

b) If the delays are not commensurable, the previous condition i} and
nd

i’) the matrices A+Z(—1)j"Ad,-, (where j; is any value j; € {-1,1},
i=1
excepting the case j; = 1 for all i) are strictly unstable.

Remark 23. For the sake of simplicity, consider now the single delay case ' =
(A, A4, 7), with A+ A4, A Hurwitz stable matrices, but with no strictly unstable
eigenvalues for the matrix A — A4 (i.e. in €~ or on jR).

If the only eigenvalues on the imaginary axis are in 0, it is still possible to
have delay-independent stability. This is the case of a single delay system of
the form X' = (—a,—a,7), with @ > 0. Other examples can be found in [133].
Some remarks on the limit case, i.e. Ay = @A, with @ € (—1,1] can be found
in cite2halel (real eigenvalues for the matrix A) or in [27] (general case).

Remark 24. For the single delay scalar case, the above conditions completely re-
cover the necessary and sufficient condition for delay-dependent stability. How-
ever, for the general case, these conditions are not necessary.

Remark 25. Proposition 20 can be extended to time-varying delays using similar
arguments [133].

Combining Proposition 19 and 20, it follows:

Proposition 21 Assume that the pair (A, Aq) satisfies the conditions of the
Proposition 20. Then the triplet ¥ = (A, Aq,7(t)) is Sy, uniformly asymptoti-
cally stable for any 7(t) € V(r*) if one of the following (equivalent) conditions
holds:

(i) there ezists o symmetric and positive-definite solution P to the following
Riccati inequality:

(A+ A))TP + P(A+ Ag)+
+7" (BT PAGAPTTATATP + BT PA AP ATATP + (B + 82)P] < 0O
(5.22)

(i) there ezists a symmetric and positive-definite solution Q to the following
matnz inequality:

QA+ ANT + (A+ A))Q+
+7* BT AdAQAT AT + 87 (A0)*Q(AT)? + (B + B2)Q] < 0,(5.23)

where B, and By are positive scalings.
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The computation of a suboptimal bound (in the sense mazimal allowable)
on the delay size can be reduced to an LMI optimization problem. Thus, for
example, if the scalings 8; = 1 (i € {1,2}), then we have the following:

Q=Q7>0 (5.24)

max 7° such that
{5.23) holds,

which is a standard LMI generalized eigenvalue problem, which is a quasiconvex
one (see [21]). An alternative “convex / quasiconvex” (using the scalings B; as
parameters) algorithm has been proposed in [138].

For the sake of simplicity, we dc not consider here the a-stability case. The
“methodology” is similar, but makes use of a different associated functional
differential equation.

Consider now the multiple delays case, and suppose that the delays are not
commensurable. For the sake of simplicity, we present only the two delays case,
but the results can be easily extended to the general case. Using similar argu-
ments, we have the following result:

Proposition 22 Asssume that the pair (4, Ag), with Aq = [Aa1 Aage) satisfies
Proposition 20. The triplet X with 7 = (11(t), 2(¢)), where 7, € V(77) (i €
{1,2}) is S, uniformly asymptotically stable, if there exist a symmetric and
positive-definite matriz P and scalars f; (j = 1,6) such that the following matriz
inequality holds:

[ [ (A+Ag + Ap) TP+ P(A+ Aai + Aaz) 1
fi
7 PAuM T3 PApM
+Z ﬁjP <0,
je=1
T; ;MTAgIP —T;Rl 0
] s MTALP 0 —~73 Ry
(5.25)

where:
M = [A An Ax ],
Ry = diag(BiP,B:P,B3P),
Ry = diag(B4P,BsP, (s P).

The matrix inequality (5.25) is not an LMI in the set of all variables. An
alternative “convex / quasi-convex” feasibility algorithm for given delay values
74 and 73 can be given [133].

If we consider the delays as constant parameters, “sub-optimal” ellipsoids (or
other convex regions) in the delay space can be computed [139]. Other remarks
can be found in [133].

Mized delay-independent / delay-dependent stability As specified in the pre-
vious section, in the multiple delays systems case, we can consider the “mixed”
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delay-independent / delay-dependent stability with respect to a given “partition”
of the delay set 7 = [r1,...Tnd].

For a simplified presentation, we shall consider the case of two delays: 74
and 72, respectively, and without loss of generality, we shall impose that the
corresponding triple X is delay-independent “in” 15 and delay-dependent “in”
71. To obtain such results, the analysis will be performed on [t — 274, t] for the
system obtained by integrating the “original” functional differential equation.
Then, we have the following result:

Proposition 23 The triplet X with v = (11(t), 2(t)), where 7; € V(1) (i €
{1,2}) is Sy,7/Sv,c0 uniformly asymptotically stable, if there exist a symmetric
and positive-definite matriz P and scalars 8; (j = 1,3) such that the following
matriz inequalities hold:

([ [ (A+ AL P+ P(A+ Ag) ]
3
T*PAdIM P-Ad2
+)_BiP ' <0
) s ’ (5.26)
TMTALP -k 0
i AL P 0 -Ry |
P> Ry, P>0
where:
M = [A An Aa],
Rl = d’l:ag(ﬁlpvﬂ2piﬂ3P)’

Remark 26. 1t is easy to see that by setting Ay, = 0 and B3 = 0, we have a single
delay system and this result completely recovers the delay-dependent type result
via a Lyapunov-Razumikhin function approach.

Similarly, the corresponding delay-independent type result is obtained if we
set Ag1 =0 and 1, =0, ete.

5.2 Comparison Principle

The idea is to find an ordinary differential equation, or a functional differential
equation, called (B), with known asymptotic behaviour such that its {(asymp-
totic) stability implies the (asymptotic) stability for the initial time-delay sys-
tem, called (A). In this case, we say that the system (B) is a comparison system
for the system (A).

The first comparison principles have been estabilished by Halanay [67], Lak-
shmikhantam and Leela [97] and Driver [45]. Notice that such approaches allow
to give different proofs for classical stability theorems relaxing some of the con-
ditions, or to propose new analyzing techniques for general functional differential
equations (see, e.g. [54]). The tool which seems best adapted to such an approach
is the vector Lyapunov functions, see [11, 119].
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Guided tours of the techniques used to develop such criteria is given in {38]
(delay-independent type results) and in [62] (delay-dependent results).

Using the comparison principle ideas combined with some matriz techniques,
the following approaches seem the most interesting:

Matriz measures One of the first results in this framework is due to Mori et
al. [124], where the delay-independent stability of a single delay-system described
by the triplet 2 is reduced to check the condition:

u(4) + |44l < 0. (5.27)

Using a different approach, Hmamed [76] has proved that the triplet ¥ is S
stable if:

wA) +u(z44) < 0, z€C, |z|=1

If one uses a Lyapunov vector function approach, one needs to use the Lya-
punov function: V (z) = ||z||, combined with a technique of Tokumaru et al. [175]
(see also [38] and the references therein).

Remark 27, This condition (5.27) is only sufficient, and special interest has been
paid to reduce its conservativness (see the paragraph dedicated to Mori and
Kokame criterion).

Extension for the a-stability case can be found in {125}, and the correspond-
ing stability condition is:

u(4) + ||A4lle” +a < 0.

Some improvements of this result using different ideas can be found in {19, 76].

Notice that all these results can be easily extended to the multiple delays
case; using the technique described in the previous paragraphs for obtaining
delay-dependent type results, this idea can be used also in this framework. For
the sake of brevity, we detail only the time-varying delay case, which allows to
recover completely the constant delay case.

Time-varying delays For the sake of simplicity, we consider here only the
single delay case. The multiple delays case is treated in [136]. A different tech-
nique from the one presented here can be found in [104] (delay-independent type
results). If the delay is constant, one recovers similar results from the literature
(see [193] and the references therein).

Let us consider the triplet £ = (A, A4, 7(t)), where 7(f) is a continuous
function with bounded derivative. Introduce now the following system:

y(t) = —nay(®) +q@y(t — 7)), (5.28)

at) = (m - T_((Tt—)) oop (_a /t«t_r(z) %) )

where
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A direct verification shows that

y(t) = Coezp (~0/0t %) ,

where Cy is a real constant, is a solution of (5.28).
Using this scalar system in order to compare its solution with the solution
of the triplet X', we have the following result:

Proposition 24 (157, 138] Consider the triplet X and assume that A is a Hur-
witz stable matriz satisfying

lexp(At) | < ka - ezp(—nat) (5.29)
for some real numbers ks > 1 and 4 > 0. If the following inequality

Fayagp <1 (5.30)
NA

holds, then the transient response of x(t) satisfies

tode
)1 < M sup {1600 n}ezp(-—a / —(8—)) Vix0 M2,

where ¢ > 0 is the unique positive solution of the transcendental equation

o k

= Bt eap (=2
1- 25 = P lden (). (5.31)

Furthermore, the triplet X is exponentially stable with a decay rate

N Q

Using some basic results on matrix measures [42], we have the following re-
sult:

Corollary 1 Consider the triplet X and assume that A is a Hurwitz stable ma-
triz. If the inequality

mA+ 1l Aall < 0

holds, then the triplet 5 is exponentially stable with a decay rate -—(I, where o > 0
F
is the unique positive solution of the transcendental equation

W)+ Tl dallean ($22) = o

M -matrices The basic ideas can be summarized as follows:
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— First, to introduce a comparison system which can be, for example (single
delay case, with a constant delay), of the form:

y(t) = My()+ Ny(t-7),

with some appropriate matrices M and N computed starting from the orig-
inal triplet X.
— Second, to test if the matrix M + N is the “opposed” form of an M-matriz®.

In terms of Lyapunov vector functions, one uses (see also [37, 38, 62, 61] and the
references therein):

| 1 |
Vizg) = : , t€R"

| zn |

Other references, and further remarks on this technique are given in the chapter
10 due to Richard et al.

6 Other Stability Results and Remarks

Although our interest is focused on stability criteria when the delay system is
interpreted as a functional differential equation, we do not want to end this part
without mentioning how other interpretations of delay systems can cope with
the “delay-independent / delay-dependent” stability presented before.

Since “delay-independent / delay-dependent” stability is not the only prob-
lem treated in the delay system control literature, we briefly mention also other
problems, techniques, and remarks on different topics.

A special attention has been paid to the complezity of stability problems
involving multiple delays which are not commensurable.

6.1 Various interpretations of delay systems

Without loss of generality, we consider the following cases:

Differential Equations over Rings The basic idea of this approach is to
rewrite the system (1.1) using the translation operator, and to interpret (1.1) as
a differential equation on the ring R{z]. For exemplification, let us consider the
single delay case:

#(8) = Az(t) + Agz(t—1). (6.1)

8 A matrix D is called an M-matriz if the elements on the diagonal are non-positive,
the matrix I? is not singular, and furthermore, all the elements of D™! are non-
negative.
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The translation operator D,, defined by: D, f(t) = f(t — 7), allows to rewrite
the considered system as:

i(t) = F(D)alt) (6:2)

where F(D,) = A+ D, is an operator acting on the evolution “z(#)” for 6 €
[—7,0] of the system.

To equation (6.2}, we can associate the differential equation on the ring R|z]
(see also [86]) given by:

B(t) = F(2)z(t). (6.3)

Some connections between the characteristic equation associated to (6.3) and
(6.1) are given in [86, 87, 88]. The delay-independent criterion given in [71] can
be seen also in this framework.

Without discussing all the possible interpretations, we cite the delay-indepen-
dent stability condition given in [22], where the delay-independent stability prop-
erty is reduced to the existence of a hermitian and positive-definite solution to
a complex Lyapunov equation.

2 — D Equations The basic idea of the approach is to rewrite the differential
equations associated to the system as a 2— D equation. Thus, for the scalar case,
the corresponding functional differential equation

z(t) = —az(t) - bz(t—171),

can be rewritten as:

r(t+7) ] 0 1 z(t)
ae ] = 15 L 0] 04
which combines an “ordinary” differential equation and a “functional equation”.

Sufficient delay-independent stability conditions expressed in terms of 2-D Lya-

punov equations have been given in [2]. Other criteria have been considered
in [32], etc.

Matrix Characteristic Equation Approach The basic idea of this approach
is to transform the functional differential equation associated to the system (1.1)
into an ordinary differential equation via an appropriate linear transformation.
Thus, for the single delay system case (6.1), the transformation is:

0
2(t) = Tz =z(t) + / e~ Ame(0+) 4 12(t + 6)db, (6.5)

-7

where the matrix A, satisfies the characteristic matriz equation:

Ame = A+eAmT Ay (6.6)
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The corresponding linear system is:
2t) = Apez(t). (6.7)

Notice that the equation (6.6) is a transcendental matrix equation and it is hard
to use it for “delay-independent / delay-dependent” type results. However, we

can mention the algorithms for computing the “corresponding” A, matrix given
in [49, 205].

6.2 On the complexity of multiple delays stability problems

We have shown in the previous paragraphs that it was possible to solve the
“delay-independent / delay-dependent” stability problems in polynomial time
for a class of linear systems with commensurable delays.

The following natural question arises: Does the same property hold for the
multiple delays case? Unfortunately, the answer is negative. Recently, a paper
of Toker and Ozbay [174] has proved that such problems are N'P-hard using
the N'P-hardness of complex bilinear programming over the unit polydisk. Def-
initions for NP-hardness can be found in [55] and the references therein; other
NP-hard problems arising in robust control theory are presented in [132].

In conclusion, it is rather unlikely to find efficient procedures (of polynomial-
time type) for such problems in the general case. However, we should point out
that better approximation schemes can be thought of to improve the “sufficient”
(relatively simple) “delay-independent / delay-dependent” conditions presented
above.

6.3 Other stability problems

We have considered in this section only stability results expressed in terms of
their robustness with respect to the “delay”, viewed as a free parameter, in
several different cases: time-varying or constant delays, commensurable (similar
to single case) or non commensurable delays. The analysis has been given under
the hypothesis of the asymptotic stability of the system free of delay.

This situation is not the only one which can be considered. Thus, we have
mentioned the delay-interval stability analysis (matrix pencil framework) for
linear systems with commensurable delays. Another problem consists in analyz-
ing the relationships between the commensurable delays and the multiple delays
(constant, but independent) stability cases (see [108]). Generally, it is clear that,
if the system involving the delays as “independent” parameter is asymptotically
stable, then also the commensurable delays stability case problem presented be-
fore is guaranteed. The question is if this condition is also necessary. The answer
is positive in some cases, and we do not consider them here.

Another problem is to analyze if, in the delay-dependent stability case (always
for commensurable delays), the stability region thus obtained is the only ezisting
one. The examples given in [1] or in [71] prove that one can have a sequence
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stability / instability / stability for non scalar systems. Some remarks on this
kind of problems have been considered in [140].

Other remarks In the previous paragraphs, we have considered stability
issues for some classes of linear systems with delayed state, using particular forms
for the Lyapunov-Krasovskii functionals or Lyapunov-Razumikhin functions.

Other constructing methods for Lyapunov-Krasovskii functionals have been
proposed in [83] (constant delays), or in [107] (extension to time-varying delays).
The main advantage of such methods is that the corresponding conditions are
closed to “necessary and sufficient” conditions, but they do not allow to easily
handle numerical examples. We should point out also the constructing method
due to Barnea [7], not only for the stability test, but also for instability.

In this sense, one can mention also the extension of the classical Lyapunov
equation theory to the case of linear differential equations of delayed type [82]
(see also [70}).

Other interesting stability criteria consist in computing the optimal size of
the delay which ensures the stability of the closed-loop system:

H(s) = Ho(s)e™™, 7>0,

where Hy(s) corresponds to the nominal transfer function (“non-delayed”), and
the delayed term can be seen as an uncertainty one. For this problem, we want
to mention the approach proposed in [43] (a sub-optimal bound on the delay size
using a modified form of the classical Nevalinna-Pick interpolation theory basic
results). A partial solution to the problem can be also found in [46].

And last, another stability necessary and sufficient condition to compute the
optimal bound on the delay-size in the S; case is given in [169] in terms of the
eigenvalues distribution of some appropriate “large” matrices.

We did deliberately not consider all these approaches here to guarantee the
unity and simplicity of the presented materials.

7 Robust Stability

This section is devoted to the stability analysis results for uncertain delay systems
in (X, D, $) representation. Some of the results presented here can be obtained as
simple extensions of the “nominal” cases treated before. In some cases, we have
not detailed the existing results, since some of the next chapters handle such
problems. The structure of the section follows the nominal case description,
but with the particularity that we have tried to present various uncertainty
representations. In this sense, each paragraph uses a different (D, ®) uncertainty
description.
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7.1 Frequency-Domain Approach

Quasipolynomials Robustness We shall start by considering a quasipolyno-
mial family with ny commensurable delays described by (see also Kogan [91]):

m,\ny

Q = Qq(s,6,7)= Y try(@)s*e™ seDrer, 7y,  (71)
k=0

where D is a compact and convex subset of C(™T1X(m+1) 5nq t,1(8) are con-
tinuous (complex or real valued) functions of 4.

A basic result for such a quasipolynomial family is the following zero exclusion
eriterion, which can be summarized as follows:

Proposition 25 (Zero exclusion criterion) If there
exist two couples (do,70) and (dy,71) such that g(s,do,70) and ¢(s,d1,71) are
stable and respectively unstable quasipolynomials, then there exist a couple (d, 7)
and an w € IR, such that the quasipolynomial ¢(s,d, ) satisfies the condition:

‘I(jws d,r) = 0 (7.2)

Other remarks. Fu et al. [53] have extended the Edge theorem (see also the
paper of Bartlett, Hollot and Lin [8]) to quasipolynomials family with constant
delays and coefficients depending affinely on parameters. A different result has
been proposed in [6] for a quasipolynomial family with interval delays. Tsypkin
and Fu [178] have proposed a graphical test for quasipolynomial family with
an interval delay. A different approach based on convez directions has been
considered by Kharitonov and Zabko [90]. Algorithms as well as further results
on convex approach for stability analysis of such kinds of quasipolynomials can
be found in [91].

Delay-independent stability results for interval-quasipolynomial (the coeffi-
cients are inside some specified intervals, etc.) with constant delays are given
in [149]. Delay-independent and delay-dependent stability conditions for the com-~
mensurable as well as for non-commensurable delays cases are given in [78].
Boese [17] derived necessary and sufficient stability conditions for quasipolyno-
mials with interval coefficients and one interval delay. Other robust stability
results are given in [77].

Special criteria In this class, we shall consider only the maximum principle
type extensions (in all the parameter sets).

Maximum Principle Based Approach In this class, one considers the
Mori and Kokame criterion extensions and the structured singuler value tech-
niques:
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— Mori and Kokame criterion [126] extensions. Consider now the triplet X,
agsociated to the system (single delay case):

B(t) = (A+AA)z(t) + (Ag + AAQz(t —7), (7.3)

with AA and AA, time-invariant uncertainty satisfying the following bound-
ness condition:

la4ll < 8, 444l < Ba. (1.4)
The basic idea is to verify the inequality:
A+ Age™)+0+84 < O

on the boundary of a given compact in C*. If this inequality holds, then the
robust stability property holds (see, for example, [171}).

~ Structured singular value techniques. Consider the triplet X, described by
(7.3) and suppose that:

7(44) < e, F(AA2) <4
Introduce now the following sets (see also [27]):

Yo(v) = {diag(4:,...,4,) : Ar e RV™,5(4A) <7}
Zp(y) {diag(4:1,42) : 4 € Xi(y), 42 € Y, (1)}

Then we have robust delay-independent stability of the triplet X, if:

py ((wl, -4)7) < 1, weRY,
and
pz,(M(w)) < 1, weRY,
where

(sIn — A)7 Ay (sl — A~ (sI, - A)~?
M(S) = ""Ydln 0 0
Ya(sIn — AY™Y ya(sly — A)™Y (s, — A)~!

For further comments, see {27).

7.2 Time-Domain Approach

Similarly to the nominal case, we consider here the Lyapunov’s second method via
Lyapunov-Krasovskii and Lyapunov-Razumikhin techniques and the comparison
principle methods (only in the matrix measure framework), respectively.
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Lyapunov’s Second Method Consider now the triplet 2, = (X, D,®) de-
scribed by the following functional differential equation:

B0 = (A+ 2400 + 3 (a + Malat -7, (1.5)

==l

where AA(t) and AAy;(t) (i = 1,n4) are time-varying and norm-bounded uncer-
tainties satisfying:

AA(t) = DoFy(t)Eay Do € R™™ E, e R™*",
Fo(t) € R™Me*"e

AAyi(t) = D4iF4i(t)Eqg;, Dgi € R™*™4,  Eg € R™77,
Fu(t) € R™MeXM (§ =T ng).

(7.6)

where F,(t) and Fy;(t) are the uncertain matrices for the ’actual’ state z(t) and
for the ’delayed’ state z(t — 7;) respectively and Dq, Dy;, Eq, Eqi i = 1,nq are
known real matrices which characterize how the unknown parameters in Fq(t)
and Fy;(t) enter the nominal matrices A and Ag; respectively.

Fo(t),Fus(d) e F={F(@t) : F®TF@) <I}.

(where the elements of F(t) are supposed Lebesgue measurable).

For the sake of simplicity, the following results correspond to the case when
we have no uncertainty on the matrices Ag;, i = 1,ng,ie. AAg =0.

Since the ideas are completely similar to the nominal case, via the same
Lyapunov-Krasovskii and Lyapunov-Razumikhin forms, we shall present only
two simple extensions: robust delay-independent stability using a Lyapunov-
Krasovskii approach and robust delay-dependent stability via a Lyapunov-Razu-
mikhin approach, respectively, for the single delay case. The results can be sum-
marized as follows:

Proposition 26 Assume that the pair (A, Ag) satisfies Assumption 1 (A+ Aq
Hurwitz stable). Then the triplet £, = (X,D,®) (7.5)-(7.6) (with Dg = 0,
E4 = 0) is delay-independent robustly stable if one the following assertions holds:

(i) there exists a couple of symmetric and positive definite matrices P > 0 and
S > 0 satisfying the following Riccati inequality:

ATP + PA+ P[A;S 'A% + D, DT\P+ETE,+5 < 0.

(ii) there ezists a couple of symmetric and positive definite matrices P>0and
S > 0 satisfying the following LMI:

ATP+ PA+ETE,+S PA; PD,
ATpP -S 0 < 0.
D;{P 0 —Ima
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The proof makes use of the same Lyapunov-Krasovskii functional:

0
Viz,) = z(t)TPz(t) + / z(t + 6)T Sz(t + 6)dd,
—T
The general delay-independent cases can be found in [198] (Riccati equation
approach using a similar Lyapunov-Krasovskii functional with P > 0 and S =
I,) or in [137] (Riccati equation approach for time-varying delays).

Proposition 27 Assume that the pair (A, Ay) satisfies Assumption 1. Then the
triplet £, = (X, D, ) (7.5)-(7.6) (with Dg = 0, Eq = 0) with 7(t) € V(v*) is
uniformly asymptotically stable if there exist a symmetric and positive definite
matriz P > 0 and scalars € > 0, §1 > 0 and B2 > O satisfying the following
LMlIs:

(A+ Ag)TP + P(A+ A+ )
+ETE, + =D,DT+ PD, 7*PA4Q
¢ <0, (7.7)
+7*(61 + B2) P ’ :
DTp ~Im, O
| ™QTATP 0 —7R

P—¢ETE, > 0,
where

Q = [4 As D.4],

8P 0 0
0 BP 0 . (7.8)
0 0 P-¢ETE,

R

Remark 28. The computation of the suboptimal bound 7* on the delay size can
be reduced to a standard LMI optimization problem (see the stability results
section).

The general delay-dependent cases can be found in [134] (a Riccati equa-
tion approach using an appropriate Lyapunov-Krasovskii functional; single delay
case), [135] (the same approach for multiple delays case, i.e. bounded sets) [196]
(an LMI approach based on a Lyapunov-Krasovskii functional) or [197] (an LMI
approach via a Razumikhin type technique). Delay-dependent results (single de-
lay case) can be also found in [170] (see also [199]) or in [167] (Razumikhin type
technique, different uncertainty representations).

Comparison Principle Using the “classical” scheme for this section, we shall
start by introducing a “new” class of time-varying uncertainty. Consider now
the following X triplet described by the functional differential equation:

B = As®)+ Y Aalt— )+ [0+ 3 fulelt =m0, (19)

i=1 i=1
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where f(x(t),t) and fa;(z(t — 7:),t) (i = 1,n4) are non-linear, continuous and
time-varying uncertainty, satisfying the following boundedness condition: there
exist non-negative numbers 8 and By, ¢ = 1,ng, such that for all z € R™ and
for all ¢:

{ Hf <8z (7.10)

” fdi(z'vt) ”S Bai ” z “1 1= m

Simple computations allow to define the corresponding D and & respectively
in order to define the triplet 2, = (X, D, $). It is necessary to assume that the
corresponding time-varying functional differential equation is well-defined, etc.

In the sequel we shall present results concerning the robust exponential sta-
bility of Xy, using a matriz measure based comparison principle method. In fact,
for the brevity of the paper, we consider only the time-varying single delay case.
The results can be summarized as follows:

Proposition 28 Consider the triplet X'\, and assume that A is o Hurwitz stable
matriz satisfying

| exp(At) || < ka-exp(—nat)

for some real numbers ks > 1 and na > 0. If the inequality
k
Al +8+Ba) < 1 (7.11)

holds then, the transient response of z(t) satisfies

tode
o)1 < M sup {1 6(6) [} eap (—a / —@-)
V>0, M>1, (7.12)

where 0 > 0 is the unique positive solution of the transcendental equation

- g £ adll+baesn (125) . @19

AT(O) N4

Remark 29. When there are no uncertainties, i.e. § = 0 and (4 = 0, we recover
Proposition 24. Using the measure of the matrix A by letting k4 =1 and 74 =
—u{A), we can easily rewrite Proposition 28, similarly to Corollary 1.

Remark 30. The technique used to prove this result is similar to the one described
in the previous section dedicated to stability result, but it uses a different system
for comparison:

§(t) = —(na - kaB)y(t) +a(t)y(t - 7(t)), (7.14)
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o t dé
qt) = (77A —kaB - T—(t—)-> exp (“0 /t_r(t) T@) :

Simple verifications show that the corresponding solution is

y(t) = Coexp (-0/; ?C(%) ,

where Cp is a real constant. If 8 = 0, one obtains the same comparison system
form as in the case without uncertainty (5.28).

where

For the delay-dependent case, one has the following result:

Proposition 29 Consider the triplet X, and assume that A + Ay is a Hurwitz
stable matriz satisfying

| exp({A+ Ag)t) || < kexp(—nt) (7.15)

for some real numbers k > 1 and 1 > 0. If the inequality
k
;[7’(” AdA + AP T+ 1 Aall B+ N Al Ba) + B+ Ba) < 1 (7.16)
holds then, the transient response of z(t) satisfies
L dg
=) < 8 sup {11 866) I} eap (-0 [ 7).,
8€to o 7(0)

V>0, M>1, (7.17)

where o > 0 is the unigque positive solution of the transcendental equation

-k o k o .
1- ;7-;3— 770 = 7P (‘1*—:&') [7 || AaA ||
A8 + et 7l A3+ N el ) eon (122)]. )

7.3 Other Remarks

In this section, we have considered the delay-independent / delay-dependent sta-
bility results in the case when some restrictions have been imposed on the uncer-
tainties. A different problem of interest consists in computing some bounds (in
the sense “maximal allowable”) for the uncertainty such that the corresponding
property (robust delay-independent or delay-dependent) still holds.

For example, consider now the following system:

(t) = Az(t)+ fa(z(t - 7),1), (7.19)
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where fy is a continuous time-varying and nonlinear function satisfying:

falz, 0]l < Ballzll, ze€R™ (7.20)

The robust stability problem which can be considered consists in computing
the mazimal bound on B4, such that the system (7.19) is robustly stable. Such
problems have been considered in [195] (comparison principle techniques), {30]
(Razumikhin based approach), and in {177] (Lyapunov-Krasovskii functionals).

For a particular form of uncertainty, real and complex stability radii have
been proposed in [176] using an infinite-dimensional representation of the con-
sidered system. Other results and comments on robust stability problems can be
found in [133].

8 The Examples Revisited

In the previous sections we have presented several analyzing techniques for delay-
independent / delay-dependent stability for systems including delayed state. Here
we are interested to apply some of them to the study of local asymptotic stability
properties for the examples considered in Section 2.

8.1 Chemical Example

Consider the nonlinear delay system (2.1}, whose linearization around the sta-
tionnary point z, = [A; Ts)7 is given by:

#(t) = Az(t) + Agz(t —7), (8.1)

where z(t) = [A(t) T(¢)]T and the matrices A and A4 are:

T K04, -2
A=| _(cAmQKoA, _p g _(-AH)JKoA, g U |
Cp % T2Cp vep | (82)
Ag = ‘6 1=y |-
Vv

We have the following result:

Proposition 30 [142] If the linearized system (8.1) without delay is asymptot-
ically stable, then it is Seo asymptotically stable. Furthermore if the delay 7(t)
is a time-varying function in the V(r) class, then the lincarized system is Sy r
uniformly asymptotically siable.

In conclusion, the system (2.1) is delay-independent locally asymptotically
stable.
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Proof: Since the system without delay is asymptotically stable, it follows
that there exists a symmetric and positive definite matrix P such that:

(A+A)TP+PA+4y) < 0. (8.3)
. . q(1-2A) .\ .
Since Ay = 2813, with 8 = VAR the condition (8.3) can be rewritten as:
ATP + PA+BP PAy <0
ATP —fBP ’

which is the LMI form of the Riccati inequality (5.16), and thus the property
follows via Proposition 18.

Remark 31. Another method to prove the result is based on the matriz measure
property presented in Section 4. Indeed, due to the particular structure of the
matrices A and A4, the stability property of the system without delay implies
that:

u(A) + 44l < 0,
and thus the stability property follows.

Remark 32. The constant delay case has been proved in [103] via a frequency-
based technique. The same result can be obtained using the matrix pencil tech-
nique presented in Section 4 (see also [133]).

8.2 Neural Network Example
Bélair [9] considers a particulary structure for the delay neural network (2.2),
i.e. of the form:
n
#i(t) = —zmi(t)+ ) aytanhzj(t-1)], 1<i<n. (8.4)
ji=1

In order to analyze local stability properties for such systems, consider its lin-
earization around 0, i.e. of the form:

z(t) = —x(t)+ Agz(t — 1), (8.5)
where the matrix Aq is given by:

d{tanh(s))
e

Onl)ﬁr simplification, suppose now that the matrix A4 has real eigenvalues dj,
J = 1,n. Then we have the following result:

Ag = ﬁ{aéj}lsg,jsna 8=

Proposition 31 [143] Consider the system (8.5) satisfying the hypothesis given
above. Let X be the associated triple. Then the following assertions hold:
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i) X is Seo _asymptotically stable if and only if the eigenvalues d; € [—1,1) for
allj=1,n.

i) X is Sr asymptotically stable if and only the eigenvalues d; < 1 for all
J = 1,n, but there exists at least one eigenvalue d;1, 1 < j1 < n, such that
dj1 < -1.

In this case, the optimal bound on the delay size is given by:

1
. . arccos( E_)
7% = min

1G<n fp 1’
7

where we consider only the eigenvalues d; satisfying the condition d; < —1.

s

(8.6)

The proof can be given using the matrix pencil techniques presented in Sec-
tion 4, after some algebraic manipulations (particular structure for A = —1I,,
and real eigenvalues for Ag4, etc.).

Remark 33. The results are similar to the one given in {9] using a different
frequency-based technique, but without taking into account the “limit” S case
(i.e. corresponding to d; = —1). Other comments are given in [133]. Notice that
d; € (=1,1) is equivalent to the strong delay-independent stability result.

9 Concluding Remarks

In this chapter, some topics on time-delay systems stability and robust stability
have been considered. The delay systems are described by linear differential
equations with delayed state including a single or multiple delays, constant or
time-varying. Furthermore, state uncertainty may be present. A specific problem
has been considered throughout the chapter: The influence of the delay size
on the asymptotic stability (robust stability) property, i.e. delay-independent or
delay-dependent. Some algebraic tools have been considered in detail, other tools
have been only mentioned in order to reduce the “overlap” with other chapters
of this monography. The intention of the authors was not only to classify existing
results (and the corresponding methods), but also to present some trends in this
field.

Using similar ideas we can analyze the stabilization problem in terms of
the closed-loop system “delay-independent / delay-dependent” stability. Such
studies have been considered in [133], where memoryless feedback laws have
been used. Some prescriptive stabilization methods were presented in [52] and
[183], for the more general deterministic and stochastic case. See also Lehman
et al. [105) for a different technique. Other remarks and comments on the stabi-
lization problem and related topics can be found in the next chapters.
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A Stability theory

This appendix recalls the basic notions and definitions used in the Lyapunov
second method for functional differential equations.

A.1 Basic definitions

Consider the functional differential equation of retarded type

il)(t) = f(t1 zt); t __>_ 7
{ 1,(8) = ¢(6), V8 EO{—T, 0] (A1)

where z;(-), for a given t > ¢y, denotes the restriction of z(-) to the interval
[t — 7, 1] translated to [—7,0], i.e.

z(0) =z(t+6), V6e[-70].

It is assumed that ¢ € C;, , and the map f(¢,¢) : Rt x Ch - = IR" is continuous
and Lipschitzian in ¢ and f{t,0) = 0.

Let us denote by z(to,$) the solution of the functional differential equation
(A.1) with the initial condition (to,$) € R* x CZ .

Definition 1 The trivial solution z(tf) = 0 of (A.1) is said to be ‘uniformiy
asymptotically stable’ if:

(a) for every k > 0 and for every to > 0 there exists a § = 6(x) independent of
to such that for any ¢ € C}, | the solution z(to, d) of (A.1) satisfies z;(to, ¢) €
Cp; Jor all t > to;

(b) for every n > 0 and for every to > 0 there exist a T(n) independent of to
and a vg > 0 independent of 1 and to such that for any ¢ € Cp 7, || ¢ |lc< vo
implies that || z¢(tg, @) He<n, VE> 1o+ T(m.

(2) The trivial solution z(t) = 0 of (A.1) is said to be ‘exponentially stable’ if

there exist @ B > 0 and an a > 0 such that for all initial conditions ¢ € C¥ _,
lllc <o < v, the solution satisfies the inequality:

llz(to, 9)(®)l < Be ¢4
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We recall that condition (a) implies uniform stability. Furthermore, if the
system is linear, the ‘uniform asymptotic stability’ property is equivalent to the
‘asymptotic stability’ or to the ‘exponential stability’ property [93].

Consider now the case of a linear autonomous and homogeneous equations:

&(t) = Lizo), (A.2)

where the functional L : C,, ~ IR™ is continuous. In order to simplify the
presentation, we shall focus on the linear systems (with finite point delays) of
the form:

2(t) = Az(t)+ i Ajx(t — 15). (A.3)

We have the following definitions:

Definition 6. [165] The function F : C — C given by:

FQ) = det (Aln -A- :Vj: A,-e"‘“) ; (A4)

g=]

is called the characteristic function corresponding to the linear system (A.3}.

Definition 7. [165] The characteristic function F given in Definition (6) is
called stable if the following condition holds:

(AeC : ReN)>0, F(A)=0} = 0. (A.5)

In the case of ordinary differential equations the stability of the characteristic
function is equivalent to the exponential stability of the trivial solution. The
same property holds for the case considered here, but it is not true for general
functional differential equations (one needs supplimentary assumptions if the
system has infinite delays, etc.; see [165] and the references therein).

A.2 Lyapunov’s second method

As we have mentioned before, there are two different ways to develop Lyapunov’s
second method type results, function on the way of interpreting the solution of
the considered functional differentia} equation, as an ewvolution in a function
space (Lyapunov-Krasovskii functional) or as an evolution in an Euclidian space
(Lyapunov-Razumikhin function).

We have the following results:

Theorem 3 (Krasovskii Stability Theorem) {70] Suppose that the function
f : IR x Cpr + IR™ takes bounded sets of Cpr in bounded sets of R" and
suppose that u(s), v(s) and w(s) are continuous, nonnegative and nondecreasing
functions with u(s), v(8) > 0 for s # 0 and u(0) = v(0) = 0.

If there is a continuous function V : R x Cy r = R such that
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(i) u(lle(0)l) <V (¢, 6) < v(li4lle)

(1) V(t,¢) < —w([|4(0)])

then the solution x = 0 of the equation (A.1) is uniformly stable.

If u(s) — oo as s = oo the solutions are uniformly bounded.

If w(s) > 0 for s > 0, then the solution x = 0 is uniformly asymptotically
stable.

Theorem 4 (Razumikhin Stability Theorem) [70] Consider the functional
differential, equation (A.1). Suppose u, v, w, p : RT = R are continuous,
nondecreasing functions, u(s), v(s), w(s) positive for s > 0, u(0) = v(0) = 0
and p{s} > s for s > 0. If there is a continuous functionV : R x R" :» R
such that

(¢) u(llz]) <V(t,z) <v(lz|)), teR, z€R"
(b) Vit,z(t)) < —w(ll =) I} f V(E+6,z(t+6)) < p(V(t,z(t))), V6 € [-7,0]

Then, the trivial solution of (A.1) is uniformly asymptotically stable.
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Abstract. The purpose of this chapter is to give a survey of recent
results on convex directions for the sets of stable polynomials and
quasipolynomials. It presents a number of analytic criteria ensuring Hur-
witz and Schur stability of segments of polynomials. Convex directions
are characterized in terms of root loci and it is shown that these root loci
behave differently in the real and the complex case. The convex direction
problem for sets of stable quasipolynomials is also discussed. Applying
similar methods as in the polynomial case analytic stability criteria are
obtained for segments of quasipolynomials of delay and of neutral type.

1 Introduction

In recent years robust stability analysis of systems with uncertain parameters
has received a good deal of attention, see e.g. {3], [5] and the references therein.
A time-invariant linear difference, differential or differential-difference system
is exponentially stable if and only if the associated characteristic polynomial
(quasipolynomial) is stable. For systems with uncertain parameters this leads
to the robust stability problem of checking the stability of sets of polynomials or
quasipolynomials.

Many problems of robust stability can be reduced to the problem of ascer-
taining the stability of a polytope of polynomials or quasipolynomials (i.e. the
stability of all the (quasi-)polynomials contained in the polytope). By the Edge
Theorem (see [10], [12]) this problem can be reduced to the problem of checking
the stability of a segment of polynomials (or quasipolynomials). The Edge The-
orem states that a polytope IT of polynomials or quasipolynomials is stable if
and only if all the edges of IT are stable. A further reduction of the problem is
obtained if the directions defined by the edges are convez directions. Intuitively
speaking, a (quasi-) polynomial g is a convex direction if the set of stable (quasi-)
polynomials behaves like a convex set in the direction of ¢q. Hence if all the edges
of IT are convex directions the stability of the vertices of IT alone ensures the
stability of the whole polytope of polynomials {quasipolynomials). This explains
why the study of convex directions is of importance for robust stability analysis.
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However, it is also of independent theoretical interest regarding the geometry of
stable polynomials and quasipolynomials.

The first characterization of convex directions was given by Rantzer in [20].
More precisely, Rantzer’s condition characterizes the polynomials ¢ having the
property that for all (Hurwitz or Schur) stable polynomials p with degp > deggq,
the stability of p + ¢ implies the stability of the whole segment [p, p + ¢}. Some
special classes of convex directions have been identified in [13] and [19]. An
attempt to describe the whole set of these polynomials has been made in [14]
where some algebraic conditions were derived. A new characterization of convex
directions for real polynomials in terms of root loci was presented in [16]. This
characterization has led to a new concept of convez direction for a given Hurwitz
polynomial which can be characterized by a graphical test [16].

Some of the stability results for polynomials admit a natural extension to
quasipolynomials. Convex directions for Hurwitz stable quasipolynomials of de-
lay and of neutral type were introduced and characterized in [18]. The root loci
approach of [16] was extended to the the stability analysis of segments of real
quasipolynomials in [1].

Another promising area of application for the concept of convex directions
is the stability theory of multivariable polynomials and quasipolynomials [7],
(4], [9]. Multivariable polynomials play an important role in stability analysis of
passive multidimensional systems which are used e.g. in image processing [6]. In
order to extend the convex direction concept to the case of multivariable poly-
nomials and quasipolynomials one needs characterizations of convex directions
for complez polynomials and quasipolynomials [2].

The purpose of this chapter is to give an up to date survey of published
and unpublished results concerning stable convex directions for polynomials and
quasipolynomials (in one variable). For proofs and further technical details we
refer to the original papers. We will only present the proofs of unpublished
results.

The chapter is organized as follows. In Section 2 and 3 we formulate the
convex direction problem for stable polynomials and quasipolynomials in the
real and the complex cases. Moreover we describe the basic convex direction
conditions given in [20] and [18]. Sections 4 and 5 deal with root loci charac-
terizations of convex directions for stable polynomials and quasipolynomials.
It is shown that in the complex case the root loci of the polynomial pencils
po(2) + pq(z), > 0 (po stable, g a convex direction) never return to the stabil-
ity region once they have left it. In the real case, however, there are holes in the
stability boundary through which a root may return (Theorems 10, 11 and 16).
The root loci characterizations in Sections 4 and 5 provide a basis for studying
a weaker concept of convex direction which is less conservative than Rantzer’s
concept if a stable reference (quasi-) polynomial is given. The associated mod-
ified convex direction problem is briefly discussed at the end of Sections 4 and
5.
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2 Convex Directions for Stable Polynomials

For n > 1 let P,(IK) denote the (n + 1}-dimensional vector space of polynomials
of degree at most n with coefficients in the field IK, i.e.

Pp(K) := {p; plz) = En:akz" , ai € ]K} . (2.1)

k==

Throughout the chapter we suppose that I =R or K = C.

Let € = €, U €; be a given nontrivial partition of the complex plane € into
a “good” and a “bad” region, where the “good” region €, is assumed to be open.
A non-constant polynomial is called €, -stable if all its roots belong to the “good”
region C,. Sn(IK, Cy) denotes the set of all Cy-stable polynomials of degree n
with coefficients in K. Thus S, (K, C,) C Po{lK) \ Pp_1(IK}. Throughout this
chapter we assume n 2 2.

The set S,(IK, C,) is a non-convex cone. However, in some directions it be-
haves like a convex set. The following definition is due to Rantzer.

Definition 1. A polynomial g € P,_;{IK) is called a convez direction for the
set S, (K, €,) if, for all the polynomials p € S, (IK, €}, the Cy-stability of p+¢
implies the C,-stability of the segment [p,p+4q] = {p+pg; p€[0,1]},ie. if g
satisfies

p,p+q€Su(K,Cy) = [p,p+4q) CSn(]Kacg)-

for all p € S, (K, C,). The set of all these convex directions will be denoted by
D1 (K, Cy).

Note that convex directicns for Sp(IK, C,;) are, by definition, of degree < n so
that all the polynomials in the segment [p, p+¢] are of degree n. Since S,.(IK, C,)
is a cone one obtains the following simple consequence of Definition 1:

A polynomial g € Pp—1(XK) is a convez direction if and only if, for every stable
polynomial p € Sp(K, Cy), the set

M(p,q) = {u>0; p+pg € Su(K,Cy)} (2.2)

is an interval in Ry = [0,00). In particular, the set of convex directions for
Sn(K, C,) is itself a cone.

Remark 1. Another way of expressing the preceding necessary and sufficient con-
dition is: ¢ € Pr_1(K) is a convex direction for S,(IK,C,) if and only if the
intersection of the ray R(p,q) = {p + ug; p > 0} with the set Sn(K,C,) is
convex for all p € S,(IK, C,). Given a stable polynomial pg € S,(IK,C,) we say
that g € Pp_1(IK) is a convez direction for Sp(IK, C,) relative to pg if

po +pg € Sn(K,Cy) = [po,po + pg] C SulK, Cy) (2.3)

holds for all g € Ry. In other words, if a point moving away from po on
the ray R(po,q) leaves the set S,(¥K,C,) it never returns to this set. The set
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D,—1(IK, C,4; po) of all convex directions for S,(IK, C,) relative to py depends
not only on S,(IK,C,) but also on the polynomial py. The intersection of all
these sets coincides with the set D, (IK, C4) of convex directions in the sense
of Definition 1. In other words, a convex direction in the sense of Definition 1 is
a convex direction for the set S,(IK, C,) relative to every point py € Sp(IK, Cy).
In order to emphasize this we will sometimes call them global convex directions
for S, (K, C,).

Note that in order to conclude the stability of a given segment [po, po + pg] from
the stability of the endpoints py and po + 124 it suffices to know that g is a convex
direction for S, (K, C,) relative to po. It can be shown by examples, see {16}, that
the set Dy-1(K, Cq4; po) of convex directions for S,(IK, C,) relative to a given
Pp may be much larger than the set D, (K, C,) of global convex directions for
Sn(K, Cy).

In this chapter we restrict our considerations to the classical stability domains,
namely the open complex left half-plane

C_={z€C; Rez <0}
and the open complex unit disk
Ci={2€C; jz| < 1}.

A non-constant polynomial p € P,(IK) is said to be Hurwitz stable or a Hurwitz
polynomial if all its roots belong to €_; it is called Schur stable or a Schur
polynomial if all its roots are contained in €;. Thus S,(K, C-) and S,(K, C;)
are the sets of Hurwitz and of Schur polynomials, respectively, with coefficients
in K.

The following characterizations of convex directions for Hurwitz and Schur
polynomials are due to Rantzer [20]. We first discuss the Hurwitz case.

2.1 Convex directions for Hurwitz polynomials: €, = C_

Theorem 2 [20].

(i) A polynomial q € P,_;(C) is a convex direction for the set S,(C,C.) if
and only if the following inequalities hold:

9 arg(gq(w))

L <0, wefweR; gow) £0). (2.4)

(i) A polynomial ¢ € P,_1(R) is a convex direction for the set Sp(IR,C_) if
and only if the following inequalities hold:

0 arg(gq(w))
Bw =

sin(2 Miq(lw)))} , w€{w>0; glw) #0}.(2.5)
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It follows from (2.4) and (2.5) that if ¢ € Pp-1(IK) is a convex direction
for the set S,({IK,C-), then cg¢ is also a convex direction, for arbitrary ¢ € K.
In particular, if ¢ is a convex direction for S,(IK, €_) then also —¢ is a convex
direction for this set. Moreover, since the conditions (2.4) and (2.5) do not de-
pend upon n, a convex direction ¢ for 8, (I, €_) is also a convex direction for
Spr (K, €-), if deg ¢ < n'. Finally, every real polynomial which is a convex direc-
tion for S,(C,C..) is also a convex direction for Sp(IR,C-). But, the converse
is not true.

Conditions {2.4) and (2.5) contrast with the following well-known phase in-
creasing properties of complex and real Hurwitz polynomials which play an im-
portant role in the proof of Theorem 2, see [20]. Note that these properties again
do not depend upon the degree n > 2.

Theorem 3.
(i} If p € 5,(C,C-), then

931%%(’-5"—)2 >0, weR. (26)
(1i) If p € Sp(R,C-), then
0 arg(p(w)) sin(2 arg(p(1w)))
e o , w>0. (2.7

(Recall that we assume n > 2 throughout the chapter. The strict inequality in
(2.7) has to be replaced by an equality if p is a Hurwitz polynomial of degree 1).

2.2 Convex directions for Schur polynomials: C;, = C,

Theorem 4 [20].
(i) A polynomial g € Pn-1(C) is a convez direction for the set Sp(C,C1) if and
only if the following inequalities hold:

20
Quglle)) (1, ge(selom; ae)#0)  @8)
(ii) A polynomial q € Pn_1(R) is a convez direction for the set Sn(R,C,) if
and only if the following inequalities hold:

darg(g(e?)) _ n  |sin(2arg(q(e”)) — nb) (et
"__“6“'5—_ S ‘§+ 2sin(9) 3 6e {¢ € (0: 7T) 1 q(e )(;9(;} .

Schur stable polynomials of degree > 2 have the following phase increasing
property, see e.g. [20}, [8].
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Theorem 5.
(i) If p € Su(C, Cy), then

d arg(p(e*?))

n
= . 2.
50 >3 6 € [0,2n) (2.10)

(i) If p € Sp(R,C1), then

darg(p(e’)) _ n  |sin(2arg(p(e*’)) — nf)
— >t RO . fe(0,m).  (211)

Theorem 5 shows that, in contrast with the Hurwitz case, the phase increas-
ing property of Schur polynomials explicitly depends upon the degree of the
polynomial. This explains why the characterization of convex directions given in
Theorem 4 depends upon the degree n of the Schur polynomials in S, (K, Cy).
Thus, in contrast with the Hurwitz case, a convex direction for S, (I, Cy) is not
necessarily a convex direction for all S,/(IK, €;) with n’ > degg. However, it is
a convex direction for all S, (K, €C;) with n' > n.

Similarly to the Hurwitz case a pair of polynomials pp € S,(IK,C,), ¢ €
Pn—1(IK) may not satisfy the conditions (2.8) or (2.9) although ¢ is a convex
direction for S,{IK, C;) at pp in the sense of the remark in Subsection 2.1.

3 Convex Directions for Stable Quasipolynomials

In this section we extend the previous results to stable quasipolynomials. For
proofs, we refer the reader to [18].
A quasipolynomial is an entire function of the form

m n
f(z) = po(2)e™* + p1(2)e™% + - - + p(z)e™* = Z Zak,-z’“e”z (3.1)
j=0 k=0

where pj(z) = Y r_oak;2*, j = 0,1,...,m are polynomials with coefficients
ax; € IK and 79 < 1y < --- < Ty, are real numbers representing “time shifts” or
“delays”. The largest degree of the polynomials p;(2) is said to be the degree of
f(z) and is denoted by deg f. If ap # 0 then deg f = n and we call g, 2"e™?
the principal term of f(z).

We begin by reviewing some basic properties of quasipolynomials, see [11].
A quasipolynomial f(z) of the form (3.1) with m > 0 has an infinite number of
roots, but within any bounded region in the complex plane it has only a finite
number of roots. Far from the origin the roots belong to a finite number of asymp-
totic root chains. The positions of these chains are determined by a small number
of terms in (3.1). A careful study of the geometry of these chains can be found in
[21]. There exist three types of quasipolynomials: delay type, neutral type and
advanced type quasipolynomials. The class of delay type quasipolynomials only
has delay-type root chains, i.e. asymptotic root chains going “deep” into the left
half plane. The class of neutral type quasipolynomials has at least one asymptotic
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chain of roots in a vertical strip of the complex plane but no asymptotic chain of
roots that goes “deep” into the right half plane. If a quasipolynomial has at least
one asymptotic chain of roots that goes “deep” into the right half plane, then
it belongs to the class of advanced type quasipolynomials. Since we deal in this
section with Hurwitz stable quasipolynomials we will only consider quasipolyno-
mials of delay type (characterized by deg p; < degpm, i = 0,...,m—1) and of neu-
tral type (characterized by degp; < degpm, ¢ =0,...,m —~1 and degp;, = degpp,
for at least one k <m —1).

For n > 0, m > 0 and any real vector 7 = [79, 1, ..., Tm] with ordered com-
ponents 79 < T < --+ < Ty, let Q77 (IK) denote the vector space of quasipoly-
nomials (3.1) with coefficients in K, i.e.

QPT(K) =< f; fl2)=)_ Y aze™ , am €Ky . (3.2)

J==0 k=0

A non-constant quasipolynomial f{z) € @™ (XK} is called Hurwitz stable or
simply stable if all its roots belong to the open complex left half plane. For
fixed n > 0, m > 0, and fixed delays p < 11 < --- < Ty let us denote by
H™(KK) the set of all Hurwitz stable quasipolynomials f(z) € Q7" (K) with
@pm # 0. Thus H™(K) ¢ 9™7(K) \ @7 (IK), and all the quasipolynomials
in #™7(IK) are of delay or of neutral type (as defined above, see [11]). For
arbitrary quasipolynomials an analogue of the Hermite-Biehler Theorem can be
proved and this result is known as Pontryagin’s Theorem. However, Hurwitz
type stability criteria are not available for quasipolynomials.

It is known that stable quasipolynomials enjoy the following phase increasing
property [22], [18}.

Theorem 6.
(i) If f € H7(C), then

O arg(f(w)) S To + Tm
Ow 2

, welR. (3.3)

(i) If f € H"(R), then

0 arg(f(w)) | mtTm | |sin(arg(f(w) = (7o + 7))

Ow 2 2w , w>0.

(3.4)

The above theorem shows that the phase increasing property of a quasipolyno-
mial in #™7(C) depends upon the minimal delay 70 and the maximal delay 7.
It was shown in [18] that the lower bounds in Theorem 6 are tight for both delay
and neutral type quasipolynomials.

H™7(IK) is a non-convex cone. However, in some directions it behaves like
a convex set. Following [18] we define the concept of convex directions for
quasipolynomials in the following way:
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Definition 7. A quasipolynomial g € Q' (K) is called a convez direction for
the set H™ " (K) if, for all stable quasxpoiynomxals f € H7(IK), the stability of
[ + g implies the stability of the whole segment of quasipolynomials [f, f +g] =
{f + ng; p€[0,1]}, i.e. if g satisfies, for all f € H™"(K),

Lf+geHPT(K) = [f, f + 9] C HP(K).

We emphasize that convex directions for quasipolynomials are not defined rela-
tive to the whole class of quasipolynomials of given degree n but to the subclass
of quasipolynomials of degree n having given time shifts 7g, 74,..., 7.

As a simple consequence of Definition 7 we obtain that the convex directions
g are characterized by the property that, for every Hurwitz quasipolynomial
fo € H"(IK) the stability set of the pair (fo,g)

M(fo,g) ={n>0; fo+pug € HP"(K)} (3.5)

is a real interval.
The following theorem gives a characterization of the convex directions for
the set H™7 (IK).

Theorem 8 [18].

(i) A complex quasipolynomial g € Q7 (C) is a convez direction for the set
HIWT(C) if and only if, for all w € {w € R| g(xw) # 0}, the following con-
dition is satisfied:

9 arg(g(w)) _ T +7m
<
fw - 2

(i) A real quasipolynomial g € Q"' (R) is a conver direction for the set
HiW"(IR) if and only if for all w € {w > 0] g(aw) # 0 } the following condi-
tion is satisfied:

(3.6)

0 arg(g(w)) < T + T + sin(2 arg(g(w)) — (70 + T )w)
Ow = 2 2w

(3.7)

From Theorem 8 it follows that if a quasipolynomial g(z) € Q"7 (IK) is a
convex direction then cg(z) is also a convex direction for arbitrary constants
c € K. Since the conditions (3.6) and (3.7) do not depend upon n we obtain —
as in the case of Hurwitz polynomials — that a convex direction for H™7 (K) is
also a convex direction for H," (K) if n’ > degg.

Remark 2. The above theorem characterizes those quasipolynomials g €

no1(IK) for which the intersections {f + pg; p > 0} N H™(K) are con-
vex for all f € Hj»"(IK). As in the case of polynomials it is a different prob-
lem to characterize the convex directions for H™7(IK) relative to a given stable
quasipolynomial fo € H»"(IK), i.e. those g € Q"7 (K) for which the intersec-
tion {fo + pg; pu > 0} NH™7(KK) is convex (or, equivalently the stability set
M(fo,g) (3.5) is an interval). This problem will be briefly discussed in Section
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4 Root Loci of Stable Polynomials

In this section we describe the root loci approach to the convex direction problem
[16]. As starting point we use the following observation. The convex directions
q € Pr-1(IK) for the set S (IK, C,) are characterized by this property: If, for any
Po € Sp(IK, C,) and some parameter value p = pg > 0, the polynomial py + pg
possesses a root in the “bad” region €, the same holds true for all g > uo.
In order to get a deeper understanding of this property we need to study the
movement of the roots of pg + pg as p varies from 0 to oo, i.e. the root loci of
the polynomial pencil py + pg.
Suppose that pg € Sp(IK, C,) and ¢ € Pp-1(K) are of the form

po(z) = anz™ + an_12"" 4+ -+ @12 + ao (4.1)

and
q(2) = bmz™ + bp12™ 7 + bz + bo (4.2)

respectively, where 0 < m < n. In order to simplify the notation we make the
following convention. Given po(z), ¢(z) of the form (4.1) and (4.2), we set a; =0
and b, = 0 for all indices j and k for which these coefficients are not yet defined.

We will analyze the movement of the roots z;(i), 7 = 1,...,n of the poly-
nomial

Pu(z) = po(2) + ng(2) (4.3)
through the stability boundary 8C4 C Cp as p varies from 0 to co.

For p = 0 all the roots of (4.3) lie in the open stability region C4 of the
complex plane €. When p is increased the roots move continuously on the com-
plex plane. More precisely, since degpy = n, there exist n continuous functions
zj(-) : Ry » €, j =1,...,n such that, for every pu >0, 21(1), ..., 2n(p) are the
roots of p,(2) (counting multiplicities), see [17, I1.5.2]. Each of the functions z;()
is analytical in p at every value po for which z;(1) is a simple root of p,,(z).
In this case we write 2} (uo) for (82;/0p)(po). With increasing p the polynomial
(%) loses stability at a parameter value po where one of the roots z;(-) hits the
boundary 8C,. In order to characterize convex directions in terms of root loci
we have to investigate under which conditions an unstable root of p,(z) may
return to the stability region as p is further increased.

We will consider the cases of Hurwitz and of Schur polynomials separately.

4.1 Root loci of Hurwitz stable polynomials

If ¢ is a convex direction for the set S,(C, C~) of complez Hurwitz polynomials,
the root loci of p,(z) can cross the stability boundary 8€_ = IR only in one
direction: from left to right. However, the real case is different. If ¢ is a convex
direction for the set S,,(IR,C-) of real Hurwitz polynomials, roots of the poly-
nomial p,(z) may return from instability to the stability region C_, but only
through the origin. Therefore, in the real case, we must investigate the movement
of the small roots of p,(z) for small variations of the parameter p > 0 around a
parameter value pg > 0 such that p,,(0) = 0.
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Suppose that the real polynomial p,(z) has a zero root of multiplicity k >
1 for some parameter value g = po > 0. For g varying in a small interval
[0 — €, po + €] we want to determine the possible changes in the number of small
roots of po(z) + pg(z) with non-negative real parts. Note that ¢(0) = by # 0
since otherwise po(0) = 0, contrary to the assumption that po(z) € S,(IR, C-).
Moreover, there exists at most one value of y9 > 0 for which p,,(0) = 0, namely
Mo = -ao/bo (lf ao/bo < 0), see (4.1), (42)

We use the following notations. Given k € N, let u(()k),ugk), ,ufﬁl denote
the roots of z* — 1

Us,k) = exp{z—z%q}, v=0,1,...,k-1 4.4)

and v(()k),vgk),. U,(ck)l the roots of 2% + 1

Qv+ )x

v} = exp{s p

1 v=01,...,k—-1 (4.5)
A simple analysis shows that the absolute value of the difference between the
number of roots of the form (4.4) with nonnegative real parts and the number
of roots of the form (4.5) with nonnegative real parts does not exceed one [16].
Let us denote by D(¢) the complex disk centered at 0 € € with radius £ > 0.
The following proposition [16] describes the behaviour of the roots of a general

polynomial pencil p, in a small neighborhood of the origin for small variations
of the parameter p around gy = —~ap/by.

Proposition 9. Let py, q be two real polynomials of the form (4.1) and (4.2),
respectively, ap # 0, and suppose that p,(z) = po(2) + pg(z) has a root of
multiplicity k > 1 at 2 =0 for 4 = pg. Then there ezist € > 0, § > 0 such that,
for s € (—¢€,€) \ {0}, Puo+s has ezactly k simple roots z,(s) in D(5) and these
roots have the following asymptotic behaviour as |s| — 0:

(1) If bo/di, < O then

“ st |t u§’°)+o(s% . j=01,...k—1 for s>0
z(8) =
[s|* 3 (k)+o(|s|%), i=0,1,...,k—=1 for s<0
(ii) If by/dy, > 0 then
1 {p 3 (k) i .
Sk (Eﬁ') v; +0(k , J=0,1,....,k—=1 for >0

s
{s}%(%)%u§k)+o({sf%), i=0,1,....k—1 for s<0

where di, = ap + poby.
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Let N4 (py;8) denote the number of roots of p,(2) in D(d) with nonnegative
real parts {counting multiplicities}. As a consequence of the proposition and the
preceding considerations we obtain that under the conditions of Proposition 9
there exist £ > 0, § > 0 such that

IWi(pu-36) = Np(pus; 0 <1, p” € (po—¢&,m), p¥ € (po,po+e),

see [16]. Thus the net change in the number of small roots in the closed right
half-plane as i crosses the parameter value p is bounded by 1.

The above analysis provides the basis for the following characterization of
convex directions in the case of real Hurwitz polynomials (statement (ii}).

Theorem 10 [16],]2].

(i) A polynomial ¢ € Py.1(C) is a convez direction for the set Sp(C,C-) of
complex Hurwitz polynomials if and only if it satisfies the following condi-
tion for all polynomials py € 8,(C,C.):

(CD)Sn(C,C_.) If one of the roots z;(p), § = 1,2,...,n of pu(2) = po(2) +
uq(z), say zx(), hits the imaginary azis 1R for p = po > 0 then zx(po) is
a simple root of po(z) + pog(z) and Re {2z}, (o)} > 0, i.e. as p > 0 increases
the roots z;(p) can cross the imaginary axis only from left to right and with
positive velocity.

(ii) A polynomial q € Pp_1(IR) is a convez direction for the set S,(IR,C_) of
real Hurwitz polynomials if and only if it satisfies the following condition for
all polynomials py € Sp(IR,C-):

(CD)s,m.c) If one of the roots zi(w), 3 = 1,2,...,n of po(z) + pg(z),
say zi(u), hits the punctured imaginary azis :IR \ {0} for p = po > 0 then
zk(pto) is a simple root of po(z) + pog(z) and Re {z; (1)} > 0, i.e. as p >0
increases the roots z;j{i) can cross the punctured smaginary azis only from
left to right and with positive velocity.

Detailed proofs of (i) and (ii) can be found in [2] and [16], respectively. The proof
of (i) is similar to the proof of the corresponding result for Schur polynomials
which is given in the next subsection.

Theorem 10 shows that the difference between convex directions for complex
and for real polynomials can be expressed in terms of root loci as follows. In the
complex case a root z; (1) of p.(z) can never return to the stability domain C_.
once it has left it. In the real case there is one hole in the imaginary axis through
which the root loci of the real polynomial p,(2), ¢ > 0 may return to the open
left half-plane as u increases, and this hole is at the origin. Moreover this hole can
only be used once. In [16] it has been shown that, in the real case, the movement
of the root loci from stability to instability (and back) obeys the following rules:
The number N4 (p,) of unstable roots of p,(z) = po(2) + pg(2) is increasing as a
function of p > 0 with one possible exception: N,.(p,) may decrease by 1 when
1 passes through pg = —ao/bo (if b # 0 and ~ao/bp > 0). This will happen if
and only if either a; + poby < 0 or a; + pob; = 0 for j = 0,1,2 and a3 + pobs > 0.
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The multiplicity of the zero root at the parameter value pg = —ag/bg is at most
3. The jump sizes of the piecewise constant function p — N (p,) are multiples
of 2 for every jump point g # —ag/bo.

Remark 3. It can be proved that condition (CD)g, ¢ ¢_) is satisfied for a given
pair of polynomials ¢ € Pp—1(C) and pp € S,(C,C-) if and only if for all
p>0,weR

py(w) Q'(W)}
e il I 4.6
pol)  qw) “9
Similarly, condition (CD) Sn(R,c.) 18 satisfied for ¢ € P -1(JR) and py €

Sp(R,C-) if and only if (4.6) holds for all g > 0,w > 0, see [16, Lemma
3.6].

po(w) + pg(w) =0 = Re[

4.2 Root loci of Schur stable polynomials

The next theorem is a counterpart of Theorem 10 for Schur polynomials. It
characterizes the convex directions for the sets S, (C, C1) and S, (IR, C) in terms
of root loci.

Theorem11.

(i) A polynomial q € P,-1(C) is a convez direction for the set S,(C,C;) of
complex Schur polynomials if and only if it satisfies the following condition
for all polynomials py € S,(C, Cy):

(CD)s, (¢,01) If ome of the roots z;(p), = 1,2,...,n of po(2) + pg(2), say
2 (1), hits the unit circle {z € C; |z| = 1} for p = po > 0 then 2z (uo) is
a simple root of po(2) + poq(2) and |zk(po)|' = (8]zx(1)|/Op) (o) > O, i.e.
as p > 0 increases the roots zj(p) of po(z) + pug{z) can only cross the unit
circle from the inside to the outside (with positive velocity).

(ii) A polynomial q € P,_1(IR) is a convez direction for the set S,(R,C;) of
real Schur polynomials if and only if it satisfies the following condition for
all polynomials py € Sp(R, Cy):

(CD)Sn(B,tD;) If one of the roots zj(p), § = 1,2,...,n of po(2) + pg(2),
say zr(p), hits the punctured unit circle {z € C; |2| = 1, z # £1} for
© = po > 0 then zx(uo) is a simple root of po(2) + pog(z) and |zx(uo)|' =
(Olzk()l/0u) (o) > 0, i.e. as pu > 0 increases the roots z; (1) of po(z)+pq(z)
can only cross the punctured unit circle from the inside to the outside (with
positive velocity).

Proof. Suppose that ¢(z) is a convex direction for the set S,(C, C;) of complex
Schur polynomials and py € S,(C, C1). Let

po(e""’) + pog(e®) =0 4.7

for some po > 0 and some g € {0, 27). Since pp € S, (C, C1) we have po(e?°) # 0
and by (4.7) g(e®) # 0. Thus we can define two analytical argument functions
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8 = arg(po(e®)), 8+ arg(q(e”)) in a small neighborhood of 8. By the phase
increasing property (2.10) of pp and the condition {2.8) at 8 = y we obtain

) s =ne e (L0555 - 53] >0 a0

If we assume, by contradiction, that z(ue) = €% is a multiple root of p,,(z),
ie.

Po(e%°) + pog(e'®) =0, ph(e™) + pog' (™) =0,

Re [ezeo (pﬁ(e‘”") _ q’(e’e"))] -0

po(e®)  g(ex®)

whence a contradiction to (4.8). Thus every root z;{fg) = €% on the unit circle
is a simple root of p,, and in a small neighborhood of po in IR there exists an
analytic function z; () of p satisfying

then

po(zk(p)) + palzk(w)) = 0.
Differentiating this identity with respect to p at po we obtain
[ph(e%°) + nod' (%)) 2 (o) + g(e*) = 0.
Division by —g(e*%) = g po(e*°) yields

o (PO(E®) _ (€)Y (o) _
Hoe <p0(ewo) q(e“’O)) (i) 1. (4.9)

Hence (4.8) implies

2 (o) |
Re | =1 >0. 4.10

B 410
On the other hand z;(p) = r(u)e®™ where r(p) = |zx(p)| and ¥(p) =
arg(z;(p)) are analytical real-valued functions of p in a neighborhood of po.
Thus

!

2 (mo) _ (ko)
2elio) (ko) + 1" (o)

2 (o) ] _ (o)
Re [z:(uo)] ~ r(po)

Hence (4.10) implies 7'(10) = |2k (po)|" > 0. Therefore condition (CD)g,, (¢ ¢;)
is satisfied.

Conversely, suppose condition (CD) 8n(c,01) holds. Then there are no holes in
the unit circle through which the roots of pg(z) + pg(z) can enter the open unit
disk C; from the outside when p increases. Denote by po the smallest positive
value of p for which p,(2) loses the Schur stability property. Then at least one
root remains outside the unit disk for all p > po, and M (po, ¢) defined by (2.2)
is an interval. Hence ¢ is a convex direction for S,(C, €,).

and
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(i1} The real case is complicated by the fact that there are two holes in the unit
circle through which a root of the real polynomial p,(z) = po(z) + pg(z) can
return into the unit disk after leaving it, namely 2 = 1 and z = —1. Thus the
behaviour of the root loci at the exceptional points z = +1 must be analyzed.
For any é > 0, let N(41)(py; &) denote the number of roots of p,(z) of magnitude
larger than 1 in the d-neighborhood of z = 1 and N(_1)(p,; d) denote the number
of such roots in the §-neighborhood of z == —1. There is at most one value of u for
which z = 1 is a root of p,(z) and the same holds for z = —1. Analogously as in
the Hurwitz case it can be shown (see [16]) that if p,, (1) = 0 and p,,(-1) =0,
there exist € > 0 and § > 0 such that for all = € (u; ~&, 1), p* € (u1, 11 +€)

NG (Pu-36) = Ny (pu+39) £ 1,
and for all p_ € (u2 — €, pu2), py € (p2, 2 +¢€)
IN(1y(Pu_30) = Ne—py(pu,;0) £ 1,

respectively. Based on this fact the proof of (ii) can be carried out in a similar
way as in the complex case replacing the unit circle by the punctured unit circle.
For further details concerning the proof of (ii), see [16]. a

Remark 4. The previous proof shows that condition (CD)g_ (¢,0,) 18 satisfied for
a given pair of polynomials ¢ € P,—;(€) and py € Su(C,C;) if and only if for
all po > 0, 6 € [0,27)

pfa (ezﬁo) qf(ezgo)
po(e®)  gleo)
Similarly it can be shown that condition (CD) Sn(R,cy) IS satisfied for ¢ €

Prp-1(IR) and pp € S,(IR, Cy) if and only if (4.11) holds for all o > 0,8 € (0, 7),
see {16, Lemma 5.6].

po(%) + pog(e®) =0 = Re [8( )} 50 (1)

4.3 Relative convex directions for S,(K,C.-) and S,(K,C,)

In this section we discuss the problem of determining the set of relative convex
directions for Hurwitz and Schur polynomials.

We begin with a general definition of the concept of relative convex direction.

Definition 12. Suppose X is a real or complex vector space and S a subset of
X. Given zp € S, a vector y € X is said to be a convex direction for S relative
to zo if the intersection R(zo,y) NS of the ray R(zo,y) = {20 + ay; a > 0}
with S is convex.

A vector y € X is said to be a convex direction for S if it is a convex direction
for S relative to every z € S.

The difference between the two concepts can be illustrated by a simple example.
Consider the punctured Euclidean space S = IR™\ {0} (regarded as a subspace of



86 Convex directions for polynomials and quasipolynomials

the vector space X = IR™). Then the set of convex directions for S is {0}, but for
every g € S the set of convex directions for S relative to g is R™ \ {(—Rzg).

Given any subset S in a vector space X two distinct convex direction prob-
lems arise:

Global Convex Direction Problem. Determine the set of all convex direc-
tions for S.

Relative Convex Direction Problem. For arbitrary zq € S, determine the
set of all convex directions for S relative to zp.

Theorems 2 and 4 solve the Global Convex Direction Problem for the sets
Sn(K,C_) C Pr(K) and S,(K, C;1) C Pr(IK). On the other hand the Relative
Convex Direction Problem for these sets is still unsolved. However, the proofs
of the root loci characterizations in the previous subsections imply the following
proposition (see [2] and [16]) which yields less conservative criteria than the
global convex direction conditions stated in Theorems 2 and 4.

Proposition13. Let K =R or K = €.

(i) A polynomial ¢ € Pr_1(IK) is ¢ convez direction for the set Sp(IK,C.-)
relative to a given polynomial pg € Sp(K, C_) if condition (CD) Sn(iK,c_) 5
satisfied (see Theorem 10).

(ii) A polynomial q € P,—1(K) is a conver direction for the set Sp(IK, Cy) rel-
ative to a given polynomial py € Sn(K, Cy) if condition (CD)gs_ (K ¢,) i
satisfied (see Theorem 11).

It has been shown by an example in [16] that there exist convex directions
for Sp(K,C-) relative to a given po € Sy(IK,C_) which do not satisfy
(CD)s, x,¢_y- Thus (CD)g, (¢ ) is & sufficient but not a necessary con-
dition for g € P,—;(XK) to be a convex direction for the set S,(IK, C_) relative
to the given pp € Sp(IK,C-). In view of this it is surprising that — as we have
seen in the preceding subsections — the condition (CD)g, (k ¢_y is necessarily
satisfied for all py € Sa(K,C_) if ¢ € Pr-1(IK) is a global convex direction for
the set Sp(IK, C.). A similar comment applies to the Schur case.

The conditions (CD) s, i ¢_) and (CD)g, k,¢,) can be checked by graph-
ical tests based on Nyquist plots.

Proposition 14.

(i) A polynomial ¢ € P,,_1(C) satisfies (CD)g, (¢,c_) for a given polynomial
po € Sn(C,C_) if and only if the Nyquist plot of h(z) = q(2)/po(2) over iR
crosses the negative real azis (—oo,0) only in the clockwise direction, i.e. for
every w € IR

0 arg(h{w)) <0,
Ow

(i) A polynomial ¢ € Pn_1(IR) satisfies (CD)g, m.¢_) for o given polynomial
po € Sp(R, C_) if and only if the Nyquist plot of h(z) = q(2)/po(z) over the

hlw) € (—00,0) = (4.12)
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positive imaginary azis 1(0,00) crosses the negative real azis (—o00,0) only
in the clockwise direction, i.e. for every w > 0

0 arg(h(w))

h(ww) € (—o0,0) Ew

<0. (4.13)

We omit the proof which can be found in [16] (for the real case) and prove
instead the following counterpart for the Schur case.

Proposition 15.

(i) A polynomial ¢ € Pp_1(C) satisfies (CD) Sn(c,c for o given polynomial
po € Sp(C,Cy) if and only if the Nyquist plot of h(z) = q(z)/po(z) on the
unit circle 8C, = {e*; § € [0,2m)} crosses the negative real azis (—o0,0)
only in the clockwise direction, i.e. for all 8 € [0, 27)

h(e*) € (—00,0) = if%%———w<0. (4.14)

(ii) A polynomial ¢ € P,_1(R) satisfies (CD) Sn(R,¢y) JOr @ given polynomial
Po € Sn(R,C1) if and only if the the Nyquist plot of h(z) = q(z)/pe(2) on

the upper half of the unit circle {8'9 ; 8 € (0, 7r)} crosses the negative real
azis (—00,0) only in the clockwise direction, i.e. for all 8 € (0,7)

h(e®) € (-00,0) = -‘B—Erg;’;f——emm.

Proof. For every 8 € [0,2r), we have h(e*) = g(e*)/po(e*?) € (~00,0) if and
only if the following equality holds with y = —1/h(e®) > 0:

po(e”’) + pg(e”) = 0.
By (4.8), for all § € {¢ € [0, 2n); g(e*?) # 0},

9 arg(h(e®) . [Lo(Bh(e”)  ¢'(e?)
a6 R"'[e (Po(e"’) q(ew))]'

Hence (4.14) is satisfied if and only if, for all x> 0, 8 € [0, 27),

2f Wy _ 1 p;)(eta) —q!(ezs)
Po(e®) + pa(e”) =0 = Re {e (pg(ew) q(e‘e))] >0, (415)

By the remark made after Theorem 11, condition (CD) Sn(c,cy) 15 satisfied if
and only if (4.15) holds. Thus (i) follows.

Statement (ii) can be proved similarly, making again use of the remark at the
end of Subsection 4.2. o
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5 Root Loci of Stable Quasipolynomials

In this section we apply the root loci approach in order to characterize convex
directions for sets of stable quasipolynomials. To this end we investigate how the
root loci of

fu(2) = fo(2) + pg(2), w>0

cross the imaginary axis if fo(z) € H™"(K) and g(z) is a convex direction for
the set H™7(IK). Since fp(z) € H™7(K) all the roots of fo(2) lie in the open
left half-plane. As p is increased, the roots move continuously on the complex
plane. Assume that, for some y = po, fy,(2) has a zero z = sy on the imaginary
axis. Then there exists a continuous function zp(x) in a small neighborhood of
po such that fu(zo(1)) = 0 and 20{po) = wwo. If 20(po) € <IR is a simple root,
then zo(u) is analytical. In this case we write zy(p) for (0z0/0p)(p). We will see
that, as u increases, the roots of the quasipolynomials f,(z) = fo(z)+ pg(z) can
move across the (punctured) imaginary axis sIR only from left to right, if g(z) is
a convex direction for H™7(IK) and K = € (or KK = IR, respectively).

Consider a pair of quasipolynomials fy(2), g(z) where fo(z) € HI7(K) is of
the form

m n
fo(2) = Z arjzbe™? (5.1)
j=0 k=0
and g(z) € Q17 (KK) is of the form
m n-1
g(z) = Z Z crjz¥emi® (5.2)
j=0 k=0

To simplify the notations we make the following convention. Given fo(2), g(z)
of the form (5.1) and (5.2), respectively, we set a;; = 0 and ¢;; = 0 for all index
pairs (4,j) for which these coefficients are not yet defined. In particular cp; =
0, =0,...,m. The main result in this section is the following characterization
of convex directions for quasipolynomials of delay and of neutral type.

Theorem 16 {2},[1].

(i) A complez quasipolynomial g(z) € Q" (C) is a convez direction for the set

H™7(C) if and only if it satisfies the following condition for all quasipoly-
nomials fo(z2) € H"(C):
(CD)H;n,r(q)) If one of the roots of fu(z) = fo(z) + pg(z), say zo(p), hits
the imaginary azis 1R for p = po > 0 then 20(po) is a simple root of fu,(2)
and Re {z}(10)} > 0, i.e. as p increases the roots of fu(2) can only cross the
imaginary axis from left to right and with positive velocity.

(ii) A real quasipolynomial g(z) € Q;""|(R) is a convex direction for the set
H™7(R) if and only if it satisfies the following condition for all quasipoly-
nomials fo(z) € HI»"(IR):

(CD)’HZ“’(]R) If one of the roots of fu(z), say zo{u), hits the punctured
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imaginary azis 1R \ {0} for p = po > 0 then 20{uo) is a simple root of
fuo(z) and Re {z5{(po)} > 0, i.e. as p increases the roots of f,(z) can only
cross the punctured imaginary azis from left to right and with positive veloc-
ity.
The proof of (i) follows the same lines as in the polynomial case, for details see
[1]. The proof of (ii) requires a careful analysis of the behaviour of the root loci
in a neigbourhood of the origin. The following counterpart to Proposition 9 has
been proved in [2].

Proposition17. Let fo(z) € HI"(R), g(2) € @, (R) be two real quasipoly-
nomials of the form (5.1) and (5 2), respectively, g(0) = 3370, coj # 0, and
suppose that f,(2) = fo(z) + pg(2) has a root of multiplicity k >1latz=0 for
p = po. Then there exist € > 0, & > 0 such that, for s € (—¢e,e) \ {0}, fuo+s(2)
has exactly k simple roots in the complez disk D(8) and these roots have the
following asymptotic behaviour as |s| — 0:

() If (E;Z:o COj) [Ar(po) <0 then

ok Zjﬁﬁ_ (k)+o(s7z) v=0,1,....k—1 fors>0
2,(s) = E
|si AJZO)O’ (k)+o([s| ), v=0,1,....k—1 fors<0

(i6) 1f (7 co,-) Ax(o) > O then

1_,1:

2,(s) = o i
1 . €oj 1
(B9 ) st e
where
m ?‘ k
Ak(po) = {(ak, + pock;) + (@r—15 + poce—-15) = s+t (e + Hocoj) 75 il
F=0

Let My {fy;d) denote the number of roots of f,(z) in D(§) with nonnegative real
parts (counting multiplicities). As a consequence of the previous proposition we
obtain that Ny (fu;d) changes at most by one as p crosses the value po. More
precisely, there exist £ > 0, § > 0 such that

Wi (fum38) = Na(fut38)| <1, p~ € (no—¢,p0) , ¥ € (o, po +€) (5.3)

Therefore, as y > 0 increases and some roots of f,(z) reach the closed right half-
plane, not more than one of them may ever return to the open left half-plane
through the origin 2 = 0. Note that this can only happen at the parameter value
to = —£(0)/9(0)) if £(0)/9(0) < 0.

Based on these facts, statement (ii) in Theorem 16 can be proved similarly
as in the polynomial case. For details see [1].
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Remark 5. 1t follows from the proof of Theorem 16 (i) (see [2]) that the condition
(CD)ym.r () is satisfied for a given pair of quasipolynomials g € Q" (C) and
fo€ H™™(C) if and only if for all u >0, we R

folw) + pg(w) =0 = Re {%E—;—}{; ((:(‘j))} >0, (5.4)

Similarly, condition (CD)ym.~ () is satisfied for g € O (R) and fy €
H7-T(R) if and only if (5.4) holds for all 4 > 0,w > 0.

We conclude this chapter with some comments concerning the Relative Convex
Direction Problem for quasipolynomials, see Subsection 4.3.

While the Global Convex Direction Problem for quasipolynomials has been
solved in [18] (see Theorem 8) the Relative Convex Direction Problem is still
open. However, as in the polynomial case the root loci approach yields a sufficient
condition which is less conservative than the global convex direction condition
in Theorem 8.

Proposition18. Let K = R or KK = €. A quasipolynomial g¢(z) € Q" (K)
is a convez direction for the set H™ ™ (K) relative to a quasipolynomial fo(z) €
HT(K) if the condition (CD)gym.r (i stated in Theorem 16 is satisfied.

A proof of this proposition is easily derived from the proof of the sufficiency
statements in Theorem 16 (i),(ii), see [2], [1].

The conditions (CD)H;n,r(IK), K = IR, € can be checked via a graphical
test.

Proposition 19.

(i) A quasipolynomial g(z) € ;" (T) satisfies (CD)HT,Y(G) for a given stable
quasipolynomial fo(z) € H™7(C) if and only if the Nyquist plot of h(z) =
9(2)/ fo(2) on 1R crosses the negative real azis (—00,0) only in the clockwise
direction, i.e. for everyw € R

0 arg(h(w))

B <0. (5.5)

h(w) € (—00,0) =

(i) A quasipolynomial g(z) € Q7" (R) satisfies (CD)gym.r (R) for a given sta-
ble quasipolynomial fo(z) € H™™(R) if and only if the Nyguist plot of
h(z) = g(z)/fo(z) on +(0,00) crosses the negative real azis (—00,0) only
in the clockwise direction, i.e. (5.5) holds for oll w > 0.

Using the previous remark the proof of this proposition can be carried through
as in the polynomial case.
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Delay-Independent Stability of Linear Neutral
Systems:
A Riccati Equation Approach
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Abstract. This chapter focuses on the problem of asymptotic stability
of a class of linear neutral systems described by differential equations
with delayed state. The delay is assumed unknown, but constant. Suf-
ficient conditions for delay-independent asymptotic stability are given
in terms of the existence of symmetric and positive definite solutions of
a continuous Riccati algebraic matrix equation coupled with a discrete
Lyapunov equation.

1 Introduction

The stability of time-delay systems is a problem of practical and theoretical
interests since the existence of a delay in a physical system may induce insta-
bility or poor performance. In certain control problems, one encounters linear
hyperbolic differential equations with mixed initial and derivative boundary con-
ditions, see, e.g. processes including steam or water pipes, loss-less transmission
lines. Using a technique proposed in Hale and Lunel [3], these systems can be
easily described by functional differential equations of neutral type.

A different example is proposed by Niculescu and Brogliato [7], where the
effect of force measurements delays on the stability of manipulators in contact
with a rigid environment is considered. The closed-loop system is represented
by a linear time-invariant neutral equation. In this case, the time-delay may be
a cause of possible bouncing of the robot’s tip on the environment. The effect
of small delays on the stability properties of some closed-loop neutral systems
have been considered in [6] and the references therein.

In this chapter, one considers a particular class of time-delay systems de-
scribed by linear neutral differential equations. We are interested in giving con-
ditions for delay-independent stability conditions (which do not carry any infor-
mation on the delay size). A guided tour of the general corresponding methods
for linear systems with delayed states could be found in [9]. For some back-
grounds on the stability of functional differential equations of neutral type, see
e.g. Hale and Lunel [3], Kolmanovskii and Myshkis [5].

The approach adopted here is based on the Lyapunov’s second method and
makes use of an appropriate Lyapunov-Krasovskii functional. Sufficient delay-
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independent stability conditions are given in terms of some appropriate Riccati
matrix equation coupled with a Lyapunov one.

The chapter is organized as follows: in Section 2, the main results are given.
Singular value tests in terms of an Ho, norm of some transfer functions are
proposed in Section 3. A formulation in terms of LMI is given in Section 4.
Some concluding remarks end the chapter.

2 Main Results

Consider the following class of linear neutral systems:
&(t) - Cz(t - 1) = Az(t) + Bz(t — 1) (2.1)
with the initial condition
z(to+60) = ¢(0), Ve [-7,0; (to,4) e Rt xC2,, (2.2)

where z(t) € IR™ is the state, 7 > 0 is the delay and C, A and B are constant
matrices of appropriate dimension.
We have the following result:

Theorem 1. The neutral system (2.1)-(2.2) is delay-independent asymptotically
stable if

(i) A is a Hurwitz stable matriz;

(ii) C is a Schur-Cohn stable matriz;

(iii) there exist two symmetric and positive definite matrices R > 0 and Q > 0
such that the following Riccati equation has a symmetric and positive definite
solution P > 0:

ATP + PA+S+Q+
+[P(AC + B) + SCIR' [CTS+ (BT + CTAT)P] = 0, (23)

where S > 0 is the symmetric and positive definite solution of the Lyapunov
discrete equation:

CTSC-S+R = 0. (2.4)

The proof of the Theorem is given in Appendix B and makes use of the
following Lyapunov-Krasovskii functional candidate:

Viz:) = (2(t) - Cx(t — 7))T P(z(t) — Cx(t — 7))
O
+ / 2(t + 0)S(t + 0)do. (2.5)

-
Notice that since C is a Schur Cohn stable matrix, then the Lyapunov equation

(2.4) has always a symmetric and positive definite solution S > 0 for every
positive definite matrix R > 0.
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In conclusion, the delay-independent stability problem of the neutral system
(2.1)-(2.2) is transformed into the ezistence of a symmetric and positive-definite
solution of the “parametrized” Riccati equation (2.3}, where the paprameters are
given by a couple of positive-definite matrices satisfying the discrete Lyapunov
equation {2.4).

Remark 1. The Schur Cohn stability of the matrix C ensures the stability of the
operator D : Cp , = R™

D(¢) = ¢(0) - Co(-),

which is a necessary condition to have the stability of the neutral differential
equation (2.1)-(2.2).

Notice also that the Hurwitz stability of the matrix A is a necessary condition
for the existence of a symmetric positive definite solution to the Riccati equation
(2.4), but is not a sufficient one.

Remark 2. A similar result has been proposed by Slemrod and Infante [10] using
a particular Lyapunov-Krasovskii candidate (2.5) with:

P=1I, S=-§-[A+AT—~BTC—-CTB],

such that the matrix S is symmetric ans positive-definite. Notice that their result
uses some particular “constraints” on the system’s matrices A, B and C.

The Riccati equation (2.3) is similar to the Riccati equations encountered in
the LQG theory, but with a negative sign in the quadratic term. Indeed, if we
consider the system:

£t) = AL(t) + (AC + Blu(t),

with the quadratic index:

;- /°° z®) 1" [Q+5 sC ‘[x(t) »
=/, luwy] L c™s R Lue ™
the corresponding LQG Riccati equation is:
ATX + XA - [X(AC + B) + SCIR (BT + CTAT)X + CTS]+Q + S = 0.
A different Lyapunov-Krasovskii functional has been proposed by Verriest in
[12]:

0

V{(z(t), zy, &) = ()T Pa(t) +/ z(t + 0)T Pox(t + 6)do

-7

0
+ / it +0)T Psa(t + 6)dd, (2.6)

-T
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where P; (i =1, 3) are symmetric and positive definite matrices satisfying some
appropriate Riccati inequalities (see [12]).

The form of the Lyapunov functional (2.6) includes “information” on the
derivatives Z;. A proper norm for this asymptotic stability case is given by:

llzella = sup {flz(t+ O, |zt + O} -
—-7<0L0

Some connections between the stability results obtained using the norms || - ||.
and || - ||¢1 could be found in Els’golts’ and Norkin [2]. For the sake of simplicity,
we do not consider this approach here.

In the case of a scalar neutral system:

) —cz(t—7) = az(t)+bz(t—7) (2.7)
with a, b and ¢ € IR, Theorem I becomes:

Corollary 2. The scalar neutral system (2.7) is delay-independent asymptoti-
cally stable if

(i) a < 0,
(i) |cl< 1,
(iti) | bi<lal.

Notice that this result “approaches” the necessary and sufficient condition
obtained in [4] using a frequential domain approach (the exact condition is given
by (i)-(ii), but with (3ii) changed in | b|<| a ]).

Consider now a more general form for the system (2.1) with A and B con-
tinuous time-varying matrices, i.e.

z2(t)-Cz(t — 1) = A@t)z(t) + B(t)z(t — 1) (2.8)
In this case, Theorem 1 may be rewritten as follows:

Theorem 3. The neutral system (2.8)-(2.2) is delay-independent uniformly
asymptotically stable if

(1) C is a Schur-Cohn stable matriz;

(i) there exist two symmetric and positive definite matrices R > 0 and Q >
0 such that the following Riccati equation has o symmetric solution P(t)
satisfying prl, < P(t) < pmI, for some positive real numbers py, and pys:

P+ ATP 4+ PA—[P(AC + B) + 5C] -
(R+28)71[CTS+ (BT + CTAT)P]+Q+ S =0,

where S > 0 is the symmetric and positive definite solution of the Lyapunov
discrete equation:

cTSC-S+R = 0.
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The proof of the Theorem 2 follows the same ideas as the proof of Theorem 1,
but with a time-varying matrix P(t) in the Lyapunov-Krasovskii functional (2.5).
Notice that the existence of pn, and pps allows that the corresponding Lyapunov
functional candidate is positive-definite and has an infinitesimal upper bound.

It is easy to see that for constant matrices A(t) and B(t), one completely
recovers the results given in Theorem . Furthermore, if C' = 0 one recovers the
results proposed by Verriest in [13].

3 Singular Value Test for Delay-Independent Asymptotic
Stability

Theorem 1 gives a sufficient condition to guarantee the asymptotic stability
independently of the delay size of the neutral system (2.1)-(2.2) in terms of the
existence of symmetric and positive definite solutions to a continuous Riccati
equation (2.3) and to a discrete Lyapunov equation.

Notice that to the Riccati equation (2.3), one can associate the Hamiltonian
matrix:

A-(B+AC)R™'CTS  (AC+B)R'(AC + B)T

= | 2(Q+5)+SCRCTS —[A~(B+AC)RCTS]" (3.1)

H

In order to have a symmetric and positive definite solution to the Riccati equa~
tion (2.3), one needs that the associated Hamiltonian matrix has no eigenvalues
on the imaginary azis, or equivalently (via the bounded rel lemma) that the
associated transfer matriz

G(s) = (Q+85—SCRCTS)* x
x (sI, — A— (B+ AC)R™'CTS) ' (AC+B)R™?  (3.2)

satisfies the norm condition:

sup GGl < 1. (3.3)

Notice that in the case C = 0, the Lyapunov equation (2.4) becomes the equality
S = R and the condition (3.3) for the transfer (3.2) recovers the singular value
test proposed in [11] for delay-independent asymptotic stability of linear systems
with delayed state:

sup |(Q + )} (jwl, — A)'BSH|| < 1.
w20
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4 LMI Formulation

Theorem 1 can be easily converted into an LMI feasibility problem (see [1] and
the references therein). We have the following result:

Corollary 4. The neutral system (2.1)-(2.2) is delay-independent asymptoti-
cally stable if there exist two symmetric and positive definite matrices P > 0 and
S > 0 such that the following LMIs hold:

ATP+PA+ S P(AC + B)+ SC <0 (41)
CTS + (BT +CTAT)P crsc-S ’ '
ctsc-S < 0. (4.2)

Furthermore, if C = 0, i.e. the system (2.1) becomes a retarded one:
(t) = Az(l)+ Agz(t - 1), (4.3)
Theorem 1 still holds, i.e.:

Corollary 5 [8, 1]. The linear system with delayed state (4.3)-(2.2) is delay-
independent asymptotically stable if there exist two symmetric and positive defi-
nite matriz P > 0 and S > 0 such that the following LMI holds:

ATp+PA+S PB

BTPp _S < 0, (4.4)

5 Concluding Remarks

The problem of stability of a class of linear systems described by differential
equations of neutral type has been considered. Sufficient delay-independent con-
ditions are given in terms of some algebraic Riccati matrix equations combined
with appropriate Lyapunov equations. The approach adopted here is based on
the Lyapunov’s second method. Two numerical tools for the analysis have been
also considered: a singular value test and linear matrix inequality (LMI) tech-
niques. The proposed results can be easily extended to multiple delays case.
Furthermore, in the particular case of linear systems with delayed state, one
covers previous results form the literature [11].

A Stability Theory

Consider the following functional differential equation of neutral type:

S0 = S, (A1)

with an appropriate initial condition:

s(to+8) = $(8), Vo€ [-7,0 (to,¢) € RT xC¥., (A.2)
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where D : Cpr = R", D(¢) = ¢(0) — Co{~7) and z(t) € R". We say that
the operator D is stable if the zero solution of the corresponding homogeneous
difference equation is uniformly asymptotically stable. For our choice, this con-
dition is replaced by the Schur-Cohn stability of the matrix C. For a general
framework, see e.g. Hale and Lunel [3].

IV :RxCphr— R"™is continuous and z(to, @) is the solution of the neutral
differential equation (A.1) through the (¢o, ¢) defined by (A.2), we define:

V(to,4) = limsup z [V(t+ R, ze4n)(to, 9) — V (o, 9)] -
h—0-+ h

We have the following result:

Theorem 6 [3]. Suppose D is stable, f : R x Cp; & IR” takes bounded sets
of Cy.» in bounded sets of R™ and suppose u(s), v(s) and w(s) are continuous,
nonnegative and nondecreasing functions with u(s), v(s) > 0 for s # 0 and
u(0) = v(0) = 0.

If there is a continuous function V : R x Cp; = R" such that

() (D)) < V(t,8) < v(ligllc),
(i1) V(¢t,¢) < —w(l¢(0)])

then the solution £ = 0 of the neutral equation (A.1)-(A.2) is uniformly stable.
If u(s) = 0o as s — oo the solutions are uniformly bounded.
If w(s) > 0 for s > 0, then the solution x = 0 is uniformly asymptotically
stable.
The same conclusions hold if the upper bound on V(t,¢) is given by

—w(ll$(0)i}).

B Proof of Theorem 1

Let us consider the following Lyapunov-Krasovskii functional candidate:
Viz:) = (z(t) - Cx(t - 7))T P(a(t) - Cx(t - 1))
0
+ / z(t + 0)Sz(t + 0)dd, (B.1)

—-T

where P and S are the solutions of the Riccati equation (2.3) and respectively
of the Lyapunov equation (2.4) and let introduce the operator D : Cpn,z — Rr™:

D(¢) = ¢(0) - C¢(—7)1 ¢ €Cn,r. (B'2)
It is easy to see that the functional V satisfies the condition:

u(l Do) < V() <wv(li¢lle), (B.3)
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where u(s) = Apin(P)s? and v(s) = [Amaz(P) + TAmaz (5)]s%. The derivative of
V(-) along the trajectory of the neutral system (2.1) is given by:

V(z,) = (Az(t) + Bz(t — 7)) T P(z(t) - Cz(t — 1))
+(z(t) - Cz(t — 7))T P(Az(t) + Bz(t — 7))
+z()TSz(t) — 2(t — )T Sx(t — 1) (B.4)

Simple computation allows to rewrite the equation (B.4) as follows

V(z,) = (2(t) — Cx(t — 7)) T(ATP + PA + S)(x(t) - Cz(t — 7))
+(z(t) — Cx(t — 7))TPACZ(t — 7)
+z(t - 1) TCTATP(z(t) - Cz(t — 7))
+(z(t) — Cz(t — 7))TSCx(t — 7) + z(t — 7)TCTS(x(t) — Cux(t — 7))
+z(t - 7)TCTSCx(t — 7) — z(t — 7) T Sz(t — 7)
+(z(t) — Cz(t — 7))T PBx(t — 1)
+z(t — 7)TBTP(x(t) — Cx(t — 7). (B.5)

Since § is the positive definite solution of the Lyapunov equation (2.4) and using
the operator form (B.2), the relation (B.5), follows:

V(z:) = D(z:)T(ATP + PA+ S)D(z:) + D(z;)T (PAC + PB + SC)z(t — 1)
+z(t — 7)T(CTS + CTATP + BT P)D(z,)
~z(t — )T Ra(t — 7) (B.6)
Since P is the symmetric and positive definite solution of the Riccati equation
(2.3) and using the Schur complement property, we have:
V(z:) < —D(:)"QD(x:)
- [(CTATP + BT + CTS)D(x,) - Ra(t — 7)) B~ x
x [(CTATP + BT + CT$)D(x;) — Ra(t — 7))
< —D(@)TQD(z:) (B.7)
The inequalities (B.3) and (B.7) allow to conclude the uniform asymptotic stabil-
ity of the trivial solution of the neutral differential equation (2.1) (see Appendix
A or [3], Theorem 8.1, pp. 292-293).
Furthermore, the negativity of the Lyapunov functional candidate does not

use any information about the delay size and in conclusion, the asymptotic
stability property holds for any positive delay.
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Abstract. In this chapter, we consider two problems associated with
time-delay systems: robust stability analysis and robust stabilization. We
first obtain two results for robust stability using the integral quadratic
constraint approach and the linear matrix inequality technique. Both re-
sults give an estimate of the maximum time-delay which preserves robust
stability. The first stability result is simpler to apply while the second
one gives a less conservative robust stability condition. We then apply
these stability results to solve the associated robust stabilization problem
using static state feedback. Our results provide new design procedures
involving linear matrix inequalities.

1 Introduction

Consider a time-delay system described by
2(t) = Aoz(t) + Agz(t — 7) + Byu(t) (1.1

where z(t) € R" is the state, u(t) € R™ is the control input, 7 is an unknown
constant time delay, Ag, A4 and B, are constant matrices.

The system above has been analyzed by many researchers. Two types of
robust stability conditions have been reported in the literature: the so-called
delay independent conditions and delay-dependent conditions. In comparison,
the delay independent conditions are simpler to apply, but the delay-dependent
conditions are less conservative in general. With the recent advances in convex
optimization (see, e.g., [2]), the focus of the current research is towards finding
less conservative delay-dependent conditions by allowing more complex convex
optimization. See [13] for a review of robust stability results.

One of the goals in this chapter is to provide new conditions under which the
robust stability of the autonomous system of (1.1) is guaranteed. Our work is
based on two ingredients: 1) a sufficient condition for robust stability expressed
in the frequency domain; and 2) the integral quadratic constraint (IQC) ap-
proach to robustness analysis. Two stability results are presented. Both results

101
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are expressed in terms of linear matrix inequalities (LMIs), and they give an
estimate of the maximum time-delay which preserves robust stability. The first
stability result is simpler to apply while the second one is less conservative. We
point out that the stability results in this chapter generalize those in [13].

After derived the two stability results, we then apply these results to solve the
associated robust stabilization problem for the system (1.1) using state feedback
control. We also provide explicit formula for controllers. Finally, we show several
examples which demonstrate the applications as well as the advantages of the
results obtained in this chapter.

2 Preliminaries

Several preliminary results are required for robust stability analysis of the au-
tonomous system of (1.1). Throughout this chapter, we denote A = Ag + Ag.

Lemmal. The autonomous system of (1.1} is asymplotically stable if A is
asymptotically steble and that

A(jw, 1) = jwl — A — 7p1 (jwT)Ag Ao — Tp2(JwT) AgAd (2.1)
is nonsingular for all w € R, where

pr(jv) = —e"i*’f2f‘i—?;‘;’—2{)31, paljv) = pa(iv)ei. (2.2)

Proof. 1t is well-known that the autonomous system of (1.1) is asymptotically
stable if and only if

AGw, 1) = jwl — Ag — Age 37

is nonsingular for all w € R. X

Suppose A(jw, 7) is nonsingular, we need to show that A(jw, 7) is nonsingu-
lar. Let z be such that A(jw,7)z = 0. We need to show that = = 0. To see this,
we note

0 = (jwl—Ag— Age™ ")z

(GwI — A= Agle™ ™ = 1))z

(jwl — A = 7p1 (jwr)Agjw)e

= (jwl - A= rp(jwr)Aa(Ao + Age™T))z

= A(jw,7)z {2.3)

So z must be zero due to the nonsingularity of A(jw, 7). o
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Fig. 1. Interconnected Feedback System

Consider the interconnected system in Figure 1 which is also described by
the following equations:

#(t) = Az(t)+ Bg(t)

§(t) = Ca(t)+ Dyg(t)

z(t) = §(8) +o(t)

9(t) = r{t) +w(i)

w(t) = Az(t)) (2.4)

where A(-) € A which is a set of linear or nonlinear dynamic operators to be
specified later. Denote

G(s)=C(sI-A)™'B+D (2.5)

and assume A to be asymptotically stable in the preliminaries and stability
analysis sections.

The feedback block A(-) is assumed to satisfy an IQC which is constructed
via a filter given as follows:

Ty = Afa:f+Bfuf, zf(0)=0
yr = Crzs+ Dyug

uy = [:}} (2.6)
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where Ay is asymptotically stable. Denote the transfer function of the filter by
Gy(s) = Cf(SI—Af)—le + Dy 2.7
The IQC used in this chapter is then described by the following inequality:

T
/ y}éyf >0, asT =00, YVAEA,z€ L]0,00), (2.8)
0

where & is a constant symmetric matrix.

Remark 1. The definition above does not require w € £3[0, 00). But if this is the
case, then the IQC (2.6)-(2.8) becomes, following the Parseval Theorem,

[T wioieto| 299 Jazo vaea o9
—o w(jw)
where z(jw),w(jw) are Fourier transforms of z(t),w(t), respectively, and
H(s) = G’}(s)dng(s) (2.10)
The following results serve the foundation of the IQC approach.

Theorem 2. (The IQC Theorem) [19, 16, 15] Given a connected set of oper-
ators A, containing the zero operator, for the feedback block of the system (2.4),
the system is absolutely stable if there ezists some $(s) of the form (2.10) and
a constant € > 0 such that both (2.8) and the following condition are satisfied:

[G"(jw) II®(jw) { G(;‘w) ] +el <0, Ywé€ (—o0,00) (2.11)

Purther, for causal and asymptotically stable linear time-invariant (LTI) A(-),
(2.8) is equivalent to the following:

I
I A*(jw)|P(jw . >0, Vwe€ (~oo,0), A€ 2.12
1At | 400 ]2 (~00,00) (212
That is, the system (2.4) is absolutely stable if there exists $(s) of the form

(2.10) such that (2.11) and (2.12) hold.

Lemma3. (KYP Lemma) [1, 17] Given A € R™", B € R™* and sym-
metric 2 € ROTRIXMHE) 4peore erists a symmetric matriz P € R™"™ such
that

ATp+ PA PB
13
[ BTP 0 } +2<0 (2.13)
if and only if there ezists some constant ¢ > 0 such that
T o AY—1
BT ((jwI — 4)™")* 1|2 [ (jwl IA) B } +el <0, ¥V we (~00,00) (2.14)

Further, if A is Hurwitz and the top-left n x n submatriz of £2 is positive semidef-
tnite, then (2.13) implies P > 0.
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We also recall the following two linear matrix inequality results:

Theorem 4. (Positive Real Parrot Theorem) [2, 11, 10, 7] Given a sym-
metric matriz ¥ € R™*™ and two matrices U, V of column dimension m. There
exists a matriz © of compatible dimensions such that

v+ UTOTV +VvTOU <0 (2.15)

if and only if
uvTeu, < 0 (2.16)
viev, < o (2.17)

where U (resp. V. ) is any matriz whose columns form a basis of the null space
of U (resp. V).

Lemmab5. [6] Given matrices A, By, B2,Cy,C2,X4,Q = QT, W1 = WI, W, =
W of appropriate dimensions, suppose Wy > 0, Wy > 0. Then there exists a
matriz K of appropriate dimension such that

QAT+ AQ QCT| B; B,
CQ -Wi| 0 [+|Xa|K[I O]|O]
Bf 0 |-W 0
I
+0|KT[BT xT|o]<o0 (2.18)
0

holds if and only if the following LMI holds:

an T QAT+ AQ Qcf| B,
[’OH Ge Wl o
BT 0 |-We
where N is any matriz whose columns form a basis of the null space of [BY XT).
Denote K the solution of the following formula:

0|71

N 0] <0 (2.19)

k] [o|xr 1] Br
R ] e
where * denote the pseudoinverse. Further let K, be any solution of the LMI
W(K1) + Bo(I — X Xa)K, + KT (I - X} X4)BY <0, (2.21)

where
¥(K:) = QAT + AQ + KT BT + B,K,

+[01Q+der Wit 0 1[GR+Xaki ] o
BT 0 Wit BT {2.22)

Suppose (2.19) holds. Then a desired K for (2.18) is given by K = K, if (I —
XIX))Bf =0 0r K=K, + (I - X X4)K, otherwise.
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3 Stability Analysis

Consider the time-delay system (1.1). For stability analysis, we assume that
u(t) = 0. Express
Ag=HE, HeR™! E¢eR"™" {3.1)

where ¢ < n, and H and E are of full rank. Define

HT C EA
T _ — LR 0 — —
B _{HT]’ C—{Cz]-[Ed],CT-rC, D =9, (3.2)

and A being the set of LTI operators with Fourier transform given by

A(jw) = A diag{p; (jwT)Iy, p2(jwr) I} (3.3)

for some A € [0, 1], where py(-) and pa(-) are defined in (2.2).
Using Lemma 1, we know that the system (1.1) is robustly stable if the
following system is robustly stable:

2(t) = Az(t) + Bg(t)

§t) = Crz(t)+ Dg(t)

z(t) = §(t) +v(t)

g(t) = r({t) +w(t)

w(t) = A(z() (3.4)

Following the IQC Theorem, we assert that the system (1.1) is robustly stable
if there exists some IQC, or equivalently, $(s) as in (2.10) such that (2.11) and
(2.12) hold. Note that the notion of absolute stability coincides with the notion
of robust stability for a linear uncertain block A. In the rest of this section, we
study two IQCs which give two robust stability conditions.

The first IQC is a simple constant D-scaling used in the analysis of structured
singular value. More precisely, we take

Gf(s) - dia'g{I2qa I2q} (3.5)

and _
=71 diag{/il, Ag, — Ay, -/12} (36}
for some ¢ x g symmetric and positive-definite A;,¢ = 1,2, which are to be chosen.
Denote
A= diag{4;, Az} (3.7
The resulting IQC has
&(s) = 771 diag{4, -4} (3.8)

It is straightforward to verify that (2.12) holds because p;(-) are contractive. The
sufficient condition {2.11) for robust stability becomes

rCTAC 0 ][(ij—~A)"1B

BTGt - 07 11|70 0, P e so

(3.9)
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for all w.
Using the KYP Lemma, the above is equivalent to the existence of P = PT >
0 such that the following LMI holds:

HTP —T~1A1 0

ATP + PA+7CTACy +7CTA,C,  PH PH
<0
HTP 0 “"T_IA2

Multiplying 7 to the second and third row and column blocks, which does not
alter the validity of the LMI, the above becomes

{ ATP+PA+7CTACy +7CTAC, TPH TPH
1I(r) =

THTP -TA; 0 }<0 (3.10)
THTP 0 T Ay

Note that IT(r) is affine in P, A; and A,.
We summarize the analysis above as follows:

Theorem 6. The autonomous time-delay system of (1.1) is robustly stable for
all 0 < 7 < 7 if there exist n x n symmetric and positive definite matrices Ay, Ay
and P such that the LMI

(7 <0 (3.11)
holds, where II(7) is defined in (3.10).

Proof. Suppose (3.11) holds. It follows from the analysis above that the system
(1.1) is robustly stable for 7. The conclusion that the above also implies the
robust stability for all 0 < 7 < 7 follows from the fact that the II(7) is convex
in 7. More precisely, II(1) < 0 when 7 is sufficiently small, due to (3.11) and
A; > 0. The rest follows from the convexity of II(7). o

The second IQC we use to study the robust stability of the system (1.1) will
be more involved but give a less conservative condition. Let

f(8) = cs(sI —ag)~tbs +dy (3.12)
be any asymptotically stable SISO filter with the following property:

sin(v)

F(u)l 2 , WweR (3.13)
Denote the diagonal transfer matrix
F(s) = f(s)ly = Cy(sI — A;)"'B; + Dy (3.14)

We will discuss how to choose f(s) later.
Now define

Gy(s) = diag{F(s7), I¢} (3.15)
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and & as in (3.6). This yields

yrls) = [ P | 316)
B(s) = G3(s)PGy(s) = 771 diag{F*(s7)AF(s7), — A} (3.17)

Subsequently, condition {2.12) is automatlcally satisfied because

i 4GB0 | 500 |

F*(jwr) AF (jwr) — N diag{p} (jwr)p1 (jwr) A1, p3(jwT)p2 (jwr) A2}
= Al/z(F*(jw'r)F(jw‘r) - M diag{p} (jwr)p1 (jwT), P} (jwr)pg(ij)})A1/2
> 0

Therefore, a sufficient condition for robust stability of system (1.1) is the condi-
tion (2.11) which, in our case, becomes

G:(jw)F* (jwr) T AF (jwr)Gr (jw) ~ 7 1 A+ ely <0, Yw € (- ,00) (3.18)

for some (sufficiently small) € > 0, where G, (s) = C.(s] — A)~

QOur next step is to convert the frequency domain condition (3 18) into the
state space. To this end, we denote by C,(sI—A,)~!B, astate-space realization
of F(s7)G(s). Then, it is straightforward to verify that

< 77 14; B;C _ 0 =
A,:[ o 2},3:[3],&:[0; D;C, ] (3.19)

Condition (3.18) can be rewritten as

_ - - _ il — A8
[BT ((jwI — A,)7Y)* 1] diag{r~*CTAC,, 7714} [ (wl ff) B } +el <0
for all w € (—o0,0).

~ A;_)plying the KYP Lemma, the above is equivalent to the existence of some
P = PT > 0 such that the following linear matrix inequality holds:
ATP+ PA, +771CTAC, PB } <0

Iin iy (3.20)

(r) =

The above analysis is summarized as follows:

Theorem 7. The autonomous time-delay system of (1.1) is robustly stable for
all T < 7 if there exist an asymptotically stable filter f(s), and symmetric and
positive-definite matrices Ay, Az and P such that the following LMI holds:

() <0 (3.21)
where I1(-) is defined in (3.20).

Proof. The proof is very similar to that of Theorem 6, so the details are omitted.
The only step worth of discussion is the fact that II(7) < 0 implies ) <o
for all 0 < 7 < 7. This step is a bit tedious but not too difficult to verify too. o©
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4 Stabilization

Consider the time-delay system (1.1). Our objective is to design a static state
feedback controller such that the closed-loop system of (1.1) is uniformly asymp-
totically stable. The results derived in this section are based on Theorems 6 and
7.

Let a desired controller be given in the following form:
u(t) = Kz(t) (4.1)

where K is the gain matrix to be designed.
With the controller (4.1), the closed-loop system of (1.1) is as follows:

(t) = (Ao + BuK)z(t) + Aaz(t — 7) (4.2)

Applying Theorem 6 and Lemma 5 to the system (4.2), we obtain the follow-
ing result:

Theorem 8. There ezists a state feedback controller (4.1) such that the closed-
loop time-delay system of (1.1) with this controller is robustly stable for all 0 <

T < T if there exist n X n symmetric and positive definite matrices I7,13 and Q
such that the LMI

T
{ﬁ()'i}l»?—} Hc(f)vg‘g g} <0 (4.3)

holds, where

QAT +AQ QCT | QC¢T HIL HI,

CiQ —r'lﬂ 0 0 0

II.(1) = CaQ 0 -7 0 0 )
nHT 0 0 ~-7 1N 0
LAT 0 0 0 -7

and N is any mairiz whose columns form a basis of the null space of
(B BLET].
Further, suppose (4.3) holds. Let K1 be the solution of the following formula:

k.]_ [ o |BTET ' BT
[ * }-"[EBul—f‘ll“l] [C’lQ]’ (44)

and K3 be any solution of the LMI

(K1) + By(I — (EB,)TEB,)K» + KJ (I - (EB,)YEB,)BT <0, (4.5
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where

P(K,) = QAT + AQ + KT BT + B,K,

CiQ+EB,K,]  [IT1 0 0 07 [C1Q+ EB.K,
N C2Q 0 ;too CaQ
HT 0 00 HT
HT 0 0 0D HT

(4.6)

Then, a desired controller gain matriz K is given by K = K,Q" if
(I —(EB,)YEB,)BT =0
or K = (Ky + (I = (EB,)YEB,)K2)Q! otherwise.

Proof. Applying Theorem 6 to the closed-loop system (4.2), we find that this
system is robustly stable for all 0 < 7 < 7T if there exist n x n symmetric and
positive definite matrices A1, 42 and P such that the matrix inequality

(A+ ByK)TP 4+ P(A+ B K) + 7C A2Cs | . _
+7(Cy + EB.K)T 4,(Cy + EB.K) TPH TPH <0 @
FHTP -FA; 0 '
FH'P 0 —Th

holds. Using Schur complements, (4.7) can be rewritten as

[ ATp+PA T | 7¢f +#PH 7PH
7Ch ~FATY] 0 0 0
7Ca 0 |-74;1 0 0
FHTP 0 0 -7A4; O
| FHTP 0 0 0 74,
[ PB, I
7EB, 0
+ 0 |K[I0{000/+ |0 |KT[BIP7BIET |000]<0(4.8)
0 0
|0 0

Define Q = P~1, IN = A7 and I3 = 47 ! respectively. Multiplying
diag{Q, 71,7 [,7 111,771 I3}

to both sides, the inequality above is equivalent to

B, I
EB, _9__
@A+ 0 | (KQ)I0]000]+| 0 |(KQT[BY BIET|000}<0 (49)
0 0
0 0

Then, the results in the theorem are obtained by applying Lemma 5. o
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Corresponding to Theorem 7 for stability analysis, we can obtain the follow-
ing less conservative result for robust stabilization:

Theorem 9. There exists a state feedback controller (4.1) such that the closed-
loop time-delay system of (1.1) with this controller is robustly stable for all T < 7
if there exist symmetric and positive definite matrices I', Qy and @ such that

the LMIs
T
[%} I:I'C(T')l:A(gf ﬂ <0 (4.10)

{ AfQs + Qp AT QfQ;T
CrQy I

} <0 (4.11)

hold, where

QAT + AQ QCTB}’ QCTD}’ Bl
= BfCQ T_I(Afo+QfAT) T_leCT 0
() = / S :
(1) D,CQ C,Q, _Aap 0 (4.12)
BT 0 0 f —~r i

and Ny is any matriz whose columns form a basis of the null space of the matriz
(BT XTI with

By EB,
Xg = . .
=[5 )] (9
Further, suppose ({.10)-(4.11) hold. Denote
- | Bs
X, = [ D, } C (4.14)
and
QAT +Q;A; Q;CT
W:[ fURIAE R 4.15
d CsQs -r (415)
Let K be the solution of the following formula:
+
K 0 XT BT
= - | 4 u_t, (4.16)
* Xd } T Wf XCQ
and let Ky be any solution of the LMI
U(K1) + Bu(l — X Xa)Ks + K5 (I - X] X4)BT <0, (4.17)

where
U(K,) = QAT + AQ + KTBT + B, K,

T
[ X.Q + X4K, wrt oo X.G+ X4 K,
o7 | RO ] [ o[ |
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Then, a desired controller gain matriz K is given by K = K,Q™! if
(I-X3X)BT =0
or K=(K;+ (I - X Xy)K2)Q ! otherwise.
Proof. The proof of this theorem follows the same line as that for Theorem 8.
Namely, we apply Theorem 7 and Lemma, 5 to the closed-loop system (4.2). We
first use Schur complements to rewrite the robust stability condition in Theo-
rem 8, assuming K = 0. That is, II(¥) < 0 if and only if
ATP+PA, CT | PB
Cr A7) 0 <0
BTP 0 |-714

Furthermore, we take P = diag{ Py, P} since there is no interaction between the
closed-loop system and the filter. Let @ = P~ = diag{Q;,Q} and I' = AL
Multiplying diag{@, 71, I'} to the both sides, the above inequality is converted
into

T A;Qr +QsAT)  BsCQ  T'QsCE| O

QCTBT QAT+4Q QCTD} | BI | _
T'”ICfo D_fCQ ~r 0 _ '
0 rBf 0 |-l

Swapping the first two rows and columns, which does not affect the inequality,
we further convert the above into

(7 <0 (4.19)

where IT.(7) is defined in (4.12).
Now let static state feedback be used, i.e., Ay becomes Ay + B, K. Subse-

quently, A becomes A + B, K and C becomes
C+ { EBO“K ] .

Hence, the robust stability condition (4.19) becomes the following robust stabi-
lization condition:

B, I
A A+ | Xa | (KQ[I 0] 0]+ |0 | EQT[B] XT|o]<0
0 0

Then, it is tedious but straightforward to prove the characterization of K by
applying Theorem 7 and Lemma 3. o

Remark 2. If we take the filter f(s) = 1 and further constrain A to be A =
diag{A;, A2}, then it is obvious that Theorem 9 reduces to Theorem 8. To see
this, we may select By =0, Cy = 0 and Ay = —I, then clearly (4.10) reduces to
(4.3) while (4.11) is trivially satisfied.
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5 Examples

Before providing illustrative examples, we address the problem of finding a suit-
able filter f(s). First, we note that f(s) is a SISO transfer function, and that the
constraint on f{s) (3.13) is independent of the system (1.1). This means that
once a “good” f(s) is found, it can be applied to various time-delay systems of
the form (1.1). The complexity of f(s) is mainly determined by the degree of
f(8). A second order example is given below:

£(s) = 2(s+0.9)

" (s +0.8)(s +2.216) (5.1)

with its Bode plot given in Figure 2. Also plotted in Figure 2 is |sin{w)/w| to
justify (3.13).

1-2 L H T T 1

N

0 Ty Hﬁ'./\'s./\.\/\/\/—\ N
15 20 25

0 5 10 30

v

Fig. 2. Example of f(s). Solid line: |f(jv)|; Dotted line: |sin(v)/v]
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Example 1: Consider the autonomous system of (1.1} with

[-2 o0 -1 0
A"“[ 0 0.25}’ Ad“{-m —-().85] (52)

Using Theorem 7 and the f(s), the maximum 7 is obtained t0 be Tyax = 0.9848.

Obviously, the conservatism of Tmax depends on the filter f(s). It is found
in simulation that second order filters usually outperform first order ones. Also,
higher order filters can be used to obtain slightly larger Timax-

Using Theorem 6, the maximum 7 is obtained to be Tmax = 0.6417.

As comparisons, we notice that the maximum 7 using the results in [13, 12]
iS Tmax = 0.58 while the optimal 7 for the system with the given parameters is
7, = 1.54[12].

Example 2: Consider the system (1.1} with

[ 2 0 -1 0 1
Ao = [ 1.75 0.35 ] » Aa= [ ~0.1 —0.25 } , Bu= { 3 ] : (5.3)

Since Ag + A4 is unstable and (A, By) is not controllable, the system (1.1) with
the above given parameters can’t be stabilized independent of the time-delay
using state feedback controller.

Using Theorem 9 and the f(s), the maximum 7 is obtained to be Tyax =
0.984.

To avoid numerical difficulties, we synthesize the state feedback controller
using Tmax = 0.92 instead. Following the explicit K formula in Theorem 9, we
obtain that a desired controller gain matrix is given by

K =[-1.7063 - 1.2815]. (5.4)

6 Conclusion

We have obtained two new robust stability conditions for time-delay systems by
applying the IQC approach. These conditions are expressed in terms of LMIs and
therefore easily solvable. Although a single delay is considered in this chapter, we
stress that an extension to multiple delays can be simply derived. As applications
of these new robust stability results, robust stabilization problems using static
state feedback control have been tackled. Explicit controller formulas have also
been provided.

We have not explained how to determine the maximal time delay 7. Gener-
ally, 7 can be obtained by a gradient method. First we set 7 to be sufficiently
small, then gradually increase it until the corresponding robust stability or sta-
bilization conditions are no longer feasible. A fine gradient can be adopted in
the final critical region to obtain larger 7. Alternatively, we can use a bisection
method. That is, we start with any lower bound and and a upper bound for
7. Then, choose the initial 7 to be the average of the bounds and test for the
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solvability of robust stability or stabilization conditions. The bounds will be im-
proved according to the outcome of the test. This procedure is repeated until
the gap between the bounds is sufficiently small.
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Graphical Test for Robust Stability with
Distributed Delayed Feedback

Erik I. Verriest

School of Electrical and Computer Engineering, Georgia Institute of Technology,
Atlanta, GA 30332-0250

Abstract. The performance of a nominally designed state feedback con-
trol for a linear systems is analyzed in the case that the information,
available at time { for feedback, consists of a functional of the state over
the interval [t — T',#]. Sufficient conditions are given for the stability and
asymptotic stability, independent of the matrix valued weight functions
on the delay-perturbed state. These sufficient conditions, obtained via
the Lyapunov-Krasovskii theory, revolve around the existence of some
positive definite matrix functions satisfying certain Riccati-type differ-
ential equations. Connections are made with the theory of robust con-
trol and its frequency domain criteria. New graphical criteria akin to the
Nyquist criterion are derived to obtain the delay perturbation margin.

This chapter applies the theory of stability of linear differential delay sys-
tems with distributed delays. In earlier work [3, 4, 8, 9, 7, 14, 17, 19, 20, 21, 22],
the theory of Lyapunov functionals was exploited to obtain sufficient conditions
for the stability of time-invariant and time-varying differential delay systems,
independent of the delay time. The conditions that were obtained were of an
algebraic nature since they involved the existence of a triple of positive defi-
nite matrices satisfying a certain Riccati equation. This Riccati equation has a
positive sign in its quadratic term, and is thus of the type encountered in ro-
bust control theory [12]. In fact, connections between the stability of the delay
differential equation, and the theory of robust control were obtained in [9, 18].
Similar techniques were used to analyze the stochastic stability of delay systems
with crisp (i.e., non-distributed) delays in [3, 4]. Since the existence proofs are

constructive, they can be exploited to prescribe a whole class of stabilizing gains
[10].

In the present chapter the performance degradation and stability margins for
delay perturbations of a nominal state feedback control are analysed. Preliminary
ideas were explored in [17]. Consider thus a multivariable time invariant linear
system

& = Az + Bu (0.1)
where 4 € R™", B € R™™™. The input u is m-dimensional, and z € R". It is
assumed that for this system, a nominal state feedback gain K was designed for
which the closed loop system

i = (A— BK)z + Bu (0.2)

117
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is stable. We shall analyze the robustness of this feedback gain in case the avail-
able information at time ¢ contains only a “fraction”, A, of the instantaneous
state z(t), and the remaining part, (1 — A), is given by a functional of the state
history over the interval [t — T',t]. This contrasts with common robust design
techniques which consider perturbations with bounds on the transfer function
([15]). As in many situations such frequency domain information may not be
available, the Lyapunov-Krasovskii theory presents a viable alternative, based
on a time domain bound. Of course, in the presence of additional frequency do-
main bounds, one should expect more precise statements. Some Nyquist type
graphical robust stability tests are also provided for such cases.

More precisely, we assume that the signal fed into the control gain matix X
is

T T
y(t) = Az(t) + /0 u(r)a(t - 7) dr, /0 L@ldr=1-x  (0.3)

The normalized weight po(t) def {‘{% will be referred to as the shape of the delay
perturbation, and the smallest A for which stability can be guaranteed, the delay
perturbation margin. With this definition, A = 1 actually means that the nomi-
nal solution may not be robust, as stability can only be guaranteed (recall that
we only have sufficient conditions) for u = 0. It could therefore happen that a
slight delay perturbation of the feedback signal destabilizes the closed loop.

The actual system dynamics in closed loop are modeled by the functional
differential equation

T
&(t) = (A - ABK)z(t) - BK / (r)a(t - 7) dr. (0.4)
(1]

In function of the parameter A, we will set up sufficient conditions for the asymp-
totic stability of this system, independent of T' and the precise shape of u(r),
except for the single constraint that fOT [u(t)|dt = 1 — A. This problem is sig-
nificant, as many continuum systems {infinite dimensional) are approximated
by finite dimensional ones, and therefore what is fed back is in fact the infi-
nite dimensional exact state. The propagation delays in vibrating plates and
beams [1] provide specific examples. In such problems the local vectorfield is
a smooth superposition of the states at all previous instants in some interval.
For instance, in viscoelastic structures the stress-strain states of the materials
are modeled by such equations [6]: e.g., the Piola-Kirchoff stress function in the
equation of motion of a one-dimensional viscoelastic body which moves longitu-
dinally has a distributed delay integral of the history of the displacement. Many
other applications in man-machine systems, process control, remote control and
robotics, involve delays due to transportation lags and conduction or commu-
nication times which may be distributed due to reflection at boundaries whose
distance smoothly varies with the angle (line of sight). If in a feedback con-
troller, the actual computation times are taken into account, one is also forced
to consider delay differential (or difference) models [2]. Likewise, sampled data
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systems provide another instance where delays - here periodically time varying
- are introduced. Distributed delay is further prevalent in population dynamics.
In all these applications, robustness with respect to the shape information is
important (this includes the robustness with respect to the maximal delay T,
especially since the precise shape information is seldom known in practice [6,
Section 1.4].

To facilitate the analysis, it is first assumed that the shape function u(t) as
well as the effective interference time T are known. As will be apparent, the suf-
ficient conditions derived only require partial information. This is then exploited
to obtain robust stability conditions.

In Section 2, some background material on retarded functional differential
equations and the Lyapunov-Krasovskii theory is introduced. Sufficient condi-
tions for stability in terms of Riccati-like equations are derived in Section 3.
In Section 4 the results are reinterpreted as robust stability conditions and fre-
quency domain criteria are derived via the positive real lemma. In Section 5,
the stability margins for the delay perturbed controller are derived. A simple
graphical test for robust stability is given in Section 6, and its use as a tool
to determine a bound on the stability margin is illustrated. Some examples are
collected in Section 7 to illustrate the concepts.

Throughout, the following notation will be used: If M is an arbitrary matrix,
then M’ denotes its transpose, and if M is an invertible (square) matrix we shall
use M~7T for (M—1)T.

1 Retarded Functional Differential Equations

The delay differential equation is usually represented as a functional differential
equation [5]. We take C([~-T,0],IR™), the Banach space of continuous functions
[-T,0] — R™, with the norm ||¢|| = sup, |¢(t)|, as the natural state space for
such systems [6]. Here, |#(t)| denotes the Euclidean norm of ¢(t) € IR™. Let the
initial data ¢ € C([-T,0],IR") for the problem be given. :

For t > to —T, let z(¢; to, ¢) denote its solution at time £ with the initial data
9, specified at time to, i.e., z(to + 8,0, ) = ¢(8) for 6 € [~T,0]. Because of the
time-invariance of the dynamical system, z(t; ¢y, ¢) = z(t —to,0, ¢) for all ¢ > .
As customary, z(t + 6) for § € [-T,0] is denoted by z:(8), which is the state
(infinite dimensional) of the delay system. Equation (0.4) is then of the general
form

) =F(z:) , xp=¢ , F(0) =0, (1.1)

with F : Dy = C([-T,0], R") — R", linear in the argument. It is well known
that this retarded functional Cauchy problem has a unique solution, defined
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for all ¢t € [tg — T, 00), and which depends continuously on F' and ¢ [5, 6]. Its
equilibrium solution is z; = 0. Let

Qs = {¢ € C[-T,0] | ||¢ll <6}

The following definitions are standard in the theory of time-invariant delay dif-
ferential equations. [6, p. 98]:

Definition 1. The equilibrium solution, z; = 0, of the delay-differential equa-
tion (0.4) is said to be

1. (uniformly) stable if for any € > 0, there is a § = d(¢) > 0, such that
|z(t; 0,4)| < e for any initial function ¢ € Qs, and V¢ > 0. In the opposite
case, it is called unstable.

2. (uniformly) asymptotically stable if it is (uniformly) stable, and there is a
K > 0 such that for any v > 0 there is a T'(y, K) > 0 such that |z(¢;0, ¢)] <
7, Yt > T(v,K) and ¢ € Qx.

3. (uniformly) exponentially stable if there are constants K > 0,Cy > 0,C2 > 0,
such that for any ¢ € Q, the solution z(t;0, ¢} of the system (0.4) satisfies
the inequality

|2(;0, )| < Cillgfle™ ™, 0<t<o0

These definitions are the straight forward extensions of the various stability con-
cepts in the finite dimensional case. Note that because of the time-invariance of
the dynamical equation, the above definitions for stability, asymptotic stability
and exponential stability are in fact automatically uniform.

The main results of this chapter hinge on the following theorems, taken
from the book of Kolmogorov and Myshkis {6] and repeated here to make the
chapter self contained: Let (2 be the class of scalar nondecreasing functions
a € C([0,00), R) such that a{r) > 0 for r > 0, and a(0) =0.

Definition 2. Let V : Qx — IR be a continuous functional such that V(0) = 0.
The functional V : ¢ — V() is called positive definite (negative definite) if
there is a function a € 2 such that V() > a(|¢(0)]) (respectively, V() <
—a(|$(0)])) for all ¥ € Qx. It is said to have infinitesimal upper bound if
V@) < (i), for all ¢ € Q.

Theorem3 (Theorem 1.2, p. 103 [6]). If there is a continuous positive def-
inite functional V : Qx — IR with derivative V < 0, then the trivial solution of
(1.1) is (uniformly) stable.

Theorem 4 (Theorem 1.1, p. 103 [6]). Assume that for some T > 0, there
exists a positive definite continuous functional (¥ — V(¥)) : Qx — R which has
infinitesimal upper bound and whose derivative V is a negative definite functional
on Qk. Then the trivial solution of (1.1) is (uniformly) asymptotically stable.
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Theorem5 (Theorem 1.3, p. 103 [6]). A necessary and sufficient condi-
tion for the (uniform) exponential stability of the trivial solution of (1.1) is that
there erists a continuous functional V : Qx — IR such that for some positive
constants Cy; i =1-++4, and ¥, € Qg

Cillvll < V() < Gall#ll, (1.2)
VW) < -Gyl (1.3)
V@) -vml < Cally -l (1.4)

Notes and Comments If one wants to prove stability in its various forms for equa-
tions with unbounded delays, then instead of the subset Q@ of C([-T,0], R"),
one needs to work with the metric space of continuous functions ¢ : (—00,0] —
IR™. We shall not consider this case here.

One obtains global stability in its various guises, if the the set Qx may be re-
placed by all of C([-T,0},IR"), i.e., the bound K may be arbitrary large.

2 Riccati-type Equations as Sufficient Conditions

We derive here a sufficient condition for stability, which is facilitated by an
auxiliary key-lemma, proven in [14]. To make this chapter self-contained, it is
here repeated. Consider the general distributed delay system (the nondistributed
case was treated in [3, 8])

T
i(t) = Az(t) + /0 B(r)a(t 1) dr. 21)

Lemma6. Given a symmeiric matric P € R™*" and a differentiable matriz
valued function Q(t) = Q'(t), satisfying Q(T) = 0 and 298 = _c@yc(y),
define the Lyapunov-Krasovskii functional V : C([-T,0], R") = R by:

0
V() = $(0) Py(0) + /~ . ¥(0)' Q(-0)y(6) db. (2.2)

If £ is the directional derivative along solutions z(t) of (2.1), then the inequality
LV (z:) < —z(t)' Ra(t), (2.3)
holds, where
T
~R=A'P+PA+C'PC+Q(0)+ P/ B(r)C(r)~¢(r)"TB(r) dr P. (2.4)
0
Prbof. Consider the Lyapunov-Krasovskii functional (2.2). Its directional deriva-

tive along trajectories of (2.1) is

dvd(tz ) - £(t) Pz(t) + z(t) P(t) + 2(t)' Q(0)z(t) — z(t — T)'Q(T)z(t - T)+



122 Graphical Test for Robust Stability

¢ 0 ( - T)
+ /t*T z{r) o

Substituting (2.1) with the expression for  and ‘completing the squares’, the
above expression yields for the directional derivative L,

———"z(1) dr (2.5)

T
LV = z(t) Ma(t) — z(t - TYQ(T)a(t — T) — /0 £t e (¢, 7) dr.

where

M=AP+PA+Q0)+P {fT B(r)C(r)~*C(r)"TB(r)' d‘r} P,
0

and
&(t,7) = [e(t - 7)'C(r)’ — a(t) PB(r)C(r)™}).

Since by assumption Q(T') = 0, and the second term is negative semi-definite,
LV(t) < —z(t) R(t)z(t) (2.6)
follows. a

One then easily establishes the following

Theorem 7. Consider the system (2.1). If there exists a pair of positive definite
(symmetric) matrices P, and R, and a matriz function C(-) : [0,T] = R™"
such that C(t) is nonsingular for all t € [0, T}, and

AP+PA+R+ / T[C(T)C(T)' + PB(r)C(r)"'C(r)"TB(r)'Pldr =0 (2.7)
0

then the system is uniformly stable.

Proof. Let Q(t) fz C(r)dr. From condition (2.7) and Lemma 6, the
existence of a positive deﬁmte Lyapunov—Krasovskn functional V is guaranteed,
with

LV (z:) <0. (2.8)

The stability of the trivial solution follows then by Theorem 3. =

Theorem 8. Consider the system (2.1). If there ezists a pair of positive definite
(symmetric) matrices P and R, and 6 nonsingular matriz function C ():[0, 7] =
R™*"?, satisfying

< 00, (2.9)

T
f Cl)C(E) d
0

such that
AP+PA+R+ /T {C(T)C(‘r)’ + PB(’r)C(T)'lc(T)“TB(T)’P] dr =0, (2.10)
o

then the system (2.1) is uniformly asymptotically stable.
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Proof. We already established in Theorem 7 the positive definiteness of the func-
tional (2.2) with @(¢) = ftTC(‘r)’C(‘r) dr. Bounding the other way:

0
V) < $(0)PYO)+ / SO Q-eie b

0
< O PAma(P) + max PO [ Amax(Q(-6)) dt
-7
T
< 19l [ Amax(P) +/ /\max(Q(a))da} : (2.11)
0
By the choice of @Q:
T
Amax(Q(8)) < Aman [ / ce dT] . (2.12)
0
Hence we get in (2.11)
T
V) <[yl [Amax(P) + T Amax ( / C’Cdr)] , (2.13)
0

showing that under the given conditions V also has infinitesimal upper bound.
Finally, by Lemma 6, we have now:
L(z:) —2¢(0)' Rz (0)

<
< _lzt(o)lz[/\min (R)] (2.14)

Thus, under the given conditions the trivial solution is asymptotically stable by
Theorem 4. a

3 Robust Stability and Frequency Domain Criteria

The basic conditions obtained in the previous section involve an algebraic Ric-
cati equation of the form A'P + PA+ R+ Q; + PQ,P = 0. The difference with
the Riccati equations in the LQG theory is that the quadratic term appears with
the plus sign. This type of Riccati equation is known to appear in robust con-
trol theory. In fact, the specific time dependence of the weight matrix B(-) and
the exact support [0, T] of the distributed delay are immaterial in the sufficient
conditions that were derived. This makes room for robust stability conditions.
Indeed, the theorems stated in section 3 may be rephrased as robust (asymp-
totic) stability theorems. In particular we have the following definition, which
allows to generalize the above to robust stability criteria:
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Definition9. Let B € IR™" be symmetric and positive definite. The
distributed-delay differential system (2.1) is B-robustly stable (respectively ro-
bustly asymptotically stable) if the equilibrium solution is stable (respectively
asymptotically stable) for all bounded delay intervals [0, T}, and weight matrix
functions B(:) : [0,T] =+ R™*" satisfying

[T BB
min, / A / B(t) dt < B. (3.1)

Definition 9 selects one particular functional of the exact form of the delay
distribution matrix B(-). Robust stability is then expressed for a class of weights
in terms of the evaluation of this functional, and the precise shape of B(-) can be
“forgotten’. Also it is assumed that the delay is bounded, but the precise value
of the bound 7T is immaterial.

Theorem 10. The distributed delay system (2.1) is B-robustly asymptotically
stable if there exists a positive definite matriz P such that

A'P+PA+1+PBP<O. (3.2)

Proof. 1t follows from (3.2) that the condxtlons of Theorem 8 are satisfied with

= /B)I > 0, such that fOTC( fo 7)dr = 1, since then also in
Definition 9

B(7)B(r)'

,B('r) dr P.

PBP>P/

Corollary 11. The distributed delay system (2.1) is B-robustly asymptotically
stable if A is stable, and

sup [|[jwl — A]7'BY?|| < 1. (3.3)

Proof. This is a direct consequence of the strict bounded real lemma [12, 13]
applied to (3.2), and provides an extension to the frequency domain robust
stability criterion for delay systems, developed in [9]. o

4 Stabilization with Delayed Feedback

We return now to the model for the delay perturbed control, (0.4), and apply
the robust stability criterion obtained in the previous section. The A and B(7)
in the general theory are respectively replaced by A — ABK and BKu(r).



Time-delay Systems 125

4.1 Sufficient Condition

The bound of Definition 9 gives with the above B(7),

T
B = min /TBKK'B;;((TT))2 dT/O B(r)ydr

B(-}>0 jg
T 2
= BKK'B’ (/ |u(7)|)dr)
0
= BKK'B'(1-\)?, (4.1)

since (1) = |p(7)| is the minimizer of ij %(17%2 dr fOT B(r) dr. Consequently, the
frequency domain criterion (3.3) from the Corollary 11 is then, identifying B/2
with the form (1 — A\)BK,

sup |[jwl — A + ABK)"'BK]| < 1—_1—.7 (4.2)

Some standard matrix simplifications lead to

ll(sI — A+ ABK)™'BK || H[(sI — A)(I + MsI — AY"'BK)]"'BK ||
= |[|[I + (s - A)"'BK]™*(s] — A)"'BK ||

= [[{I + AKo(s)] " Ko(s) || (4.3)

where Ky(s) def (sI — A)"!BK is the nominal return ratio. Restricting s = jw,
we have thus proven the following :

Theorem 12. Consider the open loop system & = Az + Bu, with a stabilizing
nominal state feedback control gain K. If the feedback control is perturbed by
delay as in (3), then the system is robustly asymptotically stable for all values of
A in the interval [0, 1] for which

sup(1 — A)[| {1 + /\Kg(jw)]_lKg(jw) <1 , Ko(s)=(sI - A)_IBK
is satisfied.

Multiplying both sides by A, the criterion can also be restated as

sup |[7 + K(jw)] K (jw)ll < (4.4)

1-X
where K(jw) = AKo(jw). The left hand side is the transfer matrix from refer-
ence to control input due only to the instantaneous state information, thus with
the reduced gain AK, and the delay part removed from the loop.
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The criterion of Theorem 12 can be expressed in the alternative form by
applying Woodbury’s (matrix inversion) lemma to the left hand side:

[T + AKo(s)] 1 Ko(s) = (sI — A)"'B[I + AK(s)] " K. (4.5)
Note that K(s) K (sI — A)~'B is an m x m matrix. The criterion is:

sup(1 = Mll(jwl — 4)~ BII + MK (jw)] K| < 1. (4.6)

In the single input case, using lower case k and b respectively for K and B, the
left hand side of Equation (4.5) reduces to:

-1 _(sI—A)"'bk
[+ Ko™ Kols) = 5= 47
with the robust stability criterion:
_ yllGwI — A) 1ol jik]
Sl:}p 1-2x T3 kG| <L 4.8)

4.2 Alternative Criterion and a Necessary Condition

Based on results by Maciejowski in [15], we may proceed differently:

Let Go(s) = (sI — A)~!B be the open loop transfer function from input
to state. Consider the delayed feedback as a perturbation of the nominal static
feedback gain. The exact transfer function of the feedback part, i.e. the “gain”
system from state z(t) to the feedback control Ky(t), is, with (3):

F(s) = A+ (1= Nmo(s)]K
= [1 +(1- )\)(mu(s) - 1)]K
1+ A(s)]K
= [1+1=XA(s)]K (4.9)

i

where mq(s) is the Laplace transform of the compactly supported normalized
{ fGT |no(t)] dt = 1) scalar shape function po(t). Defining po(t) for ¢ > T to be
zero, the extension has Laplace transform

©0 T
mo(s) = /0 po(t)e*tdt = /0 po(t)e*t dt. (4.10)

The delay perturbation term is the convolution of the state with p(t) = (1 -
A)po(t). Since the support of p is finite, its Laplace transform is not rational
in general. (E.g. if po(t) = % in [0,T], then mo(s) = 1’:;’T .) We shall now
restrict attention to the class of shapes po(t) for which Go(s) = (sI — A)™'B
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and G{s) = Go{(s)(1 + A(s)) have the same number of unstable poles. So since
the loop is stable for A = 0, it will remain stable provided the number of
encirclements of —1 by the characteristic loci of GoF remains unchanged. This
means that for any permissible F' and any w.

det{ + G(jw)F(jw)] # 0. (4.11)

Adapting the derivation in [15, p. 115] slightly, it is easily seen that this is implied
by

. 3 - 1
| Go(jw)K (I + Go(jw)K] M| < T2G9)T
1 1
T aniagar 4P

It is important to note that the sufficient condition for stability is also necessary
if all permissible perturbations may actually occur. The problem with this ap-
proach is that the precise information on u(t), necessary to compute |} Ao(jw)ll,
may not be available. The Li-norm f;°|u(t)|dt may be an easier statistic to
bound. One case however is quite interesting: this is the case where the system
has a single input, analyzed in the next section.

5 Single Input Case: Frequency Response Tests

The stabilizability by feedback of the state is analyzed, in case the state is
perturbed by delays (e.g., due to multipath). The criteria derived in the previous
section lead to interesting graphical methods, permitting to derive the stability
margins (margin on A) in a straightforward way. A set of conditions based on
Theorem 8 are first derived for the case where only a time domain bound is
known. Next, invoking Rouché’s theorem, criteria are derived in case additional
bounds in the Laplace domain are known. It is shown that the delay perturbation
stability margin can be derived from a single Nyquist plot (of k(jw)), or more
precisely, its location with respect to a fixed circle bundle in the complex plane.
This is reminiscent of the classical closed loop frequency response analysis with
the M-circles.

5.1 Frequency Sweep

To fix the ideas, assume that a deterministic finite dimensional, single input
unstable system

&= Az + by (5.1)
is controlled by feeding back the available state information y(¢) over a gain
k. As typical in control involving a communication link, let this available state
information be a delay perturbed version of the instantaneous state, i.e.,

T
y(t) = Az(t) + /(; p(r)z(t — 1) dr, (5.2)
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with “total weight”
T
/ [p(r)|dr =1~ A, for X €[0,1]. (5.3)
0

Applying the Corollary 11 in Section 4 to these dynamics, one finds that the
delay perturbed system is asymptotically stable if the matrix A — Abk is Hurwitz
(i.e. stable), and

supl| [jeol ~ A+ AbH] Bk || < 7= (5.4)

This leads to the following robust stability margin.

Theorem 13. The scalar system (5.1-5.2) with feedback u = ky is robustly stable
with delay margin Ao if VA € [Ao, 1], the matriz A — Abk is Hurwitz stable and

MJ@MW)JmmzNWH (5.5)
where
M(s) = W (5.6)
N(s) = R% (5.7)
™ I(s) = Ikl [|(sI ~ A)~"b| (5.8)

Proof. From (5.4), or equivalently (4.8), robust stability holds for A such that
Vs =jw: [kl I(s] — A)720)) (1= ) < |1+ Mk(s)]. (5.9)

With I(s) as defined in (5.8) this gives

A2(i(3)? — |E(s)[?] = 2M\[I(3) + Re k(s)] + [I(s)* = 1] < 0. (5.10)
The coefficient of A in (5.10) is nonnegative since
k()* = |k(sI - A) b
< IHPII - A7 = (s (5.11)

With M(s) and N(s) as defined in the theorem statement, the inequality (5.10)

is equivalent to
A2 —2AM(s) + N(s) < 0. (5.12)

This quadratic polynomial in (5.12) has real roots iff the discriminant condition,

M(s)2-N(s)>0 (5.18)
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holds. By assumption the closed loop is asymptotically stable in the (delay free)
nominal case. Hence for A = 1 the inequality (5.4) holds for all w and one has

1—-2M(s) + N(s) < 0. (5.14)

By continuity, there must exist a neighborhood for A = 1 for which the dis-
criminant condition (5.10) holds. In view of (5.14), the discriminant of (5.12)
satisfies,

M(s)?> = N(s) > M(s)® —2M(s) + 1 = [M(s) — 1)]*] > 0, (5.15)

This implies the existence of real roots A; and A_ in a neighborhood of 1
(Condition (5.4) is necessary in the delay free, i.e. A = 1, case.) Consequently,
A= €1< Ay, with

Ai(8) = M(s)++/M(s)2—-N(s)>M(s)+|M(s) -1 >1 (5.16)
A_(s) = M(s) — VM52 = N(5) > M(s) — [M(s) = 1| <1.  (5.17)

The set of values for A in [0,1] for which robust stability holds is consequently
bounded by sup, A_(jw), the margin Ao for the delay perturbation. o

Comments One can plot a frequency sweep of A_(jw) and determine sup A_ (jw)
graphically, thus obtaining the margin A¢ for the delay perturbation. Note that
the quadratic form (5.10) degenerates to a linear form if I(s)? = |k(s){2. This
will be illustrated in the examples below.

5.2 Criteria Based on Rouché’s Theorem

Consider now the more direct alternative approach which requires some Laplace
domain information about x(t) in addition to (5.3):

The closed loop characteristic equation for the single input case is first rewrit-
ten as

det [s] — A+ Abk + (1 — N)mg(s)bk] =0, (5.18)
which can be brought to two equivalent forms, using again a(s) = det(sl — A)
and k(s) = k(s — A)~b:

a(s) [1 +Es)(1+ (1= Nimo(s) - 1))] =0, (5.19)

and 5
a(s) [1 + k() + (1 - ,\)mo(s),%(s)] =0. (5.20)

These two forms will be treated separately with different simplifying assump-
tions, as we shall not assume full knowledge of m(s). Invoking Rouché’s theorem,
either form leads to a sufficient condition for robust stability with delay margin
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and results in a graphical test.

Recall from classical control theory (see a brief review, e.g. in [15]) that the
loci where the closed loop gain l-lf_—g:%l is constant are the so-called M-circles

in the k(s)-complex plane: they form a circle bundle with centers at 0 (closed
loop gain 0) and at -1 (closed loop gain infinite). Let M,, be the domain

s| i—i—;l < m} bounded by the M-circle M,,. This is the domain containing
the origin.

For the first result of this type, introduce also the transfer functions A(s)
and Ao(s) defined by A(s) = (1 — A)Ag(s) = (1 — A)(mo(s) ~ 1).

Theorem 14. The system (1-3) is robustly stable with delay margin Ao if there
exist 5p > 0 and k > 0 such that

A0=1—§§E>0 (5.21)

and

i) E(jw) = k(jwI — A)~b encircles the point —1+ jO n, times counterclockwise
(CCW), where n, is the number of unstable open loop poles (provided there
are no hidden modes).

#) mo(jw) lies in the disk Cy 4,, centered at s = 1+ j0 and with radius do.

1) %(jw) lies inside the domain M, (which is the outside of the bounding M-
circle).

Proof. Condition i) is simply the Nyquist criterion and expresses stability for
the nominal (delay free) closed loop system. By Rouché’s theorem, the number

of zeros in the right half plane of a(s){1 + (s)] and (5.19) are equal if
[6(s)Ag()|(1 = A) < |1 +K|. (5.22)
Hence the delay perturbed system is stable if

1

k(s)
STARGIa=-N

1+ k(s)

(5.23)

With the confinement condition ii), |Ao(s)| < Jo is satisfied, so that stability
holds for all A € [0,1] for which the Nyquist plot of k(s) is confined to the
domain M,. With all conditions satisfied one may conclude that the nominal
feedback is also stable with delay perturbation Ag, assuming of course the asymp-
totic stability of the nomimal feedback. Since i%X is monotonically increasing,
it follows then that stability holds for all A\g < A < 1. o
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With a uniformly distributed delay po(t) = # in [0, T, one obtains mqg(s) =

1“:;'T and its Nyquist plot is contained in the disk C 5, with dp = 1.259591.

The extremal point on the Nyquist plot occurs for wT' = 4.08557.

The statement and derivation of the second criterion are very similar: This
time, use the form {5.20) for the characteristic equation. Thus if

[(1 = NE(s)mo(s)] < |1 + Mk(s)] (5.24)

then it follows again from Rouché’s theorem that the perturbed closed loop will
be stable if a(s)[1 + Ak(s)} has no zeros with positive real part; i.e., a(s)[1 +
Ak(s) +{1- A)k(s)mg(s)} and a(s)[1 + Ak(s}] have the same number of zeros
in the right half plane. These are the poles of the closed loop system. Since for
s = jw

Imo(s)| < /0 " oltye1d = [0 o) de =1, (5.25)
condition (5.24) is satisfied if
(1 = N[k(s)] < |1+ AE(s)] (5.26)
or, equivalently
1 ikfiis) = 520

Finally, note that the set of Az(s) for which the above inequality holds is the
domain M 2 bounded by an M-circle M A The corresponding domain for

E(s) is obtained by the scaling 1 ie,

k() € %Mli Ly (5.28)

The right hand side, being a conformal transformation of the M-bundle, consti-
tutes another circle bundle of ‘L-circles’ (L for Iambda) The boundary of £, is
a circle with center (1 %% 0) and radius Ry = r—-ﬂ This bundle is tangent to

the vertical through —1. The £-bundle is shown in Figure 1for A\=0to A = 1
in increments of 0.5. We conclude:

Theorem 15. The system (1-3) is robustly stable with margin X if:

i) E(jw) k(jwI — A)='b encircles the critical point ——- + 30, n, times CCW,

where 1, is the number of unstable open loop poles (promded there are no
huidden modes).

1) E(jw) lies inside the domain L,,.
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L-circles

-10 -8 0 5 10

Fig. 1. The L-bundle

Remarks: i) The first condition in the theorem again guarantees the asymptotic
stability of the nominally designed closed loop system (with state feedback gain
k).

ii) Unlike the previous theorem, this theorem in fact does not assume further
(Laplace domain) conditions on g(t), since the bound (5.25) is automatic.
However supplemental information about g may enable to set a more precise
bound in (5.25). With this information one could relax condition iii) somewhat
as was done in Theorem 14.

ii1) Recall that a stability margin Ay for the delay perturbation means that the
system is stabilized for all delay perturbations with A > Ag.

iv) Note finally that in order to guarantee stabilizability of an otherwise unstable
system with this method, it is essential that the input y(t) contains a delay-free
version of the state z(t), i.e., it is essential that A > 0. This is an artifact of the
sufficiency of our condition, it may not be necessary.

6 Examples

We illustrate in this section the ease with which the various criteria can be used.

Ezample 1. Consider the multivariable second order system with

a=t 1 ]m=[D 0] wwn=[7 0] e
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The nominal closed loop dynamics are given by

App = [ j (1) } . (6.2)

which has a double pole at —1. Notice that (Arg, B) is in the observer canonical
form. The norm of (1 — A)[I + AKo(s)] "1 Ko(s) is displayed as a two dimensional
surface in function of delay perturbation A and frequency w. Figure 2 shows
the 3D plot. For the same system, Figure 3 gives the contours for the norm
(1= X) || (jwI — A)~1B[I + AK(s)]"1 K ||. The critical level is of course level 1.
It is readily seen that for A > Ay = 0.681 the norm remains below 1, hence
indicating robust stability. The delay margin can be found interactively using a
mathematics package. One gets A\g = 0.681. We have also computed the delay

Delay perturbation - Frequency

R
N

lambda 1 0

Fig. 2. 3-D plot of the norm as function of A and w for Example 1

margin for some different feedback gains, but all such that the closed loop has a
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lavel lines

0.851

.61

0.55

05 . . L L '
v} 0.5 1 1.5 2 2.5 3
omega

Fig. 8. Level lines for the norm as function of A and w for Example 1

double pole at —1:

K = _i‘ _ﬂ = Arp = "f “é] = X = 0.708
K = r”i ﬂ > App = g:ﬂ > o = 0891
K = i 2} = App = _2 _;} = X = 0.834
K = :z”g] = App = :'3 _1(1’] = A = 0911
K = iﬁlé} = App = :"(1) ‘jﬂ = X = 0924
k=20 s a2 s a-omw
K = 3 (1)] = App = :“3 “(1)] = A = 0.764

(6.3)
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The last four cases correspond with a single feedback (m = 1). It is obvious
that the the additional degrees of freedom can be exploited to obtain the best
possible delay margin {the smaller A¢ value).

Ezample 2. Consider a single input system. For comparison, take the system
from example 1, but with input matrix

b:[é}. (6.4)

We compute the delay perturbation margin Ag = sup,, A- (jw). In this case, with
feedback gain (k1, k2) but constrained by the requirement that the closed loop
poles are at —1, we get:

1—k1 l—kg - 2 k1=2
det { 0 -1 } =6-1" = { ko arbitrary. (6.5)

Then the matrix A — Abk has eigenvalues 1 —2X and —1, and A — \bk is Hurwitz
for A > 0.5. Using Theorem 13, we also derive

) k244
w) = 12+ w?

) —2(1 + jw
k(gw) - 1(+ wg )

From these, it is straightforward to compute

2+ k3 — \/4+ k(1 +w?)

A (w) = o (6.6)
2
Obviously the supremum is attainable for w = 0, and gives
24k -4+ k2
A(0)=2FH VAt R (6.7)

2 ’
k2

a delay margin Ao(kz) which is symmetrical in k;. This delay margin )q is given

as function of k; in Figure 4. Note that for k; = 0 the quadratic form (5.10)
. 2

degenerates to a linear one: %3‘-‘;:29— < 0, yielding A > 0.75. It is clear from

Figure 4 that this gives the best robustness (smallest Ag) margin.

Ezample 3. Let po(t) = Be~Pt, and T -+ o0o. Since T is no longer bounded, the
delay margin based on the Lyapunov-Krasovskii theory is strictly speaking not
applicable. In this case the shape function is mo(jw) = ﬁ—_%.;, and |[Ag(jw)| =
|mo(jw)—1| = \/TTw_-rT; < 1. The condition ii) in theorem 14 (or the more general

statement (37)) is satisfied. By Theorem 14 stability is deduced if

TG+ Golju) K]} < YEHE 1 (6.8)
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tambda_(0)

0.92

sA:18

oes

0.86

074 : : : ’ ; ; ' : '
0
Fig. 4. Delay margin Ao as function of the gain k2 in Example 2

As a simple illustration, consider the simple scalar case with 4 =1, B =1 and
nominal gain K = 2. The left hand side of condition (6.8) equals \/—2-, and

the condition can be rearranged to

(8% +w?)(1 + w2)

41-2)% < = (6.9)
The right hand side of the above is maximal for w? = 8, thus
4(1-N2<(1+ ﬂ)z. (6.10)
This gives the delay perturbation margin Ag = 1-2 Note that if 8 — 0, stability

remains guaranteed for A > . We emphasize that we have here assumed that
the weight u(t) was exactly known, which is quite unrealistic. Using the more
conservative Theorem 14 for the same problem we can only guarantee robust
stability for A > 3 . If the graphical method of Theorem 15 is used with the
Lx-domains, note that the Nyquist plot of k(jw) = w_l coincides with the L-
circle for A = Z' Again the margin Ay = .75 guarantees robust stability for all
perturbations confined to L3/4.

Now for this simple case the explicit solution may be obtained through
Laplace transforming the perturbed equation. Because of the infinite delay the
Laplace transform of z(t) is rational. Indeed, with z(8) = 0 for § < 0, but
z({0) # 0, the system equation

t=z—2z—-2(1-X) /00 Be P a(t — 1) dr, (6.11)
0
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transforms to

sX(8)—zp=(1-22-2(1~- /\);—g-ﬁX(s). (6.12)
from which in turn
s+
= . 13
X(s) .s2+(2/\—1+ﬂ)s+ﬂx0 (6.13)
Clearly, the solution is stable for
a8 (6.14)

2

The limit for 8 — 0 gives the exact stability margin (Ag)exact = -% This illus-
trates that the margins obtained by the graphical methods may still be quite
conservative. If one formally applies the criterion from theorem 12, the bound
Ao = ¥ results as well.

Ezxample 4 [17]. Consider the double integrator y = v, ¥ = u, with nominal
feedback k;v + y. The Nyquist plots for k; = 1, 1.5 and 2 are superimposed on
the L£-bundle in Figure 5. The larger k;, the lower the guaranteed margin Ag,
and the more robust with respect to delay perturbations. In this example Ag = %
is a limit to the guaranteed performance. As the conditions are only sufficient,
the actual margin may still be greater.

L-bundie and Nyquist piot of k(s}

N
‘
4 /
_6_
8 ; . . ;
-10 5 o 5 10

Fig. 5. L-bundle and Nyquist plots for Example 4
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7 Conclusions

We have studied the stability properties of a linear system with distributed delay
parameters. Qur main results are sufficient conditions for stability and asymp-
totic stability in terms of solvability of certain Riccati equations. Via the positive
real lemma, frequency domain criteria were derived as well. The conditions were
such that the precise form of the weight matrix function and the effective extend
of the delay are immaterial. These results led then to conditions for robust sta-
bility of distributed delay systems. In turn, these were applied to the problem
of stabilizability of systems with delay perturbation in the feedback in case time
domain information (bounds) is known for the weight function. With additional
information in the frequency domain another criterion was derived in terms of a
containment conditions on the Nyquist plot of the total loop transfer function.
If all perturbations can occur theses conditions are also necessary. The graphical
tests are easily performed, as only one plot needs to be generated and compared
against a certain circle bundle (reparametrized M-circles, or the newly intro-
duced L-circles). In all instances, it was shown that as long as a pure delay free
state is present in the corrupted signal, stabilizability is ensured whenever the
system is stabilizable with instantaneous state feedback, This proves another
robustness result with respect to delayed feedback. It can be shown that if the
weight matrix function B(-) is impulsive, the conditions of robust stability for
systems with multiple delays are retrieved [8, 9, 10}. Future research will involve
incorporation of the multivariable Nyquist criteria [15, 16] in case the shape
factor is a matrix, instead of simply a scalar. Also the effect of stochastic per-
turbations should be investigated as stochasticity is another way of expressing
uncertainty and nonreproducibility in the behavior of a system.
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Numerics of the Stability Exponent and
Eigenvalue Abscissas of a Matrix Delay System
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Abstract. The author presents a method for determining the stability
exponent and eigenvalue abscissas of a linear delay system. The method
is based on examining the endpoint values of the solution to a functional
equation occurring in the Lyapunov theory of delay equations. The ques-
tion of existence of the solution to this functional equation is examined
in more detail than in the previous delay systems literature. Numerical
examples are given, including one in which we show that the decay rate
of a feedback system can be improved by delay feedback.

1 Introduction

In this chapter the author develops a method for very accurate determination of
the stability exponent for any delay - differential system of the form (*) z/(t) =
Agz(t)+ A1z(t—h). Here A > 0 is any positive real number, and 4g, 4; € R™ ™.
In addition, we will show how to find the other eigenvalue abscissas in the order
in which they naturally appear. For simplicity, the theorems are given for the
case in which the system has a single delay h as above. Nonetheless, except for
notation and computational size, there is nothing to keep the development from
being carried over to the case of multiple commensurate delays.

Theorems giving criteria for the stability of linear autonomous delay - dif-
ferential systems date at least to the work of Pontryagin [18]. For extensive
bibliographies as well as many basic theorems on stability, one can consult the
books by Hale and Lunel [6], Bellman and Cooke {1], and Diekman et al [4].
One need hardly mention that the systems and control literature is replete with
theorems on the stability of functional differential equations [11, 12, 14, 17, 19].
It is something of a wonder, then, that the study of the precise stability ezpo-
nent in delay - differential systems has received such scant attention [16]. Up
until now, there has been very little in the way of analytic work leading directly
to a procedure for determining the stability or growth exponent, or any other
eigenvalue abscissas, such as given in this chapter.

QOur approach will be based on the analysis of a quadratic functional
which is analogous in the theory of delay equations to the quadratic func-
tional R(z) = z7 Pz in ordinary differential equations, where P is the matrix

* This work was supported by the NSF ( USA ) under Grant Number DMS - 9500565.
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P= f0°° etAT)etA) gt for any asymptotically stable matrix A, and otherwise P
is the solution of the matrix Lyapunov equation A* P+ PA+1 = . Authors such
as Infante and Castelan [8, 9], Datko (3], and Marshall et al [15] have written on
the extension of this concept to the delay systems area. The main technical chal-
lenge for us will be to find those properties of the functional R{x) which carry
over to this area while allowing us to focus on the system eigenvalue abscissas.
After making definitions and introducing notation, we proceed in Section 2 to
give the basic matrix function which will be used in the analysis, focusing on
the case in which the delay system is asymptotically stable. There are different
ways of defining this matrix function, which in our case will be defined by way
of a boundary value functional differential equation. In Section 3 we examine
a question involving the existence of this matrix function when the delay sys-
tem is allowed to be unstable. Here we show that the same defining boundary
value functional equation will have a unique solution provided only that a cer-
tain determinant is nonzero, and we give a counterexample in the case of zero
determinant. In Section 4 we use this matrix function to construct a quadratic
functional analogous to R(z), and to give a theorem showing that, in the abscissa
parameter, eigenvalues of a delay system generate poles of the endpoint values of
this matrix function. This is the main theorem of the chapter, and immediately
afterward, in Section 5, we will be able to give a simple numerical procedure for
accurately determining eigenvalue abscissas. In Section 5 we also give examples,
including one in which we measure the performance improvement obtained over
a quadratic optimal controller when one uses induced time delays, with improve-
ment measured in terms of the decay rate. In Section 6 conclusions are given
and some directions for future research are suggested, especially as regards the
possibility of speeding up the computations associated with this procedure.

2 The Matrix Function

In this section we introduce the matrix function we will use in our analysis of
the system stability exponent and other eigenvalue abscissas. Although in the
following section we show that asymptotic stability is not required to define this
function, it will be easier to motivate the associated boundary value functional
equations if we first examine the case of an asymptotically stable system. This is
the route usually taken, and in fact the theorems in the next section constitute
new information on the functional equations. For comparison, one can consult
the works mentioned in Section I.

Consider the delay - differential equation (*) z/(t) = Aoz(t) + A1z(t — h),
where Ag, A; € R™™ and h > 0. Let X (t) denote the solution to the matrix
delay equation X'(t) = A¢X(t) + A1 X (¢t — h) having initial data X(u) = 0
for —h < u < 0, and X(0) = I. Now let f(s) = |s] — Ap — A;e*"|, let
M(s) be the Laplace transform of X(t), i.e. M(s) = (sI — Ap — Aye™*")"1,
and recall that the condition that f{s) has no zeros in the closed right half -
plane Re(s) > 0 is equivalent to exponential asymptotic stability for the sys-
tem (*). In this case of exponential asymptotic stability, we introduce the
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matrix function 9(a) = j:o XT()X(t - a)dt, defined for each a € IR. Not-
ing that X(-) € L?(—o0,00), and that for the Fourier transform of X(-) we
have F{X()} = 713—-;}!4’ (iw), one will find by a use of Parseval’s formula
that 9(a) = & [%° M*(iw)M (iw)e~**dw. Thus we can immediately see that
97 (a) = 9*(a) = 9(~a) for all real a. With 9(-) = Q(-), we have :

Q" () = Q(~a). (2.1)

It is straightforward to give a type of two point relation satisfied by 9(-). In

fact, we begin with the formula X'(t) = X (t)Ao + X {t — h)A;, valid for t > 0+.
Multiplying both sides on the left by X7 (¢), we obtain

XTOX'(t) = XT(OX () Ao + XT(#) X (2 — h)Ay.
Transposing, we find that
(XHTOX(t) = ATXT)X(t) + ATXT(t - R)X(2).
Adding, we easily see that
(XTXY(t) = ATXTO)X )+ XT () X (t) Ao+ AT XT (t—R) X )+ X T () X (t—h) A4

for t > 0+.
Integrating over [0+, 00), we find that the following is satisfied with 9(:) =

Q():

— I = ATQ(0) + Q(0) Ao + AT QT(h) + Q(R)A:. (2.2)

It is also straightforward to show that 9(-) is differentiable over R — {0},
and to give a functional differential equation for 9(-). In fact, since X(-) de-
cays exponentially, and is differentiable over {0,c0), one can apply a some-
what routine analysis with differentiation under the integral, and show that
(@) = — f;° XT()X'(t — a)dt for o < 0. Noting that X'(t — a) = X(t -
a)Ag + X (t —a — h)A;, we find that ¥'(a) = —9(a)Ao ~ F(a + h)A; for a <O0.
Now writing ¥(a) = #7(~a) for a > 0, we have ¥'(a) = (=9"(—a))7T, so that
() = ATIT (—a) + ATIT (~a+h) = AT9(a)+ AT 9(a—h) for & > 0. We have
arrived at the following functional differential equation satisfied with 9(-) = Q(-):

Q'(a)
Q'(e)

Proceeding carefully with differentiation under the integral, one can use the
ideas above to show that the matrix function ¥(c) is both left differentiable and
right differentiable at a = 0, with right derivative 9/(0+) = —I — #(0)4o —
9(h)A;, and left derivative ¥/(0—) = —9(0)Ao — 9(h)4:. From this and the
equations (2.3)-(2.4) we see that 9(-) is continuous throughout IR.

Starting with these differential equations (2.3)-(2.4), and requiring (2.1), one
can write an interesting system of ordinary differential equations for the pair

~Q(a)Ap — Qo+ h)A; fora <O (2.3)
ATQ(a) + ATQ(a—h) fora>0. (2.4)

i
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Q(a),R(a) = Q(a — h). In fact, for 0 < a < h, we find since a —h < 0

that R'(a) = Q'(a — h) = —Q(a — h)4As — Q(a)4; = —Q{a)A; — R(a)As.

Likewise, we can set W(a) = Q(a + h) for —h < @ < 0, and find that W'(a) =

ATW (@) + AT Q(a). Thus, with R(-) = Q(- — k) and W () = Q(- +h), we have :
For ~h < a<0:

Q'(a) = -Q(a)ds - W(x)4
Wi(e) = ATQ(x) + AT W () (2.5)

and forO0<a<h:

Q' () AFQ(a) + AT R(e)
R(a) = -Q(a)A; — R(e)Ao. (2.6)

For a € [—h,h], we can determine any continuous Q(c) satisfying (2.1) -
(2.4). We begin with R(a) = Q(a — h) = QT(h — @), and use R(0) = QT(h) as
a boundary requirement as well as in the boundary equation {2.2). Provided the
associated determinant is nonzero, we will have the values of Q(0), R(0), and so
will have the solution to (2.6) for 0 < a < h. Finally, we set Q7 (a) = Q(~a) for
—h < a < 0. We explain these details below, noting that they will have special
value in Section 3.

First, it will be convenient to introduce the elementary transformations &, £ :

my
R™" — R™, which we define for members M = : = [ ... pn) of
My
m{ 11
R " by ¢EM = , M =
my bin

We also consider the transformation y : R™™ — R™*® by x(M) =
I®uf
: , where I = I, and ® denotes the Kronecker product. If we now
Iouy,
write ¢ = £Q, r = £°R, then the above system (2.6) of differential equations,
taken over [0, h] to emphasize boundary continuity, can be written as

[ql(a)}zj{q(a)}, with J___{AOT®I x(41) } @.7)

r'(a) r(a) ~x(4) -AJe®I
Thus [ zgg; } = elo { 3%8? } for 0 < a < h. From R(0) = QT(h), we have
RT(0) = Q(h), so that £&°R(0) = £Q(h), i.e. r(0) = g(h). For 2k x 2k matrices
ni Ty N1
N = ¢ |,wewrite Py(N)=| ! |,P_(N)= : , and we see that

Mok Nk Nak
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r(0) = g(h) = Pye’? [ zgg; }, or (Pyelh -0 1)) [ ggg; ] = 0 in homogeneous

form. Now note that equation {2.2) can be written as

(F o1+ U0 4) ToaT+xta)] | 10 | = &

Using this form for the boundary data (2.2) and usmg the homogeneous equation
above, we set

L_[ (ATeD)+ (I AY) T® AT + x(A) ]
- Prelh —[0 1) ’

and arrive at

Ea CUT

We now have the initial values ¢(0), r(0) for (2.7) provided |L| # 0, and this
determines any continuous Q(-) satisfying (2.1)-(2.4). Particularly, if the delay
system (*) is asymptotically stable, then we have determined the original matrix
function 9{-), defined at first via an integral.

Theorem 1. If there exists a continuous solution Q(:) to the system of func-
tional differential equations (2.1)-(2.4), then let R(-), &, &°, x, P4+, J, L be
as defined above, and let g(a) = £Q(a), r(a) = E°R(a). The entries of the
matriz [Q(0) R(0)] will satisfy the linear equation L [ zgg; ] = - [6(01) ]
If [IL| # 0, then this equation uniguely determines [Q(0) R(0)] from ¢(0) =
£Q(0), r(0) = ¢°R(0), and uniquely determines [Q(a) R(a)] over [0,h] from

{ zg:; ] =el® { ggg; } This in turn determines [Q(a) R(a)] over [—h, k] from
Q(—a) = QT (a). If the delay system (*) z'(t) = Aox(t)+A1z(t—h) is asymptot-
ically stable, then there does exist such continuous Q(-), it is determined uniquely
if |L| # 0, and we have Q(a) = ¥(a) = f0°° XT®)X(t — a)dt for ~h < a < h,
where X (-) is the fundamental solution of (*).

3 The Functional Equation

In this section, now without the hypothesis of asymptotic stability for the delay
- differential equation (*) z'(t) = Aoxz(t) + A1z(t — h), we consider whether the
system of functional différential equations (2.1) - (2.4) has a unique continuous
solution. Before proceeding, it is worth noting that Castelan and Infante [2]
developed an elegant solution to the functional equation Q'(a) = AT Q(a) +

ATQT(h - a) with the boundary data (2.2) replaced by a condition having
considerably more symmetry. They set R(a) = QT(h — a), and then solve the
ordinary differential equation (2.6) for Q(-), R{-) with initial data Q( 8y =
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R(%) = K7, where K is any member of IR®*™. These initial conditions are
somewhat generous in that they are guaranteed to give the ordinary differential
equation a unique solution over (—00, 00) for each K € IR"*", even if the original
delay system (*) has an imaginary axis eigenvalue. Thus much of the link with
stability theory is lost. On the other hand, given the hypothesis of asymptotic
stability for (*), both Infante and Castelan [9], and Marshall et al [15] have
examined (2.1}, (2.3)-(2.4) with the boundary data (2.2). In the absence of the
stability hypothesis for (*), it has not been thought to examine (2.1)-(2.4), nor to
make a connection with the eigenvalue behavior of (*). Presently we show, with
the matrix L as defined in Section 2, that the system of functional differential
equations (2.1)-(2.4) does have a unique continuous solution provided |L| # 0,
and we give a counterexample in a case having |L| = 0. Then, in Section 4, we
make the link with the eigenvalue behavior of the delay system (*).

Now to begin, we consider f4(s) = f(s+d), where f(s) = |s] — Ag—e™*" 4]
is the characteristic function for (*), and d € R. It is easily seen that fq(s) is
the characteristic function for the delay system (x4 ) z'(¢) = (Ao — dI)z(t) +
(e~ 9" A;)x(t — h), we can always define the matrices Jy, Lg in Theorem 1 ae-
cordingly, and equations such as {2.2)4 have the obvious meaning associated
with (%4). We let adj(M) denote the adjugate of a square matrix M, we set

c = - [6(0) ], and we will have particular interest in the vector function

d - v(d) = {:d} obtained from v(d) = Elmadj(Ld) - ¢, since of course
d

Ldv(d) =c if !Ldi ;é 0.

In the case that (*4) is asymptotically stable, we can also define the solutions
Qa(@), Ra(a). In fact, given Ag, A, € R™ " and h > 0, we define dy = inf{d :
f(s) has no zeros with Re(s) > d}. Naturally, dy is the stability exponent of
the system (*), and since do = inf{d : f4(s) has no zeros with Re(s) > 0}, we
see that the delay system (x4) is asymptotically stable for all d > dy. For each
d having both d > do, |L4| # 0, Theorem 1 tells us that the functional system
(2.1)4-(2.4)4 has a unique continuous solution, and also gives an explicit formula
for the solution. We let Qq(a) = Q(d,a), Ry4(a) = R(d,a), and similarly for
ga(-), 74(+), and we look carefully at this formula :

q{d, @) alg | Od . g4 1 .
= <a< = = —— .
[ r(d. ) } e Ky for 0 < a < A, with v(d) Ky 'Ld'adj(Ld) c.
(3.1)
Now for fixed d with d > dy, |L4| # 0, we know that ¢(d,h — @) = r(d,a)
for 0 < @ < h, and we write this as [Py elh=2)Js — P_gaJs [ 0d } = 0. Recalling
Kd

the Kronecker product form for the boundary value equation (2.2) given prior
0 (2.8), we set

F(d,a) = (Ao —dDT @I+ 1® (Ao —d)T I®@e AT + x(e~h4,)
i p+e(h~a)Jd _ P_..ea'}d ,
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and we have
F(d,a)v{d) = c. (3.2)

Multiplying both sides by adj(F{d, o))}, we have
|F(d; a)lv(d) = adj(F(d,)) - c,
and multiplying by |Lg4|, we arrive at
|F(d, @)ladj(Lq) - = |Lafadj(F(d, @)) -c. (3.3)

Now suppose there merely exists some d’ € R with |Ly| # 0. Then d — |Lg]
is analytic, and we conclude that there exists an interval (4;,4d2) such that for
each d € (61,02), we have d > dg, |Lg| # 0. Thus (3.3) will hold for (d,a) €
(81,62) x (0,h), an open subset of IR?. Since both sides of (3.3) have entries
analytic in {d, a) throughout IR?, we know that (3.3) will be true for all real d, a.
Noting the identity F(d,0) = L4, we see that for each fixed real d having |L4| # 0,
there is a positive aq such that for each a € [0, ag), one has |F(d,a)| # 0. For
such a we can write (3.3) as (3.2), and since both sides of (3.2) are analytic in
a, we see that (3.2) holds for all real a. For our fixed d, again noting F(d,0) =
L4, we can define ¢(d,a), r(d,a) by (3.1), and this now certainly gives us a
unique continuous solution for 0 < a < h to the ordinary differential equation
(2.7)4 with the boundary value equation (2.2)4 and the functional requirement
gia(h — @) = rq(a). From this in turn one can easily give the solution to the
functional differential equation (2.1)4-(2.4)q for ~h < a < h.

Theorem 2. Let Ap, A1 € R™ ", and let h > 0. Consider the functional dif-
ferential equation (2.1)g- (2.{)a, with continuity required. If there exists some
d € R with |L4| # 0, then for each d € R with |Lg| # 0, this system has a
unique solution over [—h,h). This solution is given by (3.1) for 0 < a < h, and
by Q(d,a) = Q7(d, —a) for ~h < @ < 0.

Corollary 3. Let Ag, A; € R™", and let h > 0. Consider the functional differ-
ential equation (2.1)-(2.4). If |[L| # 0, then this system has a unique continuous
solution for —h < a < h. This solution is given as in the theorem above with
d=0.

With the amazing symmetries inherent in (2.7) and (2.8), and in F{-, a), it
is wise to give some words of caution. One important point is that even for an
asymptotically stable delay system, the solution Q(a) to the functional system
(2.1)-(2.4) represents the integral ¥(a) for —h < a < h, not for all real . In
fact, it is known [2] that the spectrum for (2.1)-(2.4) has negative symmetry. If
the delay system (*) is asymptotically stable, then from the comments opening
Section 2, we know 9¥(a) is the Fourier transform of the square integrable ma-
trix function ﬁM *(iw)M (iw), and so also has square integrable entries over
(—00,00). Considering negative symmetry of the spectrum, this is not the case
for the solution to (2.1)-(2.4).
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Continuing with cautionary remarks, one might note the analyticity of the
identities leading to the conclusion in Theorem 2, and then think that the system
(2.1)-(2.4) always has a solution, or at least does whenever the equation (2.8)
has a solution. This is also not the case, as we presently show with the following
counterexample.

Ezample 1. Consider the delay equation (*) z/(t) = az(t) — az(t — h), with
h > 0,a € R—0. Here we have Ap = a, Ay = —a, and for (2.2) we have

-1 =[2a — 2q] [30 ], while J = [ Z e ] This gives us |sI — J| = s?, and
0

l+at -—at 2a —2a
tJ = L= d|L|=0.
€ [ at l—at]’SOthat [1+ah —l—ah]’an L] =0
Now £(I) = 1, and for a solution to (2.1)-(2.4) to exist we must at least

have a solution to the equation (2.8) L [ 1‘{0 ] - [
0

0
we obtain 0 = (1 + ah)(—1), i.e. 0 = 1 + ah. Thus there can be no solution to
(2.1)-(2.4) in the case that ah # —1. In the case ah = —1, the solution to (2.8) is

giVGnaSp:[32]=z[i]+[.(}a],zem,sothat[gg;]:e“[ig]=

-~ L
[ z _:L].Aroutinecheckshowsthatq(h—-t)=z—-%+%,r(t)=z—§—%,

]. Attempting to solve,

t
z— 2 2a
so that g(h —t), r(t) are equal only at ¢ = 0, and there can be no solution to
(2.1)-(2.4) even in the case ah = —1.
Astute observers will note in the case ah = —1 that we solved the boundary

value ordinary differential equation (2.7), (2.8) without solving the functional
equation (2.1)-(2.4). In fact, if we consider the system (x4), setting Ao(d) = a—d
and A;(d) = —e"¥q as usual, then using (3.1) we will obtain a solution v(d)
which is infinite at d = 0, so that v(d) does not converge as d = 0 to the solution
p above for any finite value of the solution parameter z. It is noteworthy that
the delay system (*) z'(t) = az(t) — az(t — h) has an imaginary axis eigenvalue,
namely zero, and we are prepared now to look into this matter.

4 The Eigenvalue Abscissas

In this section we explore the link between the solution of the functional differ-
ential system (2.1)-(2.4) and the eigenvalue behavior of the delay equation (*)
z'(t) = Aoz(t) + A1z(t — h).

Lemmad4. If there exists d' € C having |La| # 0, then the entries of the vector
function v(d) = [ :d ] are meromorphic throughout C.
d

Proof. Noting the definition of v(d) opening Section 3, we see that the entries
of v(d) are ratios of entire functions, and are thus meromorphic. o
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It might seem appealing to define Aq = 3~ ffom M} (iw) Mg(iw)dw for complex
d, where My(s) is the Laplace transform of the fundamental solution of {x4},
then note that Ag = 94(0) whenever the system (%4} is asymptotically stable,
and attempt to analyze abscissas of system eigenvalues by analytic continuation.
However, this complex matrix function d —+ A4 has a natural boundary at each
vertical line which includes an eigenvalue of the system (*). Thus the advantages
of analytic continuation can not be directly applied to show that the vector
function v(d) has poles at the z-coordinates of the zeros of the characteristic
function f(s). Nonetheless, using a quadratic functional constructed with Q(-),
it will be shown that v{d) does have poles at these locations, and on this basis we
will have a means of accurately determining the abscissas of system eigenvalues.

In fact, noting that fq(s) = f(s + d) is the characteristic function for the
system (x4) above, we show this by merely showing that v(d) has a pole at
d = 0 whenever f(iw) has a real zero w. Given any system of the form (*)
having |L| # 0, we now introduce the following quadratic functional V(¢) [8]
defined for each ¢ € C[—h,0], the space of continuous functions mapping the
interval [—h, 0] into C™: ,

0
Vig) = 6" (0)Q(0)9(0) + ¢ (0)( / Q-+ k) Ad(ud
]
+ / & (u) AT QT (u + h)du)$(0)
~h

+ /:’h [.Oh ¢ (U)ATQ(’U — u)A1¢(v)dvdu.

For solutions z(-) of (*), we define the member z; of C[—h,0] as usual, i.e.
by z:(u) = z(t +u) for —h < u < 0. One can calculate the time derivative of the
function V'(z;), obtaining the following after a long, tedious, direct calculation
which will use the equations (2.3)-(2.4):

V(we) = 2 (£)(AT Q(0) + Q(0) Ao + AT QT (h) + Q(h) A1)z (t).
Noting the boundary value condition (2.2), we have
V(zy) = —z*(t)z(t), ie. V(g)=—¢"(0)¢(0) for ¢ € C[-h,0].

It is interesting to see why the boundary value functional equation for Q(-)
could not have a solution if the system (*) has an imaginary axis eigenvalue.
In this case one has w € R,z € €* — {0}, and a complex vector function
z(t) = ez satisfying the delay - differential equation (*) over (—o0,00). By
simply writing out the expression for V(z;) as defined above, one will find for
z(t) = etz that V(z;) is not dependent on time, i.e. V(z;) = 0. Since we also
have V (z;) = —z*(t)z(t) = —2"z, this is certainly a contradiction, and now we
see that the boundary value system (2.1)-(2.4) does not have a solution. Thus
|L| = 0 if the system (*) has an imaginary axis eigenvalue. This does not in itself
mean that v(d) has a pole at d = 0. However, in the following theorem we show
that this is the case if there exists real d with |L4| # 0.
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Theorem 5. If the system (*) z/(t) = Aoz(t) + A1z(t — k) has an imaginary
azis eigenvalue and there exists real d' with |Lgyi| # O, then the vector function
v(d) has a pole at d = 0.

Proof. From the immediately above comments, we know that |Lg4| = 0 at d =0,
and since d — |Lq4| is analytic, there is a neighborhood D of IR — {0} in which
{Lq4] has no zeros. Now since v(d) is meromorphic, we know that either v(d) has
a pole at d = 0, or v(0) = limg_,o v(d) is finite. If we have continuity, then the
following maps are continuous for (d, ) € (D U {0}) x [0, h]:

1. d—v(d)
2. (d,a) = e*Js
3. (d,a) = e*Jiv(d)
4. (d,a) = (Ppelh=2Va — p_exJa)y(d).

Noting that the right side of 4 is equal to g4(h - &) — rq¢(), which is zero for
qo(a) ] adg 5

= e*'oy(0) gives

ro(a) 0 &
us a solution to the boundary value ordinary differential equation (2.7), (2.8)
satisfying go(h — @) = ro(a) for 0 € @ < h. From this we would immediately

have a continuous solution to the functional system (2.1}-(2.4). Since we know
this is impossible, we conclude that v(d) has a pole at d = 0. o

d € D, € [0, h), we see from the above that setting [

Noting that f(s) = |sI] —~ Ag—e~*" 4;| will have a zero with abscissa z¢ if and
only if fz,(s) has an imaginary axis zero, we immediately arrive at the following
theorem, the final theorem of the chapter.

Theorem 6. Consider the delay-differential equation (*) z'(t) = Aoz(t) +
Ayz(t — h). For each d € R, define the system (xg) as in Section 3, with
Ao(d) = Ag — dI, A;(d) = e % A,. Suppose there exists some d € R with

{La| # 0, and set v(d) = [ :Z ] = ﬁadj(Ld) { 6((;’) } for all such d. Then

the components of v(d) are meromorphic functions of d. If the system (*) has
an eigenvalue with x-coordinate equal to xo, then the vector function v(d) has a
pole at d = g, and hence the matriz function d — [Q4(0)R4(0)] also has a pole
at d = ZIg.

5 Computation

In this section we illustrate the value of Theorem 6 in accurately determining
eigenvalue abscissas for the linear delay - differential system (*) z/(t) = Aoz(t) +
Ayz(t — h). We begin by noting that for Yy(t) = e~ X(t), we have Yi(t) =
(Ag—dI)Yy(t)+(e~%" A;)Yy(t~h), so that the system (#4) is related exponentially
to the original system (*). Recalling the stability exponent dy introduced prior
to formula (3.1), we know for each a > dp that | X (t)| < Ce'® for t > 0, so that
[Ya(t)] < Cete=9 for t > 0. Thus Yy(t) is exponentially decaying for each d > d,
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and Qq4(0) = 7 YT (t)Ya(t)dt = [;° XT(¢)X (t)e~2dt, which of course means
that the matrix function d — Q4(0) is the Laplace transform of X7 ()X (t),
evaluated at s = 2d. Similarly, we will find that d — Q4(h) is again a Laplace
transform, i.e. RY(0) = Qa(h) = ed®- [° XT(t) X (t — h)e~2¢dt for each d > dy,
and the entries of both these matrix functions are analytic for d > dy. With
these comments we can present the following simple but necessary lemmas.

Lemma?7. Consider (*) z'(t) = Apz(t)+Aiz(t—h). Suppose there existsd' € R
with |Lar| # 0. Then the entries of the vector function v(d) are enalytic on the
interval (do, 0).

ra(0)
Lemma. 4, the entries of v(d) are meromorphic throughout €, and now since
q4(0), r4(0) are both analytic on (dp, 00), we know that the only singularities of
v(d) in (dp, 00) are removable. o

Proof. We know that v(d) = { 94(0) } at each d > dy having |Ly| # 0. Recalling

Lemma8. For § = ||Aol| + || A1, there ezist no complez zeros of f(s) = |sI —
Ag — Are™*P| which lie in Re(s) > B.

Proof. Let A € C have f()\) = 0 and Re()\) > 0. Then X is an eigenvalue of
the matrix A¢ + Aje™**, and since [e™**| < 1 for Re()\) > 0, we have [A] <
|40 + Are= || < || Ao|[ + | 1]l Thus |A| < B if Re(A) > 0, f(A) = 0, and indeed
there are no zeros of f(s) which lie in Re(s) > . o

We can now explain our approach to the accurate determination of the stabil-
ity exponent and the eigenvalue abscissas for the delay system (*). From Lemma
8, we know for d > || Aol + |]41]| that the system (x4) is asymptotically stable.
From Theorem 6, we know that v(d) — oo as d | dyp. We thus begin by selecting
some dt > ||4o]] + ||41]}, and we compute v(d) for values of d < d* until a pole
is observed. From Lemma 7, the value at which this singularity occurs is dp.

To determine the eigenvalue abscissa immediately left of dp, we let dy =
inf{d : f(s) has no zeros with dp > Re(s) > d}, and compute v(d) for values of
d < dp until the next pole is observed. Here we still have Theorem 6, but not
Lemma 7, and to be certain that the value at which this singularity occurs is
dy, we apply the principle of the argument to see if f(s) does indeed have a zero
with Re(s) = d;. This process can be continued.

Now provided only that there exists some d' having |La| # 0, we know since
d - |Lg4| is a nonzero analytic function that the zeros of |L4| and hence also of
0min{Lq) are isolated. Thus, considering points d where |Lg| vanishes, we can
expect removable singularities of v(d) to appear as such, and likewise poles.
Given these limited comments on numerics, we can now present examples. The
computations for these examples are conveniently performed using MATLAB.

Ezample 8. We consider the system (*) z'(t) = Aoz(t) + Aiz(t — 1.3), where

-16 .8 25 4.1 _ B
Ao = { 2.4 2.7]’ A4 = [1.5 -3.2]' Set A = As = Ao —dl =
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Jm | .Lnn_, \

-3 -2 e 1 2 3 4

Fig. 1. y = lu(d)]

-16-d 8

24 2.7—d
One can easily show that ||Ao}| < 5.1, ||41]] £ 7.3, and we compute v(d) for
d < 12.5 = 5.1+ 7.3 + .1, finding from Figure 2 that 0 < dp < 5. From Fig-
ure 3, we see that 3.09 < dy < 3.10. If we refined further, we would see that
3.0982 < dp < 3.0083. The growth exponent thus lies in (3.0982,3.0983). As is
well-known {1}, the growth exponent for this type of system is also the leading
zero of the characteristic function.

J, B = By = e 1?4, and examine the system (x,).

¥ 8 B 8 o8 8

4 5 10 185

Fig. 2. y = |u(d)]

For d; = inf{d : f(s) has no zeros with dy > Re(s) > d}, we know that
v(d) has a pole at d = d;. Examining Figure 4, we find a pole in the interval
(.25,.3). In Figure 5, we see that this pole lies in the interval (.255,.26). If one
desires more precision, one will find this pole in the interval (.2577,.2578). Using
the principle of the argument, one can find that the characteristic function f(s)
has one complex zero to the right of .2578, and has three complex zeros to the
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18000,

14000|

12000}

10000

308 a0 2.094 3.086 3.008 a 3102

Fig. 3. y = |v(d)|

right of .2577. Thus the system (*) has two eigenvalues with z-coordinate in
{-2577,.2578), and we have .2577 < d; < .2578.

" . N x i
(4 905 o1 05 02 025 083 035 04 G4 05

Fig. 4. y = |v(d)|

Now to find d; = inf{d : f(s) has no zeros with d1 > Re(s) > d}, we again
look for a pole of v(d). From Figure 6, we find a pole in the interval (.2, -.15),
and from Figure 7 this pole lies in (—.175, —.17). With even greater precision,
the pole would be seen in (~.1741,-.1740). Again using the principle of the
argument, we find that the system has three eigenvalues to the right of —.1740,
and five eigenvalues to the right of —.1741. Thus —.1741 < d < —.1740.

From the above analysis, the following picture has emerged. The system has
a rea] eigenvalue in the interval (3.0982,3.0983). The system has a conjugate
complex eigenvalue pair with z-coordinate in the interval (.2577,.2578), and
also has a conjugate complex eigenvalue pair with abscissa lying in the interval
(—.1741, —.1740). This process can be continued to find as many eigenvalue
abscissas as desired.
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Fig. 5. y = ju(d)|
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Fig. 6. y = |v(d)]
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Ezample 3. The above computational method for determining the system stabil-
ity exponent is useful in evaluating the benefits of time-delay feedback. In several
recent papers [7, 10, 20], it has been shown that time delayed feedback of control
systems represented by ordinary differential equations can improve the perfor-
mance of feedback systems. The improvements come in the form of disturbance
rejection, time delay stability margins, and response speed. If this is so, then it
is nearly certain that time delay feedback can improve the stability exponent of
a feedback system. To show that this is the case, we apply our computational
method to an example of Kwon, Lee, and Kim [10].

We consider the controlled system z/(t) = Az(t) + Bu(t), with free dynamics
given by A = { ? 1i2 },with control matrix B = [ :1,’
having free variables directly accessible for feedback. Choosing = 100/ and r =
1 in the standard linear quadratic regulator minimizing J = fow(xT(t)Qx(t) +
ru(t)?)dt, one will obtain optimal state feedback! u = —Kjz(t) with K; =
[27.27 3.07]. The closed loop system z'(t) = (A — BK))z(t) has eigenvalues A, =
—31.69, Ay = —1.78, giving a stability exponent A = —1.78 with a corresponding
time constant 7 = 1/1.78 = .56. In Kwon et al, the feedback u(t) = —K,z(t) —
Kox(t — h) — f:__ » K3(t — v)x(v)dv is used, where K is the quadratic optimal
feedback matrix, and Kj, Ks(-) are chosen to satisfy performance requirements
such as disturbance rejection, robustness against parameter variations, and delay
stability margins. The matrices chosen are Ky = [-2.6 — 6.5}, K3{v) =[5 —1]
for all v. Frequency domain calculations show that this leads to the closeci loop
equations z'(t) = Aoz(t) + Ayz(t — h), with 4 = A - B(K: + l’eh_h K3),
A; = —BK,. With time delay h = .04, we compute the stability exponent for
this system, obtaining the graphs of |u(d)| in Figures 8-9 below.

], and for simplicity,

T * v
ol \

sor

401

Fig. 8. y = ju(d)|

! The value given here for K; was obtained using MATLAB, and differs slightly from
that in Kwon et al. This does not change the order of the improvement.
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10000
000!
4000,
2000}
-29 ~2.88 ~286 —2.‘54 -2.82 2B -2.78
Fig. 9. y = jv(d)|
We see here that the stability exponent is no greater than A, = —2.80,

giving a closed loop time constant no greater than 7, = 1/2.80 = .36. Thus this
feedback strategy does indeed provide the system with an improved stability
exponent and the associated faster response.

Comment : Authors such as Freudenberg, Liang, and Looze [5, 13] have
pointed out that time delays in a feedback system are accompanied by bandwidth
difficulties, making the system more vulnerable to model uncertainty. Kwon et al
address this carefully in their paper giving the above example. In other examples,
particularly those involving time delay uncertainty compensation [7, 20], this has
become a point of contention, with Liang and Looze [13] arguing that the use
of time delays in the feedback loop leads to bandwidth which is too large for
engineering practice. The time constant shrinks and response speed improves as
bandwidth grows and vulnerability to uncertainty increases. The author’s work
gives a convenient computational means of determining the improvement in the
time constant, thus providing a useful tool for assessing the tradeoff.

6 Conclusion

In this chapter we have given a computational method for determining the sta-
bility exponent and the other eigenvalue abscissas in a linear delay - differential
system. We have illustrated the theorems with examples, including one in the
area of time-delay feedback. For future research, we have given one topic spe-
cial mention. That is the challenge mentioned above, of obtaining computational
procedures for determining stability exponents which can be implemented within
system bandwidth constraints, i.e. in terms of constraints on lower and upper
bounds of the singular values of system transfer function matrices.

There are other possible directions for research, e.g. efforts at reducing the
computational size occurring in constructing Q(-) for systems having muitiple
commensurate delays, carrying the work in this chapter over to neutral delay
systems, the development of asymptotic expressions for the matrix function d —+
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Q4(0), which we know from Section 5 is a Laplace transform, and others. We
discuss two interesting possibilities below.

To begin, we note that even given relentless advances in computing speed,
there would still be value in a procedure for computing the stability exponent
which did not depend on sweeping through d-values. If one could establish the
convergence to the stability exponent of a Newton - Raphson method applied to
some function of the matrix (J4, then the computation time for determining the
stability exponent would be greatly reduced.

Another point of special interest is the calculation of Q(-} for delay systems
having multiple commensurate delays. Although the algebraic techniques nec-
essary for the calculation are rather routine modifications of those occurring
in the single delay case, the computational proportions are somewhat daunt-
ing. However, when one writes differential equations for Q(-), R(-) = Q(- — h),
S{-) = @(- = 2h}, ..., one discovers enough structure to hope for new methods
of reducing the computational size, with the possible effect of making it prac-
tical to determine the stability exponent and eigenvalue abscissas. This could
have relevance to the analysis of delay feedback systems connected in series or
parallel, or even, optimistically, in the approximation of Q(-} for systems having
incommensurate delays.
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Abstract. In this chapter we consider the averaging of periodic delay
differential and delay difference equations using the method of moving
averages. Specifically, we prove formal averaging theorems for both types
of systems. This work is based in part on fundamental work in the av-
eraging of delay systems performed in the 1960’s by Halanay[11, 12],
Hale[13], and Medvedev(23]. The analysis and theorems presented here
differ from the earlier works in that our analysis gives greater importance
to the delay terms which appear in the averaged system. To illustrate our
results, we consider two simple examples of delay systems with periodic
excitation - a cart and pendulum stabilization problem in the presence
of periodic disturbances and feedback delays, and the adpative identifi-
cation of chemical concentrations in a pipe mixing problem.

1 Introduction

The development of theory for the stability analysis of dynamical systems repre-
sents one of the broadest sustained efforts in mathematics and applied science.
At the moment, there exist well-developed tools for studying the stability of sys-
tems of the form # = f(z), where f : R® — IR™. What has proven more difficult
is the development of tools for the stability analysis of explicitly time-dependent
systems, i.e. systems of the form & = f(z,t), f : R® x R = R". Complications
often arise when the vector field is periodic in ¢, i.e. f(z,t+T) = f(z,t) for some
T > 0. What complicates the stability analysis is that the system will exhibit
unstable behavior which is purely a function of T". This phenomenon is, of course,
known as parametric resonance. Simple physical examples of systems which ex-
hibit parametric resonance include periodically forced spring-mass systems and
periodically forced LRC circuits. There are a variety of methods suited to the
analysis of such systems, most notably Floquet theory [22, 29] and the topic of
the current work, the method of averaging. In particular, this chapter presents
new results on the method of averaging for periodic delay differential and delay
difference equations.

1.1 A Brief History of Averaging

One method of eliminating explicit time dependence in some periodically ex-
cited systems, which ultimately retains global information about the system, is

158
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the method of averaging. Motivating the development of a theory of averaging
was the interest in predicting the motions of the planets in the 18th and 19th
centuries (a brief discussion pertaining to this history is given in [2]), where
averaging was seen as a way of coping with small periodic perturbations in mod-
els of the solar system. Current theory is largely based on the work of Russian
authors[7, 15, 16] from the first half of this century. These authors were princi-
pally interested in studying weakly nonlinear second order systems of the form

£+ wlz = ef(z,,1). (1.1)

where z € R, f is continuous in its arguments, f(z,%,t + T) = f(z,,t) for
T > 0, and 0 < € < 1. Through a series of coordinate changes, (1.1) can be
written

x = eF(x,t) + O(e?),

which could be averaged to obtain .
% = eF(x), (1.2)

where x € R?, F(z) = foT F(x,t)dt, and we have ignored O(e?) terms. Equi-
librium and stability analysis could then be performed in terms of (1.2). Such
systems arise physically as simple nonlinear mechanical and electrical oscillators.
The classic example of such a system is the inverted pendulum forced by vertical
oscillations of the hinge, for which it has been shown that the inverted equilib-
rium can be rendered stable for sufficiently large forcing frequencies[3, 7, 21, 28].
Many other examples of systems from this period can be found in [1].

Since then, the concepts used to average weakly nonlinear systems have been
extended to the more general class of vector fields

& = ef(z,t,6), (1.3)

where it is assumed that f: R" x R xR* = R, f(t+T) = f(t) for T > 0, f
is bounded on bounded sets, f is at least twice differentiable in its arguments,
and 0 < € € 1. As described in standard texts[10, 14, 34] there exists a change
of coordinates r =y + ew(y, t, €) such that (1.3) can be written

¥ = ef(y) + € fly, t,€), (14)

where f(y) = %.—foT f(y,t,€)dt, and f(y,t +T,e) = f(y,t,e). The effect of this
coordinate change is to push the nonautonomous terms to O(e?). Thus, to O(e),
(1.3) can approximated by

v =ef(y). (L.5)

The closeness of solutions of (1.3) and (1.5) are given by averaging theorems
proven in [10, 14, 34]: specifically if z(t) is a solution of (1.3) and y(t) of is
a solution of (1.5), then |z(t) - y(t)] = O(e) on the interval ¢t € [0,t;], where
t1 = O(1/e). In addition, these same averaging theorems associate hyperbolic
behaviors of (1.3) and (1.5) (hyperbolic fixed points of (1.5) are associated
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with hyperbolic periodic orbits of (1.3), asymptotic behavior of solutions on the
stable/unstable manifolds of fixed points/periodic orbits in forward/backward
time). The theory used for systems with periodic excitation has been extended
in [14] for almost-periodic excitation. Arnol’d[2] gives an alternate description of
the method of averaging from the point of view of action-angle coordinates, and
discusses conditions under which averaging results for single and multifrequency
systems break down.

1.2 Applications of Averaging Theory in Controls Engineering

One field which has benefitted from fundamental advances in averaging theory
is automatic control theory. The need for averaging theory arises in automatic
control because physical processes often either possess some form of periodic
excitation as part of their natural dynamics (external sources of oscillation) or
may be controlled by periodic excitation. Once again, the inverted pendulum
problem described previously has served as a paradigm for controls-oriented ap-
plications of periodic excitation and the method of averaging.

Averaging techniques have also proven useful in the synthesis of so-called
open-loop periodic controls, sometimes referred to as vibrational controllers (see
[6] for a tutorial). Open-loop control laws are those which do not take into account
the state of the system being controlled. The control is merely some physical in-
put (force, torque, voltage, etc.) chosen in such a way to excite some desired
system behavior. Recent literature has focused on time-periodic functions as
control inputs, making the method of averaging a desirable analytical tool. Mo-
tivated by the stabilization of the inverted pendulum by high frequency vertical
forcing, recent work[6] has focused on the use of open-loop periodic inputs in
the control and stabilization of a variety of systems. One class of systems where
periodic controls have been employed and have been observed to be robust is
a class of superarticulated mechanical systems[26, 32, 33], of which the inverted
pendulum is a somewhat trivial member. Concepts developed in the study of
superarticulated mechanical systems are currently being extended to permit the
systematic synthesis and analysis of open-loop contro! laws for more general
systems|[5, 6].

1.3 Motivation for the Averaging of Delay Systems

While the averaging of delay equations is interesting for its own sake, the im-
portance of the research is immediately apparent in the context of control. One
invariant in the synthesis of closed-loop control laws is that any conventional
feedback loop will possess some delay or latency. In “analog” control systems,
delays may arise as the result of unmodelled internal capacitances in the con-
trolled system or the controller. The effect of these capacitances is that a phase
lag may be induced in the feedback signal which will also be manifested in the
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control. In “digital” control systems, delays are often the result of the compu-
tational overhead in performing the control task and the finite clock cycle of
digital components. While the increase in the allowable clock rates for digital
control hardware is making clock precision less of an issue, there is current in-
terest in the control of complex systems where the computational overhead is
a significant source of control latency. Examples of such complicated systems
where computation-induced delays might arise are infinite dimensional systems
such as fluid/chemical systems and elastic structures. Another significant source
of delays in control systems is transmission delays resuiting from tele-operation.
Examples of systems where transmission delays are significant include the Viking
Mars lander and the robots which will be deployed as part of the upcoming Mars
exploration.

The need for developing extensive theoretical results for averaging of delay
systems should also be apparent. Such theory is needed to design high-frequency
open-loop control laws for the above mentioned applications. Interesting exam-
ples of periodic forcing in delay systems can be found in [17, 18, 19]. As has been
mentioned in [17], a limiting factor in the development of open-loop oscillatory
controllers has been the lack of mathematical theory that can be used to describe
the behavior of periodic delay systems.

The current work in this chapter focuses on developing a comprehensive
theory of computing averages for periodic delay differential and delay difference
equations. In Section 2, we present theorems for the averaging of delay differential
equations. This work has been motivated by the earlier work of Halanay[11, 12],
Hale[13], and Medvedev[23], and in fact extends these earlier results to yield av-
eraged systems which more accurately approximate the original nonautonomous
dynamics in the presence of significant delays. In Section 3, we modify the re-
sults of Section 2 for delay discrete equations, and obtain completely analogous
results. In Section 4, we apply the theory of Sections 2 and 3 to two examples
from controls engineering. First, we study the closed-loop feedback control of
an inverted pendulum in the presence of external oscillations. Next, we study
the adaptive identification and control of a discrete pipe mixing problem. We
summarize and conclude in Section 5.

2 Averaging of Continuous-Time Delay Systems

This section considers continuous-time delay differential equations given by
x(t) = Ef (t7 x(t)a x(t - 7‘)) ; x(t) = ¢(t)7t € [tﬁ - T tO] (21)
where f is continuous with respect to all its argments, f : R x D x D — IR",
D c IR", and € and r are positive real parameters. Furthermore, assume that f
is T- periodic, i.e., f(t + T, z1,22) = f(t,x1,72) for all (¢,2;,20) € Rx D x D.

The function ¢ is continuous on ¢ € [ty — 7, to]. Let the solution of (2.1) be de-
noted by z(t) = z(¢; to, ¢)-
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Numerous papers{11, 12, 13, 23] have studied (2.1) and shown when, for
sufficiently small €, the solution to (2.1) can be approximated by the solution to
the corresponding averaged ODE

y(t) =cfo(y(t),y(®);  ylto) = é(to) (2.2)
where

T
folna) = [ flacnends (23)

In (1.2), the explicit time dependence of f has been averaged out. As a result
the complexity of analysis has been reduced. Additionally, all information on
the delay has been ignored, greatly simplifying the problem even more. Unfor-
tunately, though, it is precisely this oversimplification of ignoring the delay that
causes inaccuracies in the approximation when ¢ is not infinitesimely small [18].
In fact, the work of [18] indicates that there are two separate, important values
of €. First, there exists some €1, sufficiently small, such that, for 0 < € < ¢,
the time dependence can be averaged out in (1.1). Next, there exists an upper
bound on ¢, denoted by €2, such that, for 0 < € < €, the delay can be ignored.
As [18] has noted, it is common that €2 < €.

In general averaging results are stated for ‘sufficiently small €.’ Therefore,
there is no need to distinguish between ¢; and €; in any of the proofs of averag-
ing. However, in practice, a physical system may not admit an ¢ infinitesimely
small, and therefore, the classical averaging results of [11, 12, 13, 23] may not
be applicable. It is then of interest to develop averaging theory which permits €
to have a larger upper bound.

The approach taken in this chapter is to perform moving averages on the so-
lution, z(t), of (2.1). That is, we simply take the forward moving average value
of z(t) on the time interval [t,t + T, denoted by Z(t). Since z(t) is continuous
and bounded on finite time intervals, its moving average will always remain rea-
sonably close. In particular, when ¢ is small, the rate of change on z(t) is small,
suggesting that |z(t) — Z(¢)| will also be small.

Because the higher harmonics of z(t) have been averaged out to obtain Z(t), it
is then possible to approximate Z(t) by the solution of an autonomous differential
equation - obtained by taking the (newly proposed) average value of the vector-
field of the right-hand-side of (2.1). In this way, it is possible to relate z(t) with
the solution to an averaged equation. Let us formally define the notion of a
moving average.

Definition 1. Suppose that z(t) = 2(t; %, ¢) is the solution to (2.1) with con-
tinous initial function ¢ € C. The moving average of z(t) is denoted by Z(t)
and is defined as

o(t), for t € [to — 7,t0)

() = { * ftH'T z(s)ds, fort > tg,
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where T' > 0 is the period of f.

Theorem 2. Assume that the solution to (2.1) satisfies z(t) € D for t € [to —
r,to + Ly + T) where Ly > 0 and T > 0. Assume further that f is T-periodic
and satisfies |f(t,z1,22)] < M for all (t,z1,33) on ([to — r,to + L1] x D x D).
Then |z(t) — Z(t)] = O(eT) for all t € [to — r,to + L]

Proof. For t € [to — r,tp), we have by Definition 1 that z(¢f) — Z(¢) = 0. On
te [to,LI],

t+T
o) -70) = o7 [ s(o)ds

t++T
= %/t [z(t) — z(s)]ds

t+T t
= % /t / f (7, 2(7), z(r —r)) drds

€ t+T
< T t M(t — s)ds
- |5 |0,

where we have used the fact that f is uniformly bounded by M whenever z(t) €
D. o

In this theorem, uniform convergence of the average value of f(t,-) was never
used. This implies that the above theorem is valid even when f is not periodic.
Indeed, fewer restrictions are needed on vector-fields when taking moving av-
erages, in comparison to when performing classical averaging (as in Theorem 3
below). On the other hand, in order to take a moving average in (2.1), the solu-
tion to time-varying delay differential equation (2.1) is needed. Hence, analysis
will only be simplified if it is possible to approximate the moving average of a
system by another trajectory that is easier to obtain.

As in [18], introduce the alternate averaged model to (2.2) given by
2(t) =€folz(t),z(t—1));  2(t) = ¢(t),t € [to — 1, 1] (2.4)

where fo is defined in (2.3). It will be shown that (2.4) is a more natural repre-
sentation of an averaged approximate model of (2.1).

Remark 1. In (2.4), information on the delay has been retained, and hence, the
proposed new averaged model is more complicated than (2.2). However, as this
chapter demonstrates, it is often important to retain the delay in order for the av-
eraged approximation to remain valid. The results of [9, 11, 12, 13, 23, 30] were
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developed before the advent of advanced computer technology. In the 1960’s,
qualitatively analyzing the behavior of (2.4) was considered to be difficult. How-
ever, advances in computers and numerical algorithms have made the simulation
of delay systems relatively easy. (Although analytically, the problem of analyz-
ing the behavior of nonlinear delay differential equations in the form of (2.4)
remains an active area of research, the problem has become more tractable in
recent times.)

To this extent, in no way are we suggesting that the results of [9, 11, 12, 13, 23,
30] are incorrect in claiming that (2.2) is an averaged approximation of (2.1). For
¢ ‘sufficiently small,’ the approximation is valid. In fact, these earlier averaging
results might have been criticized if they proposed (2.4) to be the simplified
averaged approximation of (2.1), since it remains infinite dimensional. On the
other hand, with the capabilities of modern computing hardware, the increased
accuracy of (2.4) should more than warrant any additional added complexity. ¢

We will now relate the solutions of (2.4) to Z(t). Assuming right-hand deriva-
tives, the function Z(t) satisfies the differential equation

f(t) = %[m(t + Tity, @) — z(t; to, B)]
€ t+T
= T]t [ (s,z(s;t0,9),z(s —1;t0,9)) ds (2.5)

on t > ty, with T(t) = ¢(t) for t € [t — 7, t0).

The right hand side of the above differential equation depends on z(t) and
not on Z(t). Hence, Z(t) can be interpreted as the solution to the differential
equation whose vector field is equal to the ‘local average’ of €f(-) along the solu-
tion to (2.1). (The work of [24] examines local averaging techniques for ODE’s.)

By rewriting (2.5) as

t+T
(1) = = L £ (8,5(2), Bt — 7)) ds
€ t4T
+5 ] (£ (5,2(5:6), o(s — 138)) — f (,Z(8), Bt — )] ds  (2.6)

perturbation theory can be applied to relate Z(t) to the solution of (2.4). That is,
due to Theorem 2 and Lipschitz arguments, the terms inside the square brackets
in the second integral in (2.6) can be shown to be O(¢). Hence, when f is periodic,
the limit (2.3) exists uniformly in ¢, and the following result naturally follows.

Theorem 3. Let the assumptions of Theorem 2 be true for Ly = L/e and assume
that |f(t,z1,22) — F(t,21,%2)| < K(|z1 — Zy| + |zg — E9f) for all (t,zi,%;) €
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([to = r,to + L/e} x D x D). Suppose, also, that both T(t) and z(t) remain in D

for all t € [to — r,to + L/e], with z(t) = 2(t) = ¢(t) ont € [to — r,to]. Then
[Z(t) — 2(t)| = O(eT) + O (er)

for all t € [tg — r,to + L/e].

Proof. Let 2(t) = z(t;to,¢) denote the solution to (2.4). By assumption, on
t € [to —r,tp), |ZT(t) — 2(t)] = 0. We note that Z(t) usually has a discontinuity at
t = ty, and therefore, F(t — r) has a discontinuity at ¢ = o + . This requires us
to be especially careful at ¢ = #; and at ¢t = tp + r. Let § > 0 be an arbitrarily
small constant, and consider |Z(t) — 2(t)| on t € [to,to + r + 9], for which we can
always write

[Z(¢) — 2(t)] = [Z(to) — 2(to)
{ 8+T
+e /to % /s fr,z(r),z(r — r))dr — fo(z(s), 2(s = r))} ds

However, we know that on ¢ € [to,ts +r + 6] and 2 € D

|fo(z(s),2(s =) £ = /|frz 2(s —7))|dr < = /Mdr._M

Likewise, |f(7,2(7),2(7 — r))] < M on this interval since it has been assumed
that = € D. Therefore, for t € [tg,to + r + 6]

Z(t) — 2(t)| < [E(to) ~ 2(to)] + € ft o (%; / - Mdr + M) ds.

From the assumption that z(ty) = 2(ty), Theorem 1 guarantees that |z(¢y) —
Z(to)| < eMT/2. Therefore, for t € [tg,to + r + 4], we have |E(t) — 2(t)| <
€M(T/2+2r 4 26). Next, assume L/e > r+6. Then for t € [to +7 + 8,9 + L/€],
we write

Z(t) - z2(t) =T(to +r +8) ~ z(to + r + 6)

t s+T
e /WH 7 / f(ry2(r),a(r =) dr = fo (2(s), 2(s - r»} ds.
Using (2.6), this leads to

[Z(t) — 2(t)| < |E(to + r +8) — 2(to + 7 + )|

t
te /t o @(s),T(s — 1)) — fo(2(s), 2(s 1)) ds

a+r+6

t T
+e /t-0+r+6 %/ﬁ fs+rz(s+71),2(s + 71— r1))dr — fo(z(s),z(s — r))ids
t
+e/ |fo(z(s),z(s = 1)) — fo(Z(s),Z(s — 7))| ds. @7
to+r+é
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From above, we know that [Z(t¢ + 7 +3) — 2(to + 7+ 0)] < eM(T/2+ 2r +
28). Furthermore, since f is Lipschitz with constant K and since it has been
assumed that z, Z and z remain in D, this implies that |fo(Z(s),Z(s — r)) —
fol2(s), 2(s=7))| < K ([5(s) — 2(s)] + [¥(s — ) — 2(s — )]) for t € [to, to+ L/e].
(For a proof of this statement, see the Appendix of [18]).

Similarly, |fo(z(s),z(s — 1)) = fo(Z(s),Z(s — 7))| < K(|z(s) —%(s)] +
|z(s — r) — (s — 7)]). By the proof of Theorem 1, this implies |fo(z(s), z(s —
1)) — fo(Z(s),Z(s — r))| < eKMT for all s € [ty — r,t0 + L/¢].

Likewise, for s € [to +7 + 8,80 + L/je], Lfe > 7+ 4, and 7 € [0,T],

1 (T
f—f/o fls+rz(s+7),2(s + 7 —7))dr — fo(z(s),z(s — 1))

T

1 T
/ [fls +7,2(s +7),2(s + 7 — 7)) = f(s +7,2(s), 2(s ~ r)]dr
0

1 /7T
< 'f/(; K(lz(s+7) —z(s)| + |x(s + 7 —7) — z(s — )|) dT.

For tg < t; < ta, it is known that z(ts) — z(t;) = eftt:’ FOz(A),z(A — r))dA.
This implies for tg < t; <t

lo(ts) — 2(t1)| < e / * 75, 2(5), a5 = )| ds < eM(ts — t1).

31
Therefore, for s € [to +7 + 6,20+ L/€], 7 € [0, T}, and any constant d € [0,7 + 4],
we have jz(s + 7 — d) —z(s — d)| < eMT.

Using the above inequalities, for ¢ € [to + r + &, + L/e] and L/e > 7 + 4,
(2.7) becomes

[Z(t) — 2(t)| < eM (—g— +2r + 25)

+eK t (|1Z(s) — z(s)| + [E(s — 1) — 2(s — )|} ds
totr+d

262 t T i
+— / / KMrdrds + € / KMTds.
T to+r+d JO totr+é

Since each of the integrands is positive, for any t € [to, o + L/€] we can write

E(t) — 2(t)] < eM (g +or 4 25)
+cK /t (|Z(s) — z(s)| + [T(s = 7) — z(s — T)|) ds
to

262 t T t
+5— / / KMrdrds + € | KMTds.
T to vO to
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(The discontinuity of T at ¢t = t5~ is Lebesgue integrable.} Notice that the above
inequality is increasing and that (s —r) = z(s —r) for s € [tg, tg — r}. Therefore
for t € [to,to + L/¢]

sup |Z(s) —z(s)] < eM (T, +2r + 26) +2eKMTL
s€[to,t] 2
¢
+2eK sup |E(o) — z(a)|ds.
to o€fto,s]

Since sup,e(y,,4 [Z(8) — 2(s)] is a continuous function, we can apply Gronwall’s
inequality for ¢ € [to, o + L/€] to obtain

sup [Z(s) — 2(s)| < [cM (Z +2r + 25) + 2eKMTL] gPeK(t—to),
s€[to,t) 2

The constant § is arbitrarily small (e.g. select § = er), and therefore, the above
inequality implies that |Z(t) — 2(t)| = O(eT) + O(er) on t € [to,to + L/€). o

Combining the Theorems 2 and 3 leads to the following averaging theorem.

Theorem 4. Let the assumptions of Theorems 2 and 3 be true. Then |z(t) —
2()| = O(eT) + Oler) for alit € [to — r,to + L/€].

Proof. Write |z(t) — z(t)] < |z(t) — Z(t)| + |Z(t) — 2(¢)|- The result now follows
from Theorems 1 and 2. o

Remark 2. The fact that we considered only one delay is for pure convenience.
The results can easily be extended to systems with multiple constant delays.
Generalization of the results to non-periodic functional differential equations
with time-varying delays is more complicated and is the subject of a present
research effort by the authors.

3 Moving Averages of Discrete-Time Systems with
Delays

In this section, we demonstrate how the techniques of taking moving averages can
be used to develop averaging theory for discrete-time delay difference equations.
Let discrete-time be denoted by n, and consider the periodic time-varying delay
difference equation given by

z(n+1) = z(n)+ef (n,z(n),z(n - p));  z(n) = ¢(n), n € [no—p,no} (3.1)

where z € R™, p > 0 is the integer delay, € is a non-negative constant and
[ is sufficiently continuous so that a solution to (3.1) exists. For simplicity, let
J{a, b} denote the set of all integers between a and b. Then, using this notation,
n € Jla,b] denotes the set of integers satisfying a < n < b. In this chapter. it
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will always be assumed that f is N-periodic, i.e., there exists an integer N > 0
such that f(n,ci1,e2) = f(n+ N, ¢y, 62} for any integer N and any ¢; € R™.

Once again, our goal will be to relate the solutions of (3.1) to the solutions of
a corresponding averaged autonomous delay difference equation. In particular,
let the averaged equation be described by

z(n+1) = z(n)+efo (z(n), z(n —p));  2(n) = ¢(n), n € Jing—p,no] (3.2)

where z € R™ and fo (2(n), z(n—p)) = & SIZV" f(j+n,2(n), 2(n - p)).
The fact that we consider only one delay is purely arbitrary and for ease of pre-
sentation. That is, we could also consider z(n + 1) = z(n) + €f (n, z(n),z(n -
p1),.-, z(n —p;)) and then relate solutions to z{n + 1) = z(n) + €fo (2(n),
zZ(n—p),...,2(n—pj)).

In comparison with the results in the previous section for averaging of
continuous-time delay differential equations, the results of this section are sim-
pler. The discrete equations of motion given in {3.1) are finite dimensional. In
fact, any delay difference equation can be rewritten as a higher order difference
equation without delay. For example, in (3.1) let z°(n) = z(n), z'(n) = z(n—1),

.., P(n) = z(n — p). Then (3.1) becomes

2%(n + 1) = 2°(n) + ¢f (n,2°(n), ' (n), ..., z°(n))
zi(n +1) =z (n) + g (z""(n),z*(n)); i=1,2,..,p

where g (z°"1(n),z%(n)) = 2*"1(n) — z*(n).

Now it is possible to attempt to use mixed time scale averaging results for
difference equations with no delays to prove averaging theorems, such as those
found in Chapter 8 of [27]. As a result, averaging of periodic delay difference
equations might be derived from known averaging techniques of periodic differ-
ence equations with no delays. Additionally, for periodic difference equations, it
is possible to perform ‘lifting’ and eliminate the time dependence altogether (see

[8])-

The approach of this section is somewhat different than the above outlined
approaches and is consistent with the approach used in the previous section for
delay differential equations in continuous-time. No attempt will be made to in-
crease the size of the vector space in order to eliminate the delay. Instead, we take
the moving average of the solution of (3.1) and show that this moving average
is ‘close’ to the solution of (3.1) when ¢ is sufficiently small. Next, the moving
average is related to the solution of (3.2). Many of the necessary procedures to
prove discrete time averaging results are, therefore, similar to those previously
presented for continuous-time systems.

Definition 5. Suppose that z(n) = z(n;ng, ) is the solution to (3.1) with
initial function ¢. The moving average of z(n) is denoted by Z(n) and is
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defined as

() — (n), for n € J{ng — p, no)
3(n) = {N}:koz(n+k) for n > ny,

where ng is an integer starting time and N > 0 is the period of f.
As before, this leads to the following theorem.

Theorem 6. Assume that f in (8.1) is a continuous N-periodic function sat-
isfying |f (n,c1,e2)] < M for all (n,c1,¢2) € (Jing—p,nog+ N+ L] x D x
D), where L, is a positive integer and D C R™. Assume further that ¢ € D
for all n € J[ng — p,no + N + Li]. Then |z(n) — T(n)| = O (e(N — 1)) for all
n € Jlng — p,no + L1].

Proof. For n € J[ng — p,ng|, we have that z(n) — T(n) = 0. By definition, for
n>ng+1

N-1
z(n+ k)
k=0

1 N—
= Nle(n)—-z(mkn-
k=1

lz(n) —Z(n)| =

ZI'-‘

However we know, for k > 1 and n > no, that z(n) - z(n +

= —¢ Eff: i),z(i — p)). Therefore, |z(n) — Z(n)| < & LV_ Py kin
} f i, (i), z(z*P))! Slnce it has been assumed that = € D, this leads to
le(n) —Z(n)| < & LA Tita M = £ X0 Mk = _—('sz:_ll o

The next step will be to show that |Z(n) — 2(n)| remain close to each other for
sufficiently small e. First we note that forn > ng +1

N-1
Z{n+1) - Z(n ;Zz(n+k+l) z{n+ k)] =
k=0

—[z(n+ N) - z(n)}.

2!—-‘

Since z(n + N) = z(n) + erY:_ol f(G+mn,z(i+n),z(F +n—p)), the above
equation becomes
N-1
En+1)=Z(n)+e ) f(i+nz(+n)2(G+n-p). (3.3)

=0

Qualitatively, the idea of averaging delay difference equations becomes more
clear by analyzing (3.3). From the previous theorem, it is known that T(n) =
x(n) for suﬁimently small e. Therefore, this implies in (3.3) that T(n + 1) ~

) + EZJ_,O f+n,%Z(G +n),T(j +n — p)). Additionally, when e is suffi-
c1ently small, Z(n + j) changes little over j € J[0,N —~ 1] and therefore,
Z(n + j) ~ Z(n). This leads to the approximation of (3.3) by the delay dif-
ference equation Z(n + 1) ~ Z(n) + £ Z;-V;ol f (G +n,E(n),T(n — p)), which is
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precisely the same equation as (3.2). In summary, these arguments show that for
sufficiently small ¢, the averaged equation (3.2) is a small perturbation of (3.3).
Therefore, it is now possible for us to relate solutions of (3.1) to (3.2}.

To help formalize these ideas, note that by (8.2) and (3.3)

-1
2(n) = z(no)+e Y fol(2(s):2(s - p))
6":‘11 N-1
T(no) + 5 D D (i +82(j+5),2(j +5 - p))

g=ng j=0

z(n)

Il

for all n > ny.

Theorem 7. Let the assumptions of Theorem 6 be true for Ly = L/e and assume
that |f(n,e1,¢0) — f(n,6,&)] < K (o —éi|+le2 — &l) for all (n,cy,c2) €
(J[no — p,no + L/€] x D x D). Suppose, also, that both T(n) and z(n) remain
in D for all n € Jng — p,no + L/e], with T(n) = z(n) = z(n) = ¢(n) on
n € J[no — p,no]. Then |T(n) — z(n)] = O (e(N — 1)) + O(ep) .

Proof. Forn € Jng—p,ng), it has been assumed that T(n) = z(n). Forn > ng+1

z(n) — 2(n) = Z(no) —Z(no)
n—1
+ez Z[f +s,2(3 +3),2(j + s —p))
—fo (Z(S), (s—p)l- (3.4)

As in the continuous time case, we will break the proof into two separate time
intervals. First, consider n € J[ng + 1,n9 + p + 1]. Since F(ng) = z(no), we have

n—1
[Z(n) — z(n)| _fZ Zlf(ﬁsw(fTS) z(j + s - p))|

F=ng N j=0

+1fo (2(s), 2(s — p))l|

no-H) N-—-1
< 5 Z ZQM 2eMp,
s-—no =0

where we used the fact that f, will be bounded by M when f is bounded by M
(as we showed in the beginning of the proof of Theorem 3 in continuous-time).

Now consider the interval n € Jno+p+2,n0+ L/€], L/e > p+2. We rewrite
(3.4) on this interval to become

F(n) — z(n) =F(no +p+1) - z(no +p+ 1)

n~1 N-—1
t Y UG+ sl + )26 +5 - p) ~ fo(a(s), (s ~ p))

s=ng-+p+1 j=0
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which implies that on n € J[ng + p+2,n0 + L/¢]

1Z(n) — z(n)] < |Z(no +p +1) — 2(no +p+ 1)

n—1 N-1
+e ) [;ﬁ,— Y 1 G +5,5(5),5(s — p) — fo (2(5), 2(s — p))]
s=no+p+1 j=0
1 N-1
+ |5 LG +82(5),3(s = ) = £ (G + 5,5(5),3(s - p)]
=0
1 N-1
+ 1% DG +5,2( +5),2( +5 - p))
N &
—f (G +s,(s),2(s = p)]] (3.5)

From above, we know that [Z(ng +p+ 1) — 2(ng + p+ 1)| < 2¢Mp. Analyzing
the first inner summation yields

N-1

= U G+ 5,3(6), (s ~ p) ~ fo (2(s), 205 ~ )
=0

J

= |fo (2(s),Z(s — ) — fo (2(s), 2(s - p))|
S K ([7(s) - 2(s)| +[7's —p) — 2(s — p)])

where we have used the fact, without proof, that fy is Lipschitz with constant
K when f is Lipschitz with constant K (see Appendix of [18] for the continuous
time proof). By the proof of Theorem 8 and the assumption that z and Z remain
in D, the second inner summation in (3.5) yields

N-~-1
% U G+ 5,2(s), 2(s — p) - £ (G +,5(6), 55 ~ )]
7=0

K Nl
< w5 2 (z(s) =Z(s)| + [a(s = p) = Z(s - P)])
jr=0
"
SJ—V— eM(N - 1) =eKM(N —1).

o,
i
©

Finally, the last inner summation in (3.5)

N-1

- UG+ 8,8 +9), 20 + 5~ p) — £ (5 + 8,2(6), 2(5 ~ )]

i=0

KN i .
< 3 2 (G +9) —2(s)] +|2(G + 5 - p) - (s - p)))

=0
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K N-1
+y 2 (12U +8) —2(s) + [2(f + 5 - p) — 2(s - P)])

Jj=1

K N-1] j+s Jjt+s~1

t5 Zf (2,26 )| +e D f(i,2(0),26 - p)
Jj=1 i=s~1
N-1

< fl-vlf 2Mj = 2eKM(N - 1)

.
1]
-

for s € Jino +p+2,n0 + L/¢], L/e > p + 2. Combining the above bounds for
n € Jno+p+2,n0+ L/e]and Lfe > p+ 2, (3.5) becomes

n—1

[E(n) —2(n)] < 2eMp+e Y [BeKM(N -1)+ K (j7(s) - 2(s)|
s=no+p+1
+ [2(s — p) — z(s — P)])]- (3.6)

Since the right hand side of (3.6) increases with n and since Z(n) = z(n) on
n € J[ng — p,ne}, we can rewrite (3.6) as

n--1
IZ(n) — 2(n)] < 3K M(N ~ 1)(n —ng) + ¢ Z 2K |Z(s) — z(s)]

s==Tg

which is valid for all n € J[ng,no + L/e]. This implies that for all n € J[ng,no +
L/¢
n-1

[E(n) — 2(n)| < 2eMp+3eKM(N ~ 1)L +¢ Y 2K [F(s) — 2(s)].

SNy

By Gronwall’s inequality for discrete systems (see Appendix C2 of [27]), this
implies

!T(n) e Z(n)! < [ZGMp -+ BeKM(N - 1)L] (1 + ZGK)"_I“"O
< [2eMp+ 3eKM(N — 1)L]e?K(r=n0)
< [2eMp+3eKM(N — 1)L} e*¥E
for all n € J[ng,no + L/¢€]. i}

Combining the previous Theorems leads to the following averaging theorem for
delay difference equations.

Theorem 8. Let the assumptions of Theorems 6 and 7 be true. Then |x(n) —
z(n)] = O (e(N —~ 1)) + O (ep) for all n € J[ng — p,no + L/el.

Proof. Write |z(n) — z(n)| < |z(n) — Z(n)| + |Z(n) — 2(n)|. By Theorems 6 and
7, this implies that |z(n) — z(n)] = O ((N — 1)) + O (ep). =)
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4 Applications of Averaging to Delay Systems in Controls
Engineering

4.1 Cart and Pendulum Control in the Presence of External
Vibrations and Feedback Delays

We now present, a simple application to a variation of cart and pendulum stabi-
lization by proportional feedback. As illustrated in Figure 1, the system consists
of a cart and planar pendulum apparatus in a reference frame which is being

Bcoswt

Fig. 1. Cart and Pendulum subjected to periodic disturbances.

subjected to a periodic disturbance of amplitude # and frequency w along the
horizontal axis. This disturbance might be due to an unsteady platform or some
external periodic noise signal.

The net motion of the cart is equal to the sum of the disturbance and the
cart’s motion in the local frame of reference. The pendulum is modelled as a
rigid, massless link of length £ and a bob of mass m, and its displacement is
referenced to the inverted equilibrium. Suppose that the cart position may be
precisely controlled. As discussed in [20], this assumption is fairly common. Then
the differential equation of motion for the pendulum is

me%4 + c4f — ml (i cosf + gsin§) = 0, (4.1)

where i = —w?@ coswt + %, # is the acceleration of the cart, and ¢g is the damp-
ing coeflicient for the hinge.

To stabilize the inverted equilibrium, we prescribe the proportional control
# = —K,0(t — r), where r > 0 is a control delay perhaps due to sampling,
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computation, or even tele-remote operation. Then ii(t) = —w? coswt — Kp8(t —
7). (4.1) can be written as a dimensionless delay differential equation

8" + ect’ — ecosT + €2 (k(t — r') cos§ — sinf) = 0,

where 7 = wt, () = d/dr, ¢ = B/l = \/g/ljw, ¢ = leqfg, k = {K,[g, and
r’ = wr. Prescribing the coordinate change 6 = y; — ecos7cosy;, ' = eys +
esin 7 cosy; and proceeding as in [7], we eventually have the system of first order
equations
¥y = ey +O0()
y5 = €[—cys+siny; cosy cos’ T+ yasinyysinT
—ky1 (T — ') cosy1 + sinyg] + O(e?). (4.2)

By Theorem 2, the average of (4.2} is given as

2 = ez
sin 21 cos 23 .
zh = €|—czp+ ———— —kz (T —1')cosz +sinz|. (4.3)

2

Linear analysis of the inverted equilibrium for the case ' = 0 shows that the
system is stabilized if the proportional gain k > 3/2.

The results of simulations of the periodic and averaged systems are shown in
Figures 2, 3, and 4. The parameter values used in the simulations are ¢ = 0.1,
k = 3, and delay values ' = 0 and v’ = (.5. In the original time scale, these
delay values scale back to r = r'/w = er' \/E/—Z Initial condition and function
data is given by (y1(7),y2(7)) = (21(7), 22(1)} = (0.5,0) for € [, 0].

In Figures 2 and 3, we see phase portraits for the averaged and periodic sys-
tems both without (Fig. 2) and with (Fig. 3) delays. In both figures, the averaged
phase portrait approximates the periodic system’s trajectory. The significance
of this result is that it shows that the appropriate averaged equations retain the
delay term, as opposed to earlier results which suggest that the delay term is not
important. In Figure 4, we see a comparison of the averaged trajectories for the
system without and with delays. It is clear from the figure that these trajectories
are distinct, and that trajectory with delay is not a small perturbation of the
trajectory without delay. This is true in spite of the fact that the delay is O(e)
in the original time scale.

4.2 Adaptive Identification of Pipe Mixing

To demonstrate the applicability of the discrete time averaging results presented
in this chapter, we will now discuss an application of adaptive identification in
process control. We first note that the identification algorithm that we propose
is, perhaps, slower and less robust than other known techniques. However, the
algorithm is based on classical Least Mean Squares adaptive identification and
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0.3 T T i T T T T

forced —
averaged -~

02

y22z2

Fig. 2. Periodic system (solid) and averaged system (dashed) trajectories for the con-
trolied cart and pendulum with no feedback delay.

0-4 ¥ L) T i L g H 3 3
; forced —

03 averaged ----- |

02

y.2, 2.2

-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5
y i,z

Fig. 8. Periodic system (solid) and averaged system (dashed) trajectories or the con-
trolled cart and pendulum with feedback delay.
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04 . : - ; T

Y T T

no delay —

03 ¢ delay ---- ]

02+

01 r

Z_

0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4 05

Fig. 4. Averaged trajectories with and without feedback delay. Note from this figure
and Figures 2 and 3 that the method of averaging presented in this chapter accurately

approximates the periodic system’s dynamics in the presence of a significant feedback
delay.

seems to be a fairly reasonable approach to the problem being considered.

Consider the process control pipe mixing problem as illustrated in Figure 5.

R \R
A X
... B v, ‘
! T ) oy
Voo Ve |
> S
/ 7
7 /
242 . €g19 gt

Fig. 5. Diagram of pipe mixing problem.

A large pipe is being fed liquid chemical by R number of smaller pipes. At the
exit of each of the feeding smaller pipes there is a valve to regulate the flow.
Denote valve i by V; and the corresponding flow rate of liquid through it at time
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n, measured in meters® /second, by g;(n). The values of g;(n) are measureable
using the flow sensors in each valve and are also regulatable by V;. Each fresh
feed input pipe carries the identical type of chemical, but with different concen-
tration c;, measured in moles/meters®, into the main feed pipe. The product
c;g;{n) represents the number of moles flowing out of V; each second.

Our goal is to develop a recursive identification algorithm that can identify
the concentrations, ¢;, by measuring the concentration of the traveling liquid
somewhere after V. Since the feed pipes are each separated by finite distances,
there will be transportation lags in the system. Suppose that we are able to
measure the transportation lag from V; to the location where we are reading
the chemical concentration, and denote the lag time by p;. Furthermore, assume
that each p; is a constant value (this is, perhaps, an unrealistic assumption).

The output y{n) represents the number of moles per second at the mea-

surement location, i.e., y(n) = Eil ¢ig;(n — p;). In order to estimate the con-
centrations c;, consider an adaptive estimate of the output, given by s(n) =

SR Ai(n — pi)gi(n — p;). Here, A;(n) represent the concentration estimate at
V; and should be designed to converge to ¢;. The error in our estimated output
is given by e(n) = y(n) — s(n), or, more precisely,

R

e(n) =Y [ci = Mi(n ~pi)] giln — ps).

=1

If we let e;(n) denote the estimated error V;, then we can symbolically model
each e;(n) as in Figure 6, implying that e(n) = Zf_:l e;(n).

2,00 Delay
P,
[ PRy SE—
c; Delay
|

Fig. 6. Block diagram describing the adaptive identification algorithm for the pipe
mixing problem.

Define the functions §;(n) = ¢; — A;(n), from which we may define the vector
8(n) = {61(n),02(n),...,0r(n)}. Then each estimated valve error can be written
as e;(n) = 0;(n — p;)gi(n — p;). Now, suppose that we update §(n) according to
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the least means squares algorithm (see [27] for an overview)

R
8
(n+1) Z 50 (n — pz
which leads to
fin+1) = bi(n) - 56(")%(” - i)
= fi(n) - GZ% n - pi)g;(n — p;)0;(n — p;), (4.4)
i=1
where i = 1,2,..., R. Successive estimates of A; are obtained from the definition

of 8;(n) and (4.4): we have

Aifn+1) = Xi(n) + ee(n)gi(n — pi)
R
Ailn) + €Y giln — p)gj(n — p;)8;(n — py). (4.5)
i=1

Since we are able to regulate each g;{n} by adjusting V;, let us implement N-
periodic flow rates in each of the valves, implying that ¢;(n + N) = ¢;(n). Then
(4.4) is exactly in the form that averaging can take place. The corresponding
average of (4.4) is given by

R

zin+1) = zi(n) — €Y qiln — pi)g; (n — pj)zi(k — i) (4.6)
J=1

fori =1,2,..., R, and where g;{n — p;)g;(n — p;) represents the (constant) mov-
ing average of g;(n — p;)g;(n — p;), as previously defined. (It is constant because
gi(n — p;)gj(n — p;) will also be periodic.) Assume that 6;(n) = z;(n) on n < ng.

Hence, for any n € J{ng,no + L/€] and any i > 0, there exists an ¢ > 0 such
that for 0 < e < g
6:(n) = 2i(n)| < 7.

The goal now is to select ¢ (sufficiently small) and g;(n) such that 2;(n) tends to
sufficiently close to zero for all n = i < L/e. Then this implies that 6;(7) ~ 0,
i.e, Ai(R) ~ ¢;. As a result, we would have adaptively identified concentrations
¢, i = 1,2,..R. We remark that since we can arbitrarily choose g;, to simplify
the algorithm we choose g; such that ¢;(n)g;(n) = 0 for i # j. For example,
choosing ¢;(n) = sin 2% will satisfy this criteria. In this case, (4.6) becomes

zi(n + 1) = z;(n) — eg?{n — pi)zi(n — p3),

which has a stable trivial solution independent of the delay p;.
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For the purpose of illustration, let R = 1 and suppose that ¢:1(n) = Q +
asin®E, where 0 < a < @ are constants. In this case, (4.6) becomes

a?]

2 | zi(n—m),

zn{n+1)=z{n)—¢ -Qz +

and successive estimates of A; are likewise obtained from (4.5) as
a?]

7 | z1(n —p1),

Nn+1)=Xx(n)+e -Q2 +

where the overline indicates that we have obtained the estimate from the average
21.

The algorithms using 6, and z; have been simulated, with the results given
in Figures 7 and 8. In these simulations, we have chosen ¢; = 1 and A;(0) = 0,
implying that 8;(n) = z;(n) = 1 for n € J{—p,,0}. The parameter values used
were @ =1, a = 0.3, € = 0.01, and a delay p; = 3. The plots in Figure 7 show
that the average (z;) algorithm approximates the periodic (6;) algorithm so well
that the plots of 8; and z; vs. n and A; and X; vs. n cannot be distinguished.
In evaluating A; — A;, we see in Figure 8 that there is indeed some error, but it
is small and tends to zero as n — co. This actually results from both #; and z;
tending to zero as n — 00, as shown in the top plot of Figure 7. In addition, from
the lower plot of Figure 7, we note that the adaptive identification algorithm we
derived correctly identified ¢;.

5 Conclusion

In this chapter, we have extended the earlier results of [11, 12, 13, 23] for the
averaging of periodic delay differential equations and delay difference equations.
Specifically, we have proven for both classes of systems that the delay is not
negligible and must be retained for the averaged system to accurately reflect the
dynamics of the periodic system. This fundamental result forms a basis for the
continued research in the development and application of averaging methods for
delay systems in applied mathematics and control theory.

We considered two simple applications in this chapter: we studied the closed-
loop feedback control of the cart and pendulum in the presence of high-frequency
external oscillations and a feedback delay, and the adaptive identification of
chemical concentrations in a discrete-time pipe mixing problem. In the first ap-
plication, we saw that the averaging method we proposed produced an averaged
system which accurately approximated the periodic system. Although the delay,
in the original time scale, was small, the phase portraits for the system with delay
and the system without delay were distinct. This observation reaffirms that the
delay must not be neglected in the averaged system. In the second application,
we likewise saw that the averaged adaptive identification algorithm accurately
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Fig. 7. Plots of 61,2 vs. n (top), and A1, A1 vs. n (bottom). From the figures, the
averaged system approximates the periodic system to high accuracy. In addition, the
adaptive identification algorithm correctly identifies the chemical concentration ¢; = 1.
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Fig. 8. Difference of A; and X1 vs. n from Figure 4.7. Note that the error tends to zero
as n — oo.

captured the average behavior of the periodic algorithm.

The two simple examples presented in Section 4 suggest possible extensions
to the main theoretical results of this chapter. First, future research will attempt
to extend the averaging theorems presented in this chapter to infinite time in-
tervals. Such theorems will allow us to understand the asymptotic behavior of
solutions to nonlinear periodic delay systems which limit on periodic points or
periodic orbits. This knowledge is necessary to understand how hyperbolic invari-
ant structures organize the dynamics of the periodically excited system. Another
interesting extension is to systems with almost-periodic excitation. This is, of
course, of importance in systems where the excitation is composed of at least
two irrationally related frequencies. In terms of practical applications, such a
result will be useful in the averaging of systems where one of the excitatory
inputs is noise. Finally, we hope to extend the results presented here to systems
with time-varying delays. These new results and additional examples shall be
presented in forthcoming journal publications.
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Abstract. A control system designer usually prefers to use rational con-
trollers. The question of when such a controller exists is considered in
this chapter, for the class of systems composed of a delay element e™**
with interval (finite or infinite) uncertainty in h, followed by a plant
characterized by a rational transfer function. Explicit conditions for the
existence of such controllers, are given. Also, a computationally tractable
design method, which explicitly yields the entire set of all constant gain
controllers which robustly stabilize a family of systems with uncertainty,
is described. A desired “optimal” controller may then be selected from
the feasible set. The method is extended to the case when the rational
part of the plant has uncertainties too, and is represented by a trans-
fer function with independent interval coefficients. Illustrative numerical
examples are provided.

1 Introduction

This chapter concerns the problem of designing rational robust stabilizing con-
trollers for a system with delay, where interval uncertainty of the delay, as well
as interval uncertainties of the coefficients of the rational transfer function {per-
taining to the linear part), are assumed.

Although a parameterization of all controllers that stabilize a given plant
has been obtained almost two decades ago {23],{4], there is little knowledge to
date about the above design problem when uncertainties are assumed. The first
question which arises is to what extent are plants with parameter uncertainties
stabilizable by (possibly dynamic) output feedback. Using the Nevanlinna-Pick
interpolation, an elegant solution [20] is proposed to the special case where the
interval uncertainty is only in the gain factor of a linear system with no delay.
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Binational Science Foundation (BSF), Jerusalem, Israel, and by the Fund for the
Promotion of Research at the Technion.
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This is referred to as the “blending problem”. An extension was shown subse-
quently in [11] and [9], where the Nevanlinna-Pick interpolation can be applied
to a specific choice of a one parameter family of plants.

If one suffices with stabilizing only the two end points of the one parameter
family, than the problem reduces to simultaneous stabilization of two fixed co-
efficients plants, studied by [19]. The problem of simultaneous stabilization of a
finite number of (fixed coefficients) plants has been studied in [22]. The problem
of stabilizing a family of interval coefficients plants characterized by rational
transfer functions with no delay, has been studied in (8], where it was shown
that a constant gain controller K for the above is any (and only) a constant gain
controller X which simultaneously stabilizes a certain set of eight fixed coeffi-
cients plants. Extensions of these results to first order controllers are derived in
[10] and in [2].

A design technique, based on the zero-set approach, which provides the com-
plete set of constant gain controllers for multi-input multi-output plants under
uncertainty conditions, has been derived in [5]-[6]. However, the computational
complexity in applying this technique in the general case, may limit its use.

Some efforts have been made in stability analysis of time-delay systems.
The Edge Theorem to quasipolynomial families with constant delays and coef-
ficients depending affinely on parameters was proposed in [7], a graphical test
for quasipolynomial families with one interval delay was proposed in [21], and
necessary and sufficient Hurwitz stability conditions for quasipolynomials with
interval coefficients and interval delays was proposed in [14] (for a comprehensive
list of relevant bibliography consult, for example, [13]).

Hence, it is clear that the problem (in its full capacitance) of stabilizing a
system with delay, where there is uncertainty in the delay as well as in a number
of coefficients of the rational part, is a difficult one and far from being completely
solved.

The first goal of this chapter is to resolve the question of stabilizability of
systems with an interval delay and fixed coefficients, by rational controllers and
to explain how to design stabilizing controllers using these results. This part of
the chapter is based on [16].

The rest of the chapter is devoted to design of constant gain stabilizing output
controllers. In this context, the matter is resolved completely. A computationally
tractable technique to derive the entire set of all constant gain controllers which
robustly stabilize a family of interval coefficients plants preceded by an interval
delay element, is described. This part of the chapter is based on [17].

The idea on which the present design technique is based is not related to
previous resuits. It is based on continuity considerations in addition to a simple
observation on what we term the “delay condition”, to be explained further.
However, the implementation of the basic idea becomes possible only by applying
some recent results with regard to the frequency response envelopes of interval
coefficients transfer functions [15]. Other forms of envelope results are listed in
books [1} and [3].

The structure of the chapter is as follows:
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In Section 2 we state the problem for infinite interval delay and give some defini-
tions. Section 3 deals with the problem of existence of constant gain and rational
dynamic stabilizing controllers and consideration of simple design algorithms. In
Section 4 we treat the problem of constant gain controller design for the case
where the coefficients of the rational transfer function may be interval ones and
the delay is completely unknown (its interval is infinite). The resulting set of
controllers robustly stabilize the system independently of delay (I0D). In Sec-
tion 5 we treat the case where the coefficients of the rational transfer function
are fixed, but we now assume partial knowledge of the delay, namely a finite
interval for the delay. In Section 6 we treat the most general (and most difficult)
case where both the delay and the coefficients of the rational transfer function
are prescribed in finite intervals, and still obtain the entire set of all (and only)
robustly stabilizing constant gain controllers. We provide numerical examples
where appropriate, and conclude in Section 7.

2 Statement of the problem

Assume that a system transfer function P(s) is given as a ratio of two relatively
prime polynomials with fixed real coefficients, namely

np(s)
P(s) = 2=, 2.1
)= 4,06
where
np(s) = nks® +np_18F 1+ s+, 2.2)

dp(s) = dis' + dyr 8P+ + dis+ do

In the sequel we assume that
k<Ll (2.3)

Moreover, suppose that the system includes a delay function e %, where the

delay parameter can vary in the interval [0, c0). Finally, let C(s) be any rational
controller, given by )
(s

C(8) = ==, (2.4)
©)=26)

where n.(s) and d.(s) are relatively prime polynomials in s. See Fig. 1 for the

closed-loop configuration.

c="/4 ;hs ="/d, |

<

Fig. 1. Closed-loop system.
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We pose the following two questions:
Problem 1: When does a constant gain or rational dynamic stabilizing controller
C exist.
Problem 2: Find the set of all constant gain or rational dynamic stabilizing
controllers.

Let R(s) = n,(s)/d.(s) be any rational function.

Definition 1. A rational function R is strictly proper if deg(n,) < deg(d,).
Definition 2. A rational function R is proper if deg(n,) = deg(d,).

Note that Definition 2 is different from the common one for a proper function.

3 When does a rational stabilizing controller exist

Mathematically, this problem can be stated as follows: detect if there exists at
least one rational C(s) such that

de(8)dp(s) + ne(s)np(s)e™ # 0in Res > 0V h € [0,00) (3.1)

Let H be the set of all Hurwitz polynomials i.e., the set of all polynomials
whose zeros are in the open left half complex plane.

Theorem 3. A rational stabilizing controller exists if and only if d, € H.

For the proof of this theorem we need the following result:

Lemmad. LetU be an open set in R™ such that f(-) is defined and differentiable
on the closure of U and f(U) contains a ball of radius R around the origin. Let
9(-) be differentiable on the closure of U and such that |g(s)| < r for every s € U,
where r < R. Then f — g has a zero in U.

An exact proof of this lemma is follows from degree theory and will be omitted
for the sake of brevity. Instead, we provide some intuitive explanations. Consider
the image of the boundary OU under f, which is far away from the origin by more
that R, and since g perturb by less than r and r < R the image of the boundary
under f — g will surround the origin. Since the image is simply connected then
the result will follow.

Denote

fri=dp(s) + Ce™"n,(s) (3.2)

Then we have the following theorem:

Theorem 5. If fi is stable for h € [0,00) then d, € H.
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Proof. Assume to the contrary that d, ¢ H and distinguish between two cases:

Case 1. There exists so such that Resg > 0 with d,(ss) = 0. Then there is a
neighborhood U of sg such that ¢{U) contains the ball of radius R around the
origin, and Res > 0 for every s in the closure of U. Since C' and n, are fixed
then there is sufficiently large hg > 0 such that {Ce™"%n,(s)| < R/2 for every
s € U. By the Lemma there exists a zero of f, in U, which is a contradiction.

Case 2. This part of the proof is based on the argument principle. Assume that
dp(jw) = 0 for some real w. Then consider a contour I', which is constructed
as follows: let p > 0 be a small radius, we take half a circle of radius p going
through (w — p)j and {w + p)j in the right half plane, and then go along the
imaginary axis from (w + p)j down to (w — p)j. Taking h very large, we obtain
that along the straight line segment there will be many encircling of the origin
for the image of d, + Ce™"*n,, while there will be fewer encirclings along the
half circle. The last point follows from the following argument. Denote the half
circle by I, let C and n, be fixed and choose some small € > 0. We then denote
by I the arc I N {s : Res > €}. I h is chosen sufficiently large then |dp(s)|
dominates |Ce™*n,(s)| on I'. and consequently there will be no encircling of
the origin for the image of f; on I.

The complement of I in [ is composed of two little arcs, the lower arc is
denoted 71 and the upper one is denoted 72. The number of encirclings of the
origin by the image of f; on both v; and 7, is much smaller than the number
of encircling by the image of the straight line segment {tj :w — p <t <w + p},
which we denote by I. This claim follows from a straightforward estimate of the
number of encirclings of the origin by the images of f; on [, 71 and 7. This
number of encircling for, e.g., the line segment ! is estimated by ph/m (recalling
that |Cnyp(s)| is much larger than |d,(s)| on [). The above assertion follows from
a similar estimate for y; and 72, and the observation that the lengths of v, and
~9 is much smaller than 2p, the length of I, if € is chosen sufficiently small. o

Now we are ready to prove Theorem 3.

Proof of Theorem 8. The delay system can be stabilized for the interval h € [0, 00)
if and only if there exist two polynomials n/, = Cn, and d. such that

fe=d(s)dy(s) + EMhs"::(s)"p(s) (8.3)

is stable for every A € [0,00). If d, € H then we can choose n. and d. such that
d. € H, and degd.d, > degn.n, and then we can choose C to make f. stable
for every h € [0,00).

On the other hand, suppose that d, ¢ H. Then for every choice of polynomials
n. and d. whatsoever, d.d, ¢ H and hence by Theorem 5 there cannot exist a
constant C such that f, in (3.3) is stable for every h € {0,00). This estblishes
the other part of the Theorem. o

Theorem 6. When there exists a rational stabilizing controller, there also exists
a constant gain stabilizing controller.

Proof. The proof follows immediately because of assumption k < 1. o
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4 Stabilizing controllers for IOD systems.

Now we consider how to find the set of all constant gain stabilizing controllers
if such exists. Additionally, we assume interval uncertainties in the coefficients
of the rational part of the system, i.e

n,<ni <M, d;<di<d; 4.1)

The design procedure yields all stabilizing constant gain controllers, independent
of delay.
In the case of a proper plant k = I, we need the following assumption

di+Ce ™n; #£0 4.2

for each h € [0,00) and s : Res > 0. This assumption guarantees that the
coefficient of s to the highest degree does not vanish. Obviously, if k£ < I, the
avoidance of “degree reduction” is guaranteed in any case, since d; # 0 by
definition.

The assumption (4.2) is readily seen to be equivalent to the requirement that
a constant gain controller for a proper plant may only take on values in the open
interval

C € (~|di/rul,|di/nl) (4.3)

By continuity (zero exclusion principle), one can see that, assuming (4.2) for the
case k = [, (3.1) is equivalent for constant gain C to the following conditions
(4.4)+(4.5)

dy(s) +Cnp(s) #0 in Res>0 (4.4)

dp(jw) + Cnyp(jw) e® £0, welR, 0<O6 <27 (4.5)

The explanation of this observation is clear: condition (4.4) corresponds to sta-
bility of the closed-loop system without delay, A = 0, (and thus we term it
“stability condition without delay”, or simply, “stability condition”). Increasing
h from zero to infinity, while keeping the zeros of (3.1) from crossing the imagi-
nary axis ensures (3.1), provided there is no “degree reduction”. Assuming (4.2)
for the case k = | ensures that there is no “degree reduction”, and condition
(4.5) with 0 < @ < 27 ensures the “no crossing” of the imaginary axis.

In order to interpret condition (4.5), which we term “delay condition”, we
rewrite it in the following form

dp(jw)
C# m, weR, 0£60<2rn (46)
Since for A € [0,00), © may take on any value in [0,27], and C is a real
number, then (4.6) is equivalent to

dp(jw) | _ P'Gjw)|, weRR. (4.7)

O # |22




190 Rational Stabilizing Controllers

Note that the absolute value in the right hand side of (4.7) refers to the
complex value of dp(jw)/np(jw), whereas the absolute value in the left hand
side of (4.7) refers to the sign of C. Hence, from the delay condition as expressed
in (4.7), we obtain the following constraints

IC} > max |P~1(w)| , or (4.8)

IC| < min |P~ (jw) (4.9)

However, the constraint {4.8) is not valid for a strictly proper plant because
|P~1(jw)| is unbounded and not valid for a proper plant because of Eqn. (4.3).
On the other hand, the constraint (4.9) includes the requirement (4.3), since
|di/m| (in the case k = 1) is |P~!(joo)|. Hence, the only requirements for a
constant gain stabilizing controller are (4.4) and (4.9).

The problem of finding the set of all real values of C satisfying the “stability
condition” (4.4) can be overcome with the aid of the results in [8], where it was
shown that an interval rational transfer function is stabilizable by a positive
constant gain controller if and only if certain four rational transfer functions
with fixed coefficients are simultaneously stabilizable by that same controller.
Similarly, for a negative constant gain controller, but with another set of four
rational transfer functions with fixed coefficients. In the context of our problem,
define

n
R(5,C) = dy(s) + Cnyls) = Y_ 18’ (4.10)
i=0
with
r, <1 <7 i=0,1,...,n (4.11)
where
= Qi‘f’CZl_é 5 .?-"-i =&;+C‘ﬁ1 H lf C>O {412)
and 3
T, = —d-i + Cﬁi , = di + Cﬂi ) if C<0 (413)

Denote the four Kharitonov {12] polynomials associated with the interval poly-
nomial R(s,C) for positive C' (Eqn. (4.12)), by Rf(s,C), i = 1,...,4, and
denote the four Kharitonov polynomials associated with R(s,C) for negative
C (Eqn. (4.13)), by R; (s,C), ¢ = 1,...,4. The coefficients of each of these 8
polynomials depend linearly on only one parameter C. To find the intervals of
C for such a polynomial to be stable, we propose the following theorem, which
is simpler and more explicit than just to use a Routh table parametrically in C
and solve the inequalities for the first column of the table to be positive.

Theorem 7. Let R(s,C) as in (4.10), represent one of the pertinent Kharitonov
polynomials. Let do(w) and d,(w) be, respectively, the even and odd parts of dp(s),
where s = jw. Let ne(w) and n,(w) be, respectively, the even and odd parts of
ny(s), where s = jw. Then, the values of C which are the end points of the
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intervals of C for which R(s,C) is stable (satisfies (4.4)), are from the set given
by:
C =-— di/ng (ifk=1) (4.14)

and

C =— do(wi)/no(wi) = —de(ws)/ne(wi) (4.15)
where w; are the real zeros of the following equation
do(wi)ne(w;) — de(ws)no(w;) =0 (4.16)

Remark 1. If de(wi) = ne(wi) = 0 or dg(w;) = ne(w;) = 0, the meaningful
expression in the right hand side of (4.15) should be used. We assume that np(s)
and dp(s) have no common factor, thus the case d.(w;) = ne(w;) = do(wi) =
no(w;) = 0 is void.

Proof of Theorem 7. By continuity considerations, a transition from a stability
interval to an instability interval, or vice versa, can only occur when a zero of
R(s, C) crosses the imaginary axis of the s plane at a finite point, or there is a
degree reduction in R(s,C). For the latter to occur, (4.14) must be satisfied. A
finite zero crossing implies

dp(jw) + Cnp(jw) =0 (4.17)
which is equivalent to the two simultaneous equations
de(w) + Cne(w) =0, do(w) + Cng(w) =0. (4.18)

It is readily verified that the solution of (4.18) is given by the pairs (w;, C)
defined in (4.15) and (4.16). o

Turn now to the “delay condition” (4.5). Firstly, it is obvious that since the
interval coefficients of the numerator polynomial are independent of those of the
denominator polynomial, the ratio of the maximum (minimum) of the numerator
amplitude and the minimum (maximum) of the denominator amplitude yields
the exact envelope of the amplitude of the family of rational functions. Thus, we
only need to be able to treat the amplitude of a family of interval polynomials:

n
F(s)= Z s’ ;<0 <. (4.19)
=0

We are interested in

Fouc() 2 _max (I[P} and Fun(@) 2 min_ {IFGO)I} (420)
Denote
Fe max éﬁo—g2w2+a4w4 —agwt +---
Fomax 2 (@1 — agw? + Gsw* — aywb + -+ a1
Feminégo-'dzw2+g4w4—asw6+... :

>

Fomin = w(_a_l - 630.)2 +st4 - _a—7W‘i + - )
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and A
Wla tm, i=0,..n (4.22)

Then, it is shown in [15] that Fj,ax(w) coincide with one of the following four
fixed coefficients expressions

|Femax+jFomax|; lFemax+jFominI; IFemin+jFomax|; |Femin+jFomin§; (423)

and Fax(w) can change from one of the fixed coefficients expressions in (4.23)
to another of the fixed coefficients expressions in (4.23) only at a finite number of
frequencies, which can be computed. Concerning Fy,in{w), it may coincide with
nine fixed coefficients expressions: the four expressions listed in the right hand
side of (4.23), in addition to |Femax|, [Feminls |Fomax|s |Fomin| and zero. The
“change frequencies” for Fiin(w) can also be computed.

Then, we can summarize the design method which yields all stabilizing con-
stant gain controllers for this case, as follows:

Algorithm 1

A. Stability condition

1. Determine the values of positive C yielded by Theorem 7 (Eqns. (4.14) and
(4.15)) for each of the polynomials Rf (s,C), i =1,...,4.

2. Choose an arbitrary value of C in each of the intervals created by the values
computed in step 1, and determine whether the corresponding R} (s,C), i =
i,...,4, is stable.

3. Intersect the results in step 2, to determine the intervals of positive C for
which all four R} (s,C), i = 1,...,4, are simultaneously stable.

4. Repeat steps 1, 2 and 3 for negative C, with the polynomials R; (s,C), i =
1,....4.

B. Delay condition

Determine 7y max(w) by (4.23).

Determine dpmin(w) by one of the nine expressions indicated in the text.
Compute | P (jw)| using dp min{w)/Npmax(w).

The set of all stabilizing C according to the “delay condition” is

C € (~min| Pk (ju)l, min |Ph (o). (4:24)

o

C. Intersect results of A and B.
Note that the case of fixed coefficients rational transfer function with un-

known delay, is a special case of the above.
Ezample 1. Consider a second order fixed coefficients transfer function

s+1  (s+1)
P(s) = $2+55+6 (s+2)(s+3)

(4.25)

From the “stability condition” we obtain that the pertinent interval is C €
(—=5,00). The “delay condition” renders |C| < 4.56. Combining these two results
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we readily obtain a final answer: The all and only interval of constant gain
controllers which stabilize (4.25) cascaded with an unknown delay is

C € (-4.56, 4.56) (4.26)

In the design algorithm we limited ourselves to the case of constant gain
stabilizing controllers. One can easily extend the results to the case of rational
dynamic stabilizing controllers. As shown previously, if the plant is not stabiliz-
ible with a constant gain controller, then it is not stabilizible with any rational
controller. A parameterization of all rational stabilizing controllers is the follow-
ing:

1. Choose an arbitrary Hurwitz denominator d., € H.

2. Choose an arbitrary numerator n,, but deg(n.n,) < deg(dc.dp) and there is
no unstable zero-pole cancellation between n. and dp.

3. For each pair (n.,d.) determine by algorithm 1 the set of constants such
that Cn./d, is a stabilizing controller.

Remark 2. If we remove the assumption k <! (Eqn. (3)) and consider the case
k > I, then a constant gain stabilizing controller does not exist. Instead, it
is always possible to divide the transfer function of the plant by any Hurwitz
polynomial, say ¢(s), such that the extended transfer function n,(s)/(dp(s)t(s))
is now a proper or strictly proper function with a stable denominator. This
extended plant is evidently stabilizible by a constant gain controller, say K. So,
a controller K/t(s) is a pertinent dynamic stabilizing controller of the original
plant-in the case & > [.

5 Stabilizing controllers for finite interval delay systems

In this section we discuss a design method for constant gain controllers for delay
systems, where the delay is partially known. It is more reasonable to assume that
the delay is known to be bounded by a certain finite bound H than to assume
that the delay is not known at all and may take on any value without bound. For
methodical purposes {clearness of presentation) we consider first systems with
fixed coefficients, and then add the assumption of interval coefficients, treated
in Section 6.

This case of a finite delay interval is much more complex than the corre-
sponding case of stability independent of delay, treated in Section 4. However,
we are still able to provide a design method which yields all stabilizing constant
gain controllers, where the plant is preceded (or cascaded) by a delay element
(see Fig. 1), with

0<h<H (5.1)

and H is a given real number.

Assume that the polynomials n,(s) and d,(s) are polynomials with constant
coefficients. Consider a vector in the complex plane e/“* for a fixed value of the
frequency w = wy, and A in the interval [0, H]. The magnitude of this vector is
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equal to 1 and the phase is equal to w;h. So, the set of all possible phases for
w = w; and h in (5.1) is the interval [0, w; H]. Let us define a critical frequency

w, by
o

We =
If w1 > w, then by a proper choice of & (not necessarily unique) we can obtain
any arbitrary phase of e/“” from [0, 27]. If w; < w, then by a proper choice of A
we can obtain any phase in the interval [0,w; H] (see Fig. 2a).

(5.2)

Arg

Im

(an

@

(2) )

Fig. 2. (a) Possible phases of e/“1* for various h. (b) The family of all possible phases
for efvh.

Fig. 2b illustrates the family of possible phases for different frequencies and
h as in (5.1). Recall the delay condition in form (4.6)

dp(Jw) jhw
i A" And AP 53
? np(jw) (53)
Define G(w) := dy(jw)/ny(jw) = P (jw).
For w; fixed, G(w;) can be interpreted as a vector in the complex plane (see Fig.
3a).
Observation:
1. If there exists any h; in (5.1) such that
Arg [G(w; )] +wihy = 0 (mod 2m) (5.4)

then the right hand side of (5.3) becomes real and negative. The correspond-
ing C < 0 does not satisfy the “delay condition”.
2. If there exists any hg in (5.1) such that

Arg [G(w1)] + 7 + wihe = 0 (mod 2) (5.5)

then the right hand side of (5.3) becomes real and positive. The correspond-
ing C > 0 does not satisfy the “delay condition”.
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3. If there exist both h; and hg such that (5.4), (5.5) are satisfied, then the
corresponding +C do not satisfy the “delay condition”.

-[ ArgG(w}+ nl(mod 2n)
-Arg G)(mod 2x)

G((ol)+ S
(@)

Fig. 3. (a) Vectors G{wi1) and G(w1) + 7. (b) Different kinds of frequency intervals.

In order to find all possible values of C satisfying the “delay condition”,
we should plot ~Arg[G(w)](mod2r) and —(Arg[G(w)] + 7)(mod2r) and check
for each w whether the plots are “inside” or “outside” the family wh. If for
some wo, a phase plot is inside the family, then the value of C = |G(w,)| (or
C = —|G(w,)]) does not satisfy the “delay condition”. Thus, we make a search
of C over all frequencies inside the family wh. Fig. 3b illustrates all possible
different situations: for the frequency interval [0,w;] both +C satisfy the “delay
condition“; for the interval {wy,ws], C < 0 satisfies the “delay condition” but C >
0 does not satisfy the “delay condition”; for the intervals {we, ws] and [wy, 00] both
+C do not satisfy the “delay condition”; and, finally, for the interval (w3, wq}, C >
0 satisfies the “delay condition” but C' < 0 does not satisfy the “delay condition”.
We summarize the “delay condition” in this case by the following algorithm
which replaces the one in Algorithm 1 (Evidently, the “stability condition” is a
special case of the one in Algorithm 1).

Algorithm 2 (Delay condition)
1. Solve the equation
Arg [G(w)] + wH = 0 (mod 27) (5.6)

Let the real positive solutions of (5.6), in addition to the frequencies w; for
which —~Arg [G(w;)] = 2, be denoted by the ordered sequence w; < wp <
cee < Wy

2. If £ is odd, we construct m := (£ + 1)/2 intervals

Il = [UJ],W2], I2 = [w31w4]1' X ;Im = [UJ[, 00] .
If £ is even, we construct m := £/2 + 1 intervals

5L =[0,w], Ir = [we,ws), ..., Iy = [wy,00].
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3. Denote by

== mi 1. G = ) ==
G; Inin IGw)l, G; gleal)iciG(w)[, i=1,...,m (5.7)

Then, all and only values of C' < 0 which satisfy the “delay condition” are
those C for which |{C| do not belong to any of the intervals

[Qi:-é—'i] s i=1""7m (58)
4. Replace (5.6) with
Arg [G(w)] + 7 + wH = 0 (mod 2r) (5.9)

and add the frequencies w; for which —Arg[G(w;)] = 7 (instead of
—Arg [G(w;)] = 2x), to the ordered sequence wy,ws, . .., wy. Repeat steps 2-3
for the positive values of C which satisfy the “delay condition”.

5. If k = I, intersect obtained result with interval (—|d;/n|, |di/m|) (assumption
(4.3) is still valid for h € [0, H]).
Note that, if k < I then G(c0) = oo and hence interval [G,,, Gm] = [G,,, ).

Remark 3. An extended version of this algorithm for bounded interval delay
system h € [Hy, H,] can be found in [18].

Example 2. Consider the following transfer function with fixed coefficients

2 +554+6  (s+2)(s+3)
2+4s-5 (s—1)(s+5)

P(s) = (5.10)

Since this function has an unstable pole, it is impossible to stabilize it IOD by a
rational controlier. However, assume now a finite interval of uncertainty in the
delay, say, h € [0,0.5]. In this case Fig. 4 illustrates the procedure:

An intersection of —Arg[G(w)] and wH (solid and dashdot curves) takes place
at only one frequency w = 12.50. Namely, £ is odd and we should consider the
frequency interval [12.50, co) in order to check the delay condition for negative
C. From Fig. 4a we obtain C € (—o0,—1.04) U (—1,0). In the same manner, an
intersection of —Arg{G(w)] — = and wH (dashed and dashdot curves) occurs at
w = 5.73 defining the frequency interval [5.73, oo) for positive C. From Fig. 4a
we obtain C € (0,1) U (1.13,00). So, from the delay condition we obtain: C €
(—00,—1.04) U (~1,1) U (1.13,00). Taking into account the fact that P(s) is
proper, condition (4.3) renders C € (~1,1}.

The stability condition renders the following intervals of C:

C € (~o00,—-1) U (0.83,0).

Intersecting the intervals obtained from the “stability condition” with the
intervals obtained from the “delay condition” and condition (4.3), we obtain the
final result of all and only intervals of constant gain controllers which stabilize
(5.10) cascaded with a delay element in the interval [0, 0.5],

C € (0.83,1.0) (5.11)
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(@)

Amplitude

)

Frequency

Fig. 4. (a) Amplitude of G(jw). (b) —Arg[G(w)] (solid curve), — Arg[G(w)] — = (dashed
curve) and wH (dashdot curve).

As expected, although it is not possible to stabilize this system I0D by a constant
gain controller, it is stabilizible by a constant gain controller for a finite delay
interval [0,0.5]. So, Example 2 gives immediately the positive answer to the
following question: do there exist such cases for d, ¢ H which are stabilizable
by a rational controller? Moreover, our approach allows to solve the following
problem: we are given a rational part of the plant and we are limitited in use of
low-order (for example, first order) controller, say, with positive constant gain.
Estimate the upper value H of the delay parameter h such that the closed-loop
system still remains stable.

Ezample 3. Let the transfer function of a plant be

P(s) = (5.12)

If the interval of the unknown delay is infinite, this plant cannot be stabilized by
a rational controller, as implied by Theorem 3. Assume that h € [0, H], where
H is finite. Clearly a positive constant gain stabilizer does not exist, no matter
what the value of H is. However, consider a first order rational controller

s+a

C(s)=03+b

(5.13)
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where a, b and C are real numbers. The closed-loop characteristic polynomial
for the “stability condition” is

(C+1)s*+(Ca-2C+b—1)s~(20c+b) =0 (5.14)

To have a closed-loop stability we demand

C+1>0
Ca-20+b6>1 (5.15)
20C+b<0
For example a satisfactory choice is

a=-6; b=10; C =109 (5.16)
One can check that assumption (4.3) is satisfied for this controller, i.e becomes

0.9 € [-1,1].

In order to find the maximal value of H for which the “delay condition” is
also satisfied, we use algorithm 2. To this end, we need the amplitude and the
phase of P(jw) 'C(jw)™!, which are shown in Fig. 5. The solid line in Fig.
5b describes —Arg[P~!(jw)C~!(jw)] and the dashed line in Fig. 5b describes

~[Arg[P~ (jw)C (jw)] + m].

(a)

Amplitude

Frequency

Fig. 5. Amplitude (a) and phase (b) of the open-loop transfer function.

Adding the plot of wH versus w to Fig. 5b, it can be deduced, that for any
H < 0.18 this plant is stabilizable by the first order controller (5.13), (5.16).
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6 Systems with interval coefficients

Suppose now that the delay parameter h can vary in the finite interval (5.1) in
addition to the assumption that n,(s) and d,(s) are polynomials with interval
coeflicients {(4.1). This case is the most realistic of all previous cases, from the
practical point of view. As expected, this problem is also the most difficult
from the computational and algorithmical points of view. The algorithm for the
“stability condition” (part A) is absolutely identical to the one in Algorithm 1.
However, the algorithm related to the “delay condition” (part B), becomes more
complicated. We have to modify the one described in Section 5 in order to
incorporate the fact that in the present case both the amplitude and phase of
G(w) = P~1(jw) are not fixed.

To this end we use again the results in [15]. In addition to the possibility of
computing the bounds {envelope) of

Crmax(w) & max |G(W)], Gumin(w) £ min |GW)]. (6.1)

where maximum and minimum are taken over the set of all possible coefficients,
discussed above, it is also shown in [15] how to compute the bounds (envelope)
of the phase of an interval rational function. Let &,(w) and &;(w) denote the
two bounds of Arg[{G(w)], for each w. Let $;(w) be the lower bound of the
phase and &,(w) the upper bound of the phase. Then, it is shown in [15] how to
explicitly determine a finite number of intervals on the frequency axis w, in each
of which &,(w) and &;(w) take on the values of the phases of certain explicit
fized coefficients rational functions.

Having the ability to compute Gmax(w), Gmin{w), $a(w) and F4(w) in a
tractable way, it is now clear how to modify the algorithm described in Section
5. Since this case is the most realistic one (and the most complex one), the
design method which yields all stabilizing constant gain controllers for this case,
is formulated explicitly as follows:

Algorithm 3
A. Stability condition {exactly as in Algorithm 1)

B. Delay condition

1. Solve equation
&y(w) + wH = 0 (mod 27) (6.2)

Let the real positive solutions of (6.2), in addition to the frequencies w; for

which —&,(w;) = 27, be denoted by the ordered sequence wy < wp < -+ <
we.
2. If £ is odd, construct m := (£ + 1)/2 intervals

Il = [(U1,(U2], I2 = [w3aw4]7 LR 1Im = {wla OO} .
If £ is even, construct m := £/2 + 1 intervals

Il = [Oawl]a I2 = [(U2,(U3], . -'aIm = [(AJ[,OO] .
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3. Denote by

Qi = “r)nel}} Gmin(w) ﬁi = glgf Gmax(w), i=1,...,m (63)
Then, all and only values of C < 0 which satisfy the delay condition are
those ' for which |C| do not belong to any of the intervals

G;, Gy , i=1,...,m (6.4)
4. Replace (62) with
Op(w) + wH + 7 = 0 (mod 2m) (6.5)

and add the frequencies w; for which ~®,(w;) = 7 (instead of —$,(w;) = 27)
to the corresponding ordered sequence. Repeat steps 2-3 for the positive
values of C' which satisfy the “delay condition”.

5. If k = I, intersect obtained result with interval (—ldi /), \di/7u]), where
fiy = max{|n|, ™|} and d; = min{|d;|,|d;|}. Note again that, if k& < { then
G(o0) = 0o and hence interval {G,,, Gm] = [G,, 0]

C. Intersect results of A and B.

Ezample 4. Consider again the same transfer function H(s) as in example 2, but
with 5% uncertainty in the coefficients of s! and s® and a finite delay interval
h € [0,0.5]. In this case, Fig. 6 illustrates the procedure of Algorithm 3.

An intersection of —~®(w) and wH (lower solid and dashdot curves) takes
place at only one frequency w = 12.30. The solution of equation —@,(w) = 27 is
empty. Namely, £ is odd (£ = 1) and we should consider the frequency interval
[12.30, 00) in order to check the delay condition for negative C. From Fig. 6a we
obtain

C € {~o00, ~1.0T)U (-1, 0) (6.6)

In the same manner an intersection of —(®;(w) + 7) and wH (lower dashed and
dashdot curves) occurs at w = 5.60 defining the frequency interval [5.60, co) for
positive C. (Again, the solution of —&,(w) = = is empty).

From Fig. 6a we obtain

C € (0, 1) U(1.19, o0) (6.7)
Taking into account condition (4.3) we have
C e (-1,1). (6.8)

The pertinent intervals obtained from the “stability condition” for each of the
polynomials
Rt(s,C), R (s,C), (i=1,...,4) are

1

R} : (0.754,00) RS : (0.754,00) RY : (0.921,00) Rf : (0.921, 00)
Ry :(-00,-1) R; : (-00,—1) Ry :(—00,~1) Ry :(—00,—1)
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(a}

Amplitude

Frequency

Fig. 6. (a) Amplitude envelope of the family G(w) (minimal and maximal curves). {b)
—&, (w), —Pp(w) (solid curves), —Pa(w) — 7, —Pp(w) — 7 (dashed curves), and wH
(dashdot curve).

The intersection of the above intervals renders, as a result of the “stability
condition”, the interval

Ce(—o0, —1)U (0921, o0) (6.9)

Intersecting the intervals obtained from the “stability condition” (6.9) with
the intervals obtained from the “delay condition” intersected with condition
(4.3), namely (6.8), we obtain the final result. All and only intervals of constant
gain controllers which stabilize {5.10) with 5% uncertainty in coefficients and
cascaded with a delay element in the interval [0, 0.5] are:

C € (0.921,1) (6.10)

Note that, as expected,
(6.10) C (5.11) (6.11)

Taking 10% uncertainty in coefficients instead of 5%, we obtain that the stability
condition renders the following interval: C' € (—o0, —1)U(1.019, 00). Intersection
of this interval with (6.8) yields an empty interval. We conclude that there is no
constant gain controller which can stabilize the system with 10% uncertainty.
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7 Conclusion

Assuming that an engineering system has an unknown (or partially known)
delay, in addition to uncertainties in the coeflicients of the rational part of its
transfer function, is on one hand very realistic from the standpoint of real life
systems, and on the other hand almost has not been considered in the literature.
The reason for this stems from the mathematical complexity of this difficult
problem.

First, this chapter deals with the problem of stabilization of a delay system
by a rational controller. We focus on delay systems independently of delay. The
necessary and sufficient conditions for existence of a constant gain controller are
derived. These conditions are easily extended to the case of stabilization by any
rational controller.

Next we discuss the probiem of designing stabilizing controllers for such sys-
tems. We treat only the simplest ones namely, static constant gain controllers.
However, for this class of controllers, we are able to derive a tractable systematic
design method which yields the entire set of such feasible stabilizing controllers.
The designer is now in an excellent position to choose the optimal controller (in
this class) according to whatever criteria is best for the case in hand. Evidently,
the method also algorithmically answers the question of existence of a constant
gain controller. An empty set result would mean that no constant gain controller
can stabilize the system.

The derivation of the design method is carried out in an increasing complex-
ity order. Firstly, it is assumed that the delay is completely unknown (infinite
interval). Then, we treat the case of fixed coefficients, but assume that the de-
lay is known to take on a value in a given finite interval. Finally, we derive the
method in the case where the delay is in a finite interval and the coeflicients of
the rational function are also interval ones. By working out the same example for
all cases, we can see the change in the interval of the feasible controllers, which
is consistent with the various assumptions. For example, assuming an infinite in-
terval for the delay yields an empty set of feasible controllers whereas assuming
a finite interval for the delay (partial knowledge), yields a non-empty set. Also,
assuming uncertainty in the coefficients of the rational transfer function yields
a smaller (included) interval of feasible controllers than assuming fixed (known)
coefficients. If the uncertainty in the coefficients increase, we again find an empty
set of feasible controllers, as in the case of infinite daley interval, although the
finite delay interval remains as previously.

These results allow to obtain design algorithms for stabilizing controllers,
when appropriate. Conditions for existence of rational controllers for finite in-
terval delay systems and design algorithms require future research. Other ex-
tensions of the approach derived in this paper may be studied in the following
directions: dependency of the coefficients of the rational transfer function on
physical interval parameters and multi-input multi-output systems.
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Abstract. This chapter considers the problem of stabilizing linear and
nonlinear continuous-time systems with state and measurement delay.
For linear systems we address stabilization via fixed-order dynamic out-
put feedback compensators and present sufficient conditions for stabi-
lization involving a system of modified Riccati equations. For nonlin-
ear systems we provide sufficient conditions for the design of static full-
state feedback stabilizing controllers. The controllers obtained are delay-
independent and hence apply to systems with infinite delay.

1 Introduction

In dynamical systems such as the control of flexible structures with non-
collocated sensors and actuators, teleoperators, biological systems [1], and elec-
trical networks [2], time delay arises frequently and can severely degrade closed-
loop system performance and in some cases drive the system to instability.
Since controllers designed with the assumption of instantaneous information
and power transfer may fail to stabilize dynamic systems with time delay [3]
it is of paramount importance that delay system dynamics be accounted for
in the control-system design process. There exists an extensive literature de-
voted to the control of dynamical systems with time delay {see, for example,
[4,5,6,7, 8,9, 10, 11, 12] and the numerous references therein). Three main
approaches can be distinguished for designing stabilizing controllers for delay
systems. Namely:

i) Stabilization independent of delay amount {13, 14]: In this approach the delay
can be large (even infinite) without destabilizing the closed-loop system.
However, the conditions for stabilization are often conservative.

#) Stabilization dependent on delay amount [15, 16, 17): Such approaches rely
on Razumikin-like theorems [18] and provide stabilization conditions if the
delay is less than a given amount.

i4) Stabilization based on delay amount [19, 20]: In this approach there ex-
ist delay windows which allow a stabilizing compensator to exist, while no
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stabilizing compensators are possible outside these windows. This approach
however applies to a restricted class of systems.

In this chapter we design feedback controllers which are independent of the
delay amount. Furthermore, we address both linear and nonlinear dynamical
systems. Specifically, we present a rigorous development of sufficient conditions
via fixed-order dynamic compensation and static full-state feedback controllers
for stabilization of systems with state and measurement delay. For linear plants
these sufficient conditions are in the form of a coupled system of algebraic Ric-
cati equations that explicitly characterize dynamic controllers of fixed dimension
while for nonlinear plants our sufficient condition is given by a modified Riccati
equation for characterizing static full-state feedback controllers. We emphasize
that our approach is constructive in nature rather than existential. In particular,
as opposed to the results of [6] which are based on the total stability theorem
[21] our sufficient conditions provide explicit formulae for controller gains that
guarantee stabilization of systems with time delay. For the linear plant case,
in order to account for closed-loop system performance our framework also in-
cludes minimization of a given performance functional. Finally, even though for
simplicity of exposition we do not address system parametric uncertainty as in
[7, 22, 23] the proposed approach can be merged with the guaranteed cost control
approach [24] to provide robust stability and performance in the face of system
uncertainty and system delay.

The contents of the chapter are as follows. In Section 2 we state the problem
of fixed-order dynamic compensation for systems with state and measurement
delay. Sufficient conditions for stabilization of systems with time delay are given
in Section 3 Section 4 provides design equations for characterizing fixed-order
dynamic controllers for linear systems with time delay. In Section 5 we state the
full-state feedback control problem for nonlinear systems with time delay and
provide design equations for full-state feedback controllers. Section 6 provides
two illustrative numerical examples. Finally, Section 7 gives conclusions.

Nomenclature
R,R"™™*,R"  —real numbers, r x s real matrices, R"*!
0T, 0", tr () -—transpose, inverse, trace
I.,0, —r X 7 identity matrix, r X r zero matrix
- llz —Euclidean vector norm
Amin(Z) —minimum eigenvalue of the symmetric matrix Z
a,7,€0 ~real positive scalars
n,l,m,ne, —positive integers; 1 <n. <n; fi=n+n,
T,u,Y, T, & —n—,m—,l—,n.~, 7 — dimensional vectors
A,B,C ~n X n,n X m,l X n matrices
Aq,Cy —n X n,! X n matrices
A, Be, Ce, K ~The X ey Ne X L, X N, m %X 1 matrices
Vi, Vo —71 X 1,1 % { matrices

Ry, R, -7 X n,m X m matrices
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2 Fixed-Order Controller Synthesis for Systems with
Time Delay

In this section we introduce the fixed-order dynamic compensation problem for

linear systems with state and measurement delays. Specifically, given the n*b-

order stabilizable and detectable dynamical system, where stabilizability and

detectability are defined in the sense of [25], with state and measurement delay
(t) = Az(t) + Aqz(t — 1q) + Bu(t), te€]0,00), 74 >0,

2(t) = 9(t), t € [~7e,0], 2(0) = 9(0) = o, @1

y(t) = Cz(t) + Caz(t — 1a), (2.2)

where u(t) € R™, y{t) € R/, and ¢ : R* — R" is a continuous vector valued

function specifying the initial state of the system, determine an n"-order (1 <
ne < n) dynamic compensator

Tc(t) = Aczc(t) + Bey(t), zc(0) = Zco, (2.3)
u(t) = Ce. ®), (2.4)
which satisfies the following design criteria:

i) the closed-loop system (2.1)—(2.4) is asymptotically stable; and
i) the performance functional

J(:l:(t),:l:c(t), :l:(t - Td)) 2 [)oo L(:E(t),:l:c(t),(li(t - Td))dta (25)

where L : R” x R™ x R" — IR, is minimized. An explicit characterization of
L(z(t), zc(t),z(t — 14)), t > 0,74 > 0, is given in Section 3

3 Sufficient Conditions for Stabilization of Systems with
Time Delay

In this section we provide a Riccati equation that guarantees that the closed-loop
system (2.1)~(2.4) consisting of the n'*P-order time-delayed system (2.1), {2.2)
and the nth-order dynamic compensator (2.3), (2.4) is asymptotically stable.
First note that for a given fixed-order controller (A., B.,C.) the closed-loop
system (2.1)—(2.4) can be written as

2(t) = Az(t) + Aai(t — 1a), #(0)=&o, t€[0,00), 74> 0, (3.1)
where

s[5

For the statement of the next result define

I‘ Pay { In Onxnc ]

Onc Xn Onc

Il

A BC, e
[BCC Ac }7 Ad

I

{Ad Onxn, }
Bch Oncxnc
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Theorem 1. Let (A, B.,C.) be given. Suppose there exists an fi X fi positive-
definite matriz P and scalars o, € > 0 such that

0=ATP+PA+eP+a*l+a2PA4ATP + R, (3.2)
where R is an #i X #i nonnegative-definite matriz. Then the function

V(@) =3TPi +a® /t i7 (s)[%(s)ds, (3.3)
t

—~T4

is a Lyapunov function that guarantees that the closed-loop system (3.1) is glob-
ally asymptotically stable.

Proof. First note that since P is positive definite it follows that the Lyapunov
function candidate V(%) given by (8.3) is positive definite. The corresponding
Lyapunov derivative along the trajectories Z(t), t > 0, of the closed-loop system
(3.1) is given by

VE®) = sT@)ATP + PA)E®) + 23T (t — 19) AT Pi(t)

+a2% [ /t :d :E:T(s)f:i:(s)ds] , t>0, (3.4)

or, using
% [/-t f;T(s)j:f:(s)ds] = IZ'T(t)IA:Z'(t) _ :Z'T(t _ Td)f:E(t — 1),
t—T4q
(3.4) becomes
VE@) = FTEATP+ PA+aD)a(t) + 257 (¢ — ra) AT Pi(t)

—a?3T(t - 1q)[E(t — 14), t>0. (3.5)
Furthermore, using (3.2) and grouping terms yields

V(E(t) = —eaT(t)Pit) - #TORE() — [a AT Pi(t) — al3(t — )]
Jo Y ATPE(t) - al#(t — 7a)], t2>0. (3.6)

Since P is positive definite it follows that V(&(t)) < 0, #(t) # 0, ¢ > 0, and
hence V(-) is a Lyapunov function for the closed-loop system (3.1). a

Next, we consider an explicit characterization of L(z(t),z.(t),z(t — 7a)) in

(2.5). Specifically, let R= [ Iél CTIOZ c ], where Ry > 0 and Ry > 0, and
c f2%Vc
define

Lz(t),z.(t),z(t — 7)) 2 FT(t)[eP + Ry +a 2PAJAT P|Z(2)
+uT () Rou(t) + 3T (t — 1) [(t — 7q)
—23T(t — ) AT Pi(t), t>0, (3.7)
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‘R O
0 0
satisfies (3.1), the performance functional (2.5) reduces to

where R; 2 [ } Now, since Z(t) — 0 as t — oo, where Z(t), t > 0,

J(z(t), z.(t), 2(t — a)) = [ " [iT(t) [eP + Ry + a2 PAa AT Pli(t)
0

+uT () Rou(t) + o®27 (t — 1) [F(t — 74)
~257 (¢ - rd)ég‘ﬁz(t)} dt

= - / ooV(a';)dt
0
= V(z(0)) - lim V(2(2))

= £7(0)Pz(0) + B, (3.8)

0
where ¢ 2 #7 (s)¢(s)ds is a positive constant. With L(z(t), z.(t), z(t — 74))

-

given by (3.7)cl the performance functional (2.5) has the same form as the
Hs cost in standard LQG theory. Specifically, J(£(0)) = #T (0)PZ(0) + & =
tr P#(0)zT(0) + &. Hence, we replace #(0)zT(0) by V 2 {‘g B ‘ZB }
where V3 > 0 and V2 > 0, and proceed by determining controller gains that
minimize tr PV + &. This leads to the following optimization problem.
Auxiliary Minimization Problem. Determine (A, B.,C.) that minimizes
J(P, A, B.,C.) 2 tr PV where P > 0 satisfies (3.2) and such that (4., B, C.)
is minimal.

It follows from Theorem 1 that by deriving necessary conditions for the Aux-
iliary Minimization Problem we obtain sufficient conditions for characterizing
dynamic output feedback controllers ensuring stabilization of closed-loop sys-
tems with time delay.

4 Fixed-Order Dynamic Compensation for Systems with
Time Delay

In this section we present the main theorem characterizing fixed-order dynamic
controllers for (2.1), (2.2). Note that for design flexibility the compensator order
n. may be less than the plant order n. We shall require for technical reasons
that C4CT = 02Va, where the nonnegative scalar o is a design variable. The
following lemma is required for the statement of main theorem.

Lemma?2 [24]. Let Q, P be n xn nonnegative-definite matrices and suppose that
rank QP =n.. Then there exist n, X n matrices G,I" and an n, x n, invertible
mairiz M, unique except for a change of basis in R™, such that

QP =GTMT, réT =1,,. (4.1)
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Furthermore, the n x n matrices 1 2 GTI" and 7. £ I, — T are idempotent and
have rank n, and n — n., respectwely

For convenience in stating the main result of this section we define the no-
tation S 2 (I + a 20>QP)~", for arbitrary n x n nonnegative-definite matrices
Q, P and

Q[C + a~%Cy AT (P + )T,

A+ -;—eln

A= 8Q.VyHC +a 2C4ATP) + a2 A4AL P,
Ac+a 244 AT (P + P) — a2 A4CTV; 1QTSTP,
A.— BR;'BTP+ o 244A%P,

e np

LN
Ll
e Hp WD

for arbitrary P,Q,P € R™*" and a,¢,0 > 0. Note that since @, P are non-
negative definite and the eigenvalues of QP coincide with the eigenvalues of
the nonnegative-definite matrix Q*/2PQ"/2, it follows that QP has nonnegative
eigenvalues. Thus, the eigenvalues of I + a~ 252QP are all greater than one so
that S exists.

Theorem 3. Assume a,¢,0 > 0 and suppose there ezist n X n nonnegative-
definite matrices P, Q, P, and Q) satisfying
0 = ATP+PA.+R; +0*I,+a 2PA4AP - PBR;'BTP
+rT PBR;*BT Pry, (4.2)
0 = AQQ+QA5+Vi —8Q.V;'QTST +1.5QuV; QI STrl,  (43)
0 = ALP+PAp+0 2Po?SQ.V; Q7 ST — AuCT V' QST
~SQ.Vy1C4AT)P + a"2PA4ATP + PBR;'BTP

—7{ PBR;' BT P, (4.4)
0 = AgQ+ QA% +SQuV; Q1S ~ 715QaV; Q78 11, (4.5)
rank Q = rank P = rank QP =n,, (4.6)

and let A;, B., and C, be given by
A, = I'[A-8Q.V;*(C+a2C4AlP)

+(a"24447 - BR;'BT)PIGT, (4.7)
B, = I'SQ.V; ™, (4.8)
C. = —-R;'BTPGT. (4.9)

Then

P=

P+P -PGT
-GP GPEGT
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satisfies (2.2), (Ac, B.,C.) is an extremal of J(P, A., B.,C.), and (A,R) is
detectable if and only if A is asymptotically stable. Furthermore, the feedback in-
terconnection of the delay system (2.1), (2.2) and the fized-order controller (2.3),
(2.4) is asymptotically stable for all 74 > 0. Finally, the cost J(P, A, B.,C.) is
given by

J(P, A, B, C.) = tr[(P + P)V; + PSQ,V; QT 8T). (4.10)

Proof. The proof is constructive in nature. Specifically, first we obtain necessary
conditions for the Auxiliary Minimization Problem and show by construction
that these conditions serve as sufficient conditions for closed-loop stability. For
details of a similar proof see [26]. o

Next, we specialize Theorem 3 to the full-order case. Specifically, setting

ne =nso that 7 = G = I" = I, and 7, = 0 the last term in each of (4.2)-(4.5)
is zero and (4.5) is superfluous. Hence, the following corollary is immediate.

Corollary 4. Let n. = n, assume q, €,0 > 0, and suppose there exist n x n
nonnegative-definite matrices P,Q, and P salisfying

0 = ATP+ PA.+ Ry + %I, + o 2PA4ATP - PBR;'BTP,  (4.11)

0 = AQQ+QAZ+ Vi —85Q.V;'QTsT, (4.12)
0 = ARP+PAp+a ?Po?SQ. V51 QTST — 44CTV;1QTST
-8Q.V; 1C4AT1P + a 2PA4ATP + PBR;'BT P, (4.13)

and let A, B, and C, be given by

Ac = A-8Q.Vy;  (C+a 2CyATP) + (@ 2A4AT — BR;'BT)P, (4.14)

B. = SQ.V; ', (4.15)
C. = -R;'BTP. (4.16)
Then
- P+P -P
P=1"_p » }

satisfies (3.2), (Ac, B;,Cc) is an eztremal of J(P, A., B.,C.), and (A, R) is
detectable if and only if A is asymptotically stable. Furthermore, the feedback in-
terconnection of the delay system (2.1), (2.2) and the fized-order controller (2.3),
(2.4) is asymptotically stable for all T4 > 0. Finally, the cost J(P, Ac, B., C.) is
given by

J(P,Ac,B;,Ce) = tr{(P + P)V; + PSQ,V; QT ST). (4.17)
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5 Full-State Feedback Control for Nonlinear Systems
with Time Delay

In this section we introduce the full-state feedback control problem for nonlinear
systems with delay. Specifically, given the dynamical system with nonlinear state
delay

#(t) = Az(t)+ fa(z(t - 7a)) + Bu(t), te[0,00), 74>0,
z(t) = ¢(t), t€[-74,0,2(0) =(0) =20, fa(0)=0, (5.1

where z € R™, u € R™, fg : R" - IR", and ¢ : R* — IR" is a continuous
vector valued function specifying the initial state of the system, determine a
full-state feedback control law

u(t) = Kz(t), (5.2)

such that the closed-loop system (5.1), (5.2) is asymptotically stable.

Next, we show that if f4(-) in (5.1) satisfies || fa(z)|l2 < 7¥||z]|2, where z € R"
and v > 0, we can construct a full-state feedback control law (5.2) to stabilize
the nonlinear time-delay system (5.1) independent of the delay amount 74. This
result is an extension of the result in [27] where a stabilizing state feedback
controller was obtained for purely linear time-delay systems.

Theorem 5. Let ||fa(z)l|2 < 7l|z|l2, where z € R™ and v > 0, and suppose
there ezists an n x n positive-definite matriz P such that

0=ATP+PA+a2P?-2PBR;'BTP + Ry, (5.3)

where & > 0, Amin(R1) > a?%, and Ry > 0 . Furthermore, let the feedback
control gain K in (5.2) be given by

K = -R;'BTP. (5.4)

Then, for all Tq > 0, the closed-loop system (5.1}, (5.2) is globally asymptotically
stable with Lyapunov function

i
V(z) = " Pz + o £ (z(8)) fa(z(s))ds. (5.5)

t—71g

Proof. First note that since P is positive definite and fa(z) = 0 for z = 0, it
follows that the Lyapunov function candidate V(z) given by (5.5) is positive
definite. The corresponding Lyapunov derivative along the trajectories z(t), t >
0, of the closed-loop system (5.1), (5.2) is given by

V(z(t)) = zT(t)Pz(t) +zT (t)Pi(t)

+a2—d—[ t fT(z(s))fd(z(s))ds] t>0 (5.6)
dt bty d I g}
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or, using (5.1) and

—d—[ T fe@)ds] = ) fa6w)

dt t—7g
—f1 (2(t = 7a)) fa(z(t - 7a)),
(5.6) becomes

V(z(®)) = zT®[ATP + PAJz(t) + uT ()BT Pz(t) + 27 (t) PBu(t)
+fT(x(t = 7)) Pz(t) + 2T ()P falz(t — 1a))
+a® f{ (2(t)) fa(a(t))
—a? f{ (2(t = 7a)) fa(a(t = 7a)), 20 (5.7)
Next, adding and subtracting a~227(t)P%z(t), t > 0, to and from (5.7) and
grouping terms yields
V(zt) = z7(#)[ATP + PA+a 2Pz(t) + uT (t)BT Px(t)
+zT () PBu(t) - [afa(z(t — 1a)) — o  Pz(t)]T
lafa(z(t ~ 7a)) — o7 Pa(t)]
+a® f (2(1) fa(z(®)), t>0. (5.8)
Now using the control law u(t) = —R; ' BT Px(t), t > 0, in (5.8) yields

V(z®t) = zT@)[ATP+ PA - P(2BR;'BY — a™I)Plz(t)
—lafa(z(t —14)) — a_le(t)]T{afd(:c(t - 714)) — a“le(t)],
+a? f] (z(t) fa(z(t)) t>0. (5.9)

Finally, using (5.3), it follows that

V(x(1) —e" () Riz(t) + o f{ ((t)) fa(a(t))
—lafa(z(t — 1a)) — " Pz(t)]" [afa(z(t ~ 1a)) — @~  Pz(t)]
< ~Pmin(Br) = Yz - [afa(a(t - 7)) ~ ™ Pa(®)]”
lafalz(t — 7)) ~ @™ Pz(t)], t>0. (5.10)
Since Amin(R1) > a?+? and z(t) # 0, ¢ > 0, it follows that V(2(t)) < 0, z(t) # 0,

t > 0, and hence V(:) is a Lyapunov function for the closed-loop system (5.1),
(5.2). o

6 Illustrative Numerical Examples

In this section we provide two numerical examples to demonstrate the proposed
Riccati equation approach for delay systems. For simplicity we consider the de-
sign of full-order dynamic compensators and full-state feedback controllers. The
design equations (4.11)—(4.13) were solved using a homotopy continuation algo-
rithm. For details of a similar algorithm see [26].
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Ezxample 1. Consider the second-order system
fa':l(t)} _ { 0 1 } [z;(t) + 0.145 0.75 1 [ z1(t — 7a)
| &5(t) -0.3 =1 ]| z2(f) 0.275 —-0.2 | | zo(t — 7a)
0.5
+ 03] wo,

z1(t) :] [ z,(t — 74) ]
2.1 4 +160 50 R
{ ] [ zo(t) { ] z2(t — 74)
with design data Vi = 0.01;, Vo = 1, Ry = 0.5, Rz = 1, a = 25, and
o = 1. Using Corollary 4 a full-order dynamic compensator was designed. To
illustrate the closed-loop behavior of the system let z(0) = [ 0.4 —6 ]T and
let ¢(t) = [ —384t+ 0.4 —480t -6 ]T for ¢t € [—0.025,0]. Figure 1 provides a

comparison of the free response of the controlled system states with an LQG
controller and the controller designed using Corollary 4.

il

y(t)

Ezample 2. To illustrate the design of full state-feedback control for dynamic
systems with nonlinear state delay consider

[i';(t)]z{o 1][zl(t)]{_o.?{ﬁﬁ%]+[g]u(t)-

Zo(t) 00 z2(t) za(t — 7a)

Furthermore, note that || fallz = 0.7,/;{—% + 23 < v\/2% + 23, for v > 0.7. Let

~ = 0.75 and choose the design parameters R, = I3, Rz = 1, and a = 1.3. Using
Theorem 5, we obtain,

9.1707 6.0039
= — T _ _
d [6.0039 4.9379]’ K =[-6.0030 49379 ].

To illustrate the closed-loop behavior of the system let z(0) = [ 3 1 ]T and let

#(t) =100t +3 -200t+1 ]T for t € [-0.01,0]. Figure 2 provides a compari-
son of the free response of the controlled system states with an LQR. controller
and the controller designed using Theorem 5.

7 Conclusion

In this chapter we developed fixed-order dynamic output feedback controllers
and full-state feedback controllers for linear and nonlinear continuous-time sys-
tems with time delays, respectively. Specifically, for linear continuous-time sys-
tems with state and measurement delay we presented sufficient conditions via
fixed-order dynamic compensation. For nonlinear continuous-time systems with
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nonlinear state delay a constructive procedure was used to obtain full-state feed-
back stabilizing controllers. For both cases the controllers obtained were delay-

independent. Two numerical examples were presented to illustrate the effective-
ness of the proposed design approach.

-1 e
) W
f .
. .
-3} P
e : . — Corolary 4 e COIRDY 4
o . -~ 100 JORPON
: ;
;
I K
t ’
1 ’
-8t /
(R
-1 ‘\ .” *
a9 0 1’ 2 % ] 5 10 " 2 25
Time (sec) Time (sec)

Fig. 1. Comparison of LQG and Corollary 4 Designs: Example 1

- - 1o

v Thitormm §
- - 1R

G 15 20 25
Time {sec)

0 %
Time {sec)

Fig. 2. Comparison of LQR and Theorem 5 Designs: Example 2
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Abstract. This chapter concerns the stability of delay systems with
nonlinear, time-varying, disturbed parameters, of retarded or neutral
types. Two aspects of the stability problems are developed: the basic
one is related to the qualitative stability, with conditions dependent or
independent on the delay. The other aspect concerns the quantitative
stability, with several results concerning the estimation of the decreasing
rates, the robustness of the convergence with regard to the parameters
bounds, the positive invariance of constraints sets and the estimation of
the stability domains with regard to initial conditions. As for the first
aspect, both delay-dependent and independent results are given. All the
results are obtained by means of a same comparison approach linked with
vector Lyapunov functions; this tool appears rather simple and powerful
for the study of nonlinear models.

1 Introduction

Engineering processes often involve both nonlinear and time-delay models : on
one hand, the time-delay phenomenon appears as soon as material, energetic or
information transport lags cannot be neglected, in particular when the speed
of closed loop controlled systems is expected to increase. On the other hand,
nonlinear phenomena have to be taken into account if the process operates in
a wide range of conditions. Realistic models with discrete delays can be di-
vided in two types : retarded delay systems, and neutral ones (this last class
involves a delayed derivative of the state, which can be obtained, for example,
from local modelling of hyperbolic distributed parameter systems). Both cases
correspond to functional differential equations (FDE) of differential-difference
type: this means that, compared to ordinary differential equations (ODE), they
generally appear to be very complex, since they are of infinite dimension.

Many studies have been devoted to the control of time-delay systems, and
in particular to the basic question of their closed-loop stability properties. Even
if the stability study of linear systems with a single constant delay now appears
to be well achieved, it remains quite a difficult task for more complex (but of
course more realistic) models:

218
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linear models with varying or non-commensurate delays, or with several
tuning parameters, or with unstable memoryless feedback;

linear models with uncertain coeflicients or input perturbations (Wang et al.
[32], Su and Huang [26], Niculescu et al. [23], Li and de Souza [20]);

— nonlinear models (Dambrine and Richard [2]-[3], Goubet et al. [9], Kol-

manovskii [14]);
neutral models (Kolmanovskii and Nosov[16], Tchangani et al. [27], Kol-
manovskii [15], Tchangani et al. [28)).

The general stability criteria that gather these kinds of models are neither

numerous nor easy-to-check. Moreover, to establish quantitative criteria is of
practical importance: this means to complete the —yet not so simple- qualitative
question to know whether a given operating point {or a nominal trajectory) is
stable or not, attractive or not, for a given model.

This chapter aims to provide (and in an easy way if possible) workable quan-

titative information that is needed for the validation of a closed-loop controller:

a)

b)

d)

robustness with regard to the parameters: what are the admissible bound-
values of the time delays, or of the parameters of the model, that guarantee
the stability ?

stability domains with regard to the variables: what are the initial condi-
tions (which, for delay systems, are functions) that will make the state con-
verge towards the equilibrium? {this is necessary for providing the admissible
changes of operating points, or for determining whether bounded additive
perturbations on the state may destabilize the closed loop system);
decreasing rate: what is the exponential rate of convergence? (this means,
the velocity of the final controlled process);

invariance: how to be sure that a trajectory will not go out of a predeter-
mined domain of constraints? (on the state, corresponding to physical secu-
rity, or on the control variables, corresponding to energy considerations).

Only a few studies have considered several of these questions for time-delay

systems:

- in some of them (Tokumaru et al. [29], Dambrine and Richard [2}-[3], Ver-

riest [31], Verriest and Ivanov [30], Lehman and Shujaee [19]), the stability
conditions are independent on the delay value (for such "i.o.d.” criteria, the
point a is answered with an infinite bound for the delay): of course, proving
this kind of robustness property is very interesting because the delay margin
is infinite; but, in practice, it may turn out to be rather conservative for
processes involving small delays with known bounds.

in other ones, the nominal model is linear, with possible uncertainties. Ni-
culescu et al. [22]-[24], Su and Huang [26] corrected by Xu [33], and Wang
et al. [32] developed delay-dependent criteria for points a and possibly ¢. In
(4], the authors considered point d within the framework of the constrained
stabilization of linear time-delay systems. Of course, the drawback of such
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linearity hypothesis is its lack of realism, since the size of additive perturba-
tions -point b- is supposed to have no importance.

~ others approaches concerned nonlinear or time-varying systems ([Kolmanov-
skii [13], [14] for point a, with an approach of point b. Goubet-Bartholoméiis
et al. {10] gave a first answer to points a, b, ¢ for nonlinear time-varying
delay systems, and Dambrine et al. [5] for point d.

The results that are to be presented here are in prolongation of this last
item, but of course also apply to linear models. They are based on a compari-
son theorem and special vector Lyapunov functions: the stability (respectively
asymptotic stability) of a system is proved if a linear system, the construction
of which is explained, is stable (respectively asymptotically stable).

However, the results are directly workable, even without refering to the com-
parison concept. In our opinion, this last point (simplicity), compared with the
wideness of the possible applications (points @ to d), constitutes the main con-
tribution of the present work.

If we omit section 2 which contains the notations, the remainder of the chap-
ter is decomposed into three main sections: stability criteria for retarded systems
(with conditions independent and dependent on the delay), and then for neutral
systems.

Sections 3 and 4 deal with retarded systems of the following form :
&(t) = A(t,z,d) z(t) + B(t,z¢,d) z(t — 7(t)) . (1.1)

Section 3 considers stability conditions independent of the delay, and section 4
provides delay-dependent results.
In section 5, the results are enlarged to systems of the neutral type:

() = A(t, 21, d) o(t) + B(t, 20, d) 2(t — T(t)) + Clt, 34, d) &(t — 7(1)) . (1.2)

Throughout the presentation, the following assumptions hold:

~ the delay 7(t), which depends on time only, has an upper limit 7., which
can be finite or infinite : 0 < 7(¢) < 7 ; the law 7(t) may be known or not;

— the matrices A(t,;,d) and B(t,z:,d) are bounded for d € S; as soon as z;
is bounded;

— 7(t), A(.), and B(.) are such that the systems (1.1) or (1.2}, for any contin-
uous initial condition ¢, admit an unique continuous solution for ¢ > .

2 Notations

- d € 8, where Sy is the set of admissible disturbances;
- z(t) € R" is the value of the solution at time ¢,
7 is the state function at time ¢ : z;(s) = z(t + s) for s € [~7,0};
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— Initial conditions are zo(s) = (s).

— Am(P): eigenvalue of the matrix P which has the minimum real part.

— o(P) = max |A\;(P)|, where X;(P) denotes an eigenvalue of the matrix P.
k3

- The supremum sup,<,<sz(a) of a vector z is the vector constituted of
the suprema of the different components sup,<,<s 2i(a). |z| is the vector
whose components are the absolute values of the components of z. The same
remarks hold for matrices.

— A vector (resp. a matrix) is said to be positive if all its entries are positive.

— |I-|| denotes a norm of R™ or its induced matrix norm. u(-) is the associated
matrix measure, defined by p(A) = limy_,o+ (|| I + hA || - 1)/h.

— C(D) denotes the set of the continuous functions defined on [~7,,0] with
values in the set D.

- CY{[-7,0],IR"™) denotes the set of the differentiable and bounded functions
mapping from {r,0] into R".

— Vector and functional sets are defined by:

Iv,a) = {zeR":|z| <av},
I(v,a) = C(I(v,a)) = {p € C(R") : |p(s)| < av,¥s € [~7m, 0]},
In(e) = {z€R":|z]| <o},

In(@) = C(In(a)) ={p € C(R") : || p(s) || £ @, Vs € [~7m, O]}-

i

i

where v is a vector with positive components, and « is a positive constant.
— the abbreviation (.) stands for (¢, 2, d).

3 Retarded-Type Systems: Stability Criteria Independent
of Delay

The stability study of a nonlinear FDE is not a trivial task. Lyapunov’s second
method and its extensions ([18] and [25]) are powerful theoretical tools to solve
this problem. This is evidenced by the fact that the existence of a Lyapunov
functional is not only sufficient but also necessary in order to prove the property
of uniform asymptotic stability. But, in practice, confronted to a complex but
realistic system, the efficiency of Lyapunov’s theory is weakened by the difficulty
of finding a suitable Lyapunov function or functional since there is no general
algorithm of construction, even for linear systems: in this last case, it would need
to solve coupled algebraic, ordinary and partial differential equations (see .

For many systems such a difficulty may be bypassed by analyzing the sys-
tem via another one, called the comparison system, simpler to analyze and for
which the properties of stability imply the same characteristics for the original
one: this is the comparison approach. However, the application of this method
usually leads to some conservative results due to the use of linear, time-invariant
comparison systems (for instance [29]) obtained at the price of strong majora-
tions. This drawback may be removed by using more general types of comparison
systems, but then the problem of their stability analysis remains.
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In this section, a method proposed in [2]-[3] by some of the authors is re-
viewed. This method combines the advantages of being both simple and usefull:
firstly, formulae are given in order to obtain the finest comparison system with
respect to the structure of the initial system and this in an easy and system-
atic way; secondly some qualitative stability criteria that are well-suited to the
structure of the comparison system are provided.

The conditions stated in the first part of this section are independent of the
delay: that is, the value of the time delay has no influence on the validity of
the condition. This may be a very interesting property for a controlled system,
but it turns out to be also too restrictive for some applications and so, in order
to remedy this problem, some enhancements will be presented in a following
section.

3.1 The Comparison Approach
Let us first define what we mean by a comparison system:

Definition 1 (comparison system). A dynamic system (A) is said to be a
Comparison System of a dynamic system (B) with regard to the property P
(for example, stability of its zero solution), if the verification of property P for
system (A) implies the same property for system (B).

For instance, the first-order approximation of a nonlinear ordinary differential
equation may be viewed as a comparison system with regard to the uniform
asymptotic stability.

Another type of comparison systems may be defined as follows:

let V: R* — ]Ri with k& < n be a continuous, positive function such that
V(z) = 0 & z = 0. Assume that, along the solutions of (1.1), the right-hand
time derivative of y(t) = V(z(t)) satisfies the functional differential inequality

Dty(t) < F(t,y:) - (3.1)
Definition 2 (overvaluing system). The system
#(t) = F(t, z;) (3.2)

is an overvaluing system of {1.1) with respect to the function V if when the
inequality
V(z(t)) < 2(t)

holds for t € [ty — Tm,to], then it holds also for any ¢ > to.

Using the assumptions done on V, it is very simple to prove that an overvalu-
ing system is also a comparison system with regard to stability or asymptotic
stability. Conditions on functional F for (3.2) to be an overvaluing system are
called comparison principles. Note that traditionaly, what we call an overvaluing
system is referred to as a comparison system.
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3.2 Comparison Principles

We consider below that in (3.1), the functional F belongs to one of the two
following classes:
F(t, ) = g(2(8), 2(t — 7(t)), 1), 3.3)
or
Fit,z) = g(2(t), sup z2(t— A),t), (3.4)
0<ALTm

where g is a function defined on R* x R¥ x [to, o[-
The following comparison principle summarizes two results given by Tokumaru
et al. in [29] and Dambrine in [1].

Theorem 3. Assume that the function g satisfies the following conditions:

1. g(z,y',t) < g(z,y",t), for any vectors z, y', y" € R* such that y' < y"
(momnotonicity in the second argument),

2. if o and % are two vectors of R* such that ' < 2 and z} = a2, then
the i-th component of g satisfies the relation: g;(z',y,t) < gi(z%,y,t) for all
y € R* and t >ty (quasi-monotonicity in the first argument),

3. the solution of the differential equation

2(t) = g(z(t),0 up z(t—A),t) +¢

s
<AL Tm

uniquely exists for any continuous initial function 2(s), (~7m < s < 0) and
for any sufficiently small € > 0.

Then, (8.2) is an ovef-valuing system of (1.1).
The application of this theorem to the case of

F(t,ze)=—-Cz(t)+D sup z(t—2N)
0<A<Tm

yields to the following lemma.

Lemma4 [29]. Let C and D be k x k matrices with real elements and let y(t)
be a solution of the differential inequality

9() < —Cy()+D sup y(t—1A), for t>¢
0

s

LALTm

If D > 0, if the off-diagonal elements of C are non positive, and if (C — D) is an
M-matriz, then a solution y(t) of this inequality is upper-bounded by the solution
z(t) of the differential equation

2(t)=-Cz(t)+D sup =z(t—N), for t>#
0

A,

as soon as 0 < y1,(0) < 2,(6) for —m, <4 <0.

Moreover, if (C — D) is an irreducible M-matriz, then there exist a constant
v > 0 and a constant vector k > O such that y(t) < ke™", for t > t,.

k and v are obtained in the following way :
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- 7 is the positive real solution of the equation An(P,) = 7, where Py =
C — De"™.

- k is a positive eigenvector of P, associated with Ay (Py), and such that
Uto(8) < ke™ %, Vs € [~ 0].

Properties of M-matrices are recalled in the appendix to this chapter. For
the sake of simplicity, we stated the previous results for systems with a single
delay, but they may be extended to the case of several delays. For instance, the
following lemma is a generalization of Lemma 4 to systems with two delays:

Lemmab’ (Generalized Tokumaru’s lemma) [11]. Let C, D, and D, be
n X n matrices with real elements and let z(t) be a solution of the differential
inequality

#(t) < =Cz(t)+ D; sup z{t—A)+ D2 sup z(t—2A) fort>0 .
0<ALTy 0<AL2

If Dy, > 0, Dy > 0, if the off-diagonal elements of C are non positive, and if
(C—D,—D,) is an M-matriz, then a solution x(t) of this inequality is overvalued
by the asymptotically stable solution z(t) of the differential equation

3(t) = —Cz(t)+ Dy sup z(t—A)+ Dy sup 2(t—A) fort >0,
0<A<T 0<AL s

as soon as 0 < z(6) < z(8) for — max(n,72) <0 <L0.

Moreover, if (C— D, — D) is an irreducible M-matriz, then there exist a constant
v > 0 and a constant vector k > 0 such that z(t) < ke™, for t > 0.

k and vy are obtained in the following way :

e v is the positive real solution of the equation Apn(A,) =1,
where Ay = C — D1e"™ — Dye"™.
e k is a positive eigenvector of Ay associated with the eigenvalue 7.

3.3 A Systematic Construction of Comparison Systems

The initial system (1.1) may be viewed as the interconnection of several subsys-
tems and so (1.1) can be rewritten in the form:

()= Ault,ze,d) 2 (t) + Bii(t, 2, d) 7 (t — 7(t)) (3.5)
+ Y (Aijt,z,d)2i (1) + Btz )2t~ (1), i=1L...,m,
S
where z(t) € R™, and 27 (t) = [(z* L @E&M)T@)]

Note that this decomposition may be natural or introduced artificially for
simplifying the analysis of the system.
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Consider now the following vector function V(z) = [Vi(z'),..., Ve (z")]T,
where V; is an usual norm of R™, for instance, it may be one of the following

Holder’s norms: e
Vi) =], = 314
j=1

Vie) =||a' |, = (‘Z‘ |25 )2, G0
W) =) = g@; EAR

Then, according to [3], the right-hand derivative of V(z(t)) with respect to
time taken along the trajectories of (1.1) satisfies the following inequality

DTV (z(t)) < M(t, 2, d)V (2(1) + N(t, 22, d)V (z(t ~ 7(2))),  (3.7)

where the matrices M(.) = {m;;(.)} and N(.) = {n;;(.)} are obtained from A(.)
and B(.) by:

mi(.) = pi{du()), fori=1,...,r,
mii ()= || A()lly, forj#4,4,i=1,...,7 (3.8)
nij(.) = W Bi()lly, fori,j=1,...,r .

Recall that p;(X) denotes the measure of the n; x n; matrix X associated
with the norm V; (see [6]), and |Y |l;; represents the matrix norm of the
n; X n; matrix Y associated with the norms V; and V;, and defined by

J
WYl =, pimax Wiy 2).

It is important to note that all the off-diagonal terms of M (.) and all the entries
of N(.) are non-negative, which implies that the function V(z(t)) satisfies the
assumptions of Theorem 3. So, the system

2(t) = M()z(t) + N() z(t — 7(t)) (3.9
is a comparison system of (1.1) for the properties of stability, asymptotic stabil-
ity, uniform asymptotic stability, etc.

We want to emphasize that with a vector Lyapunov function composed of classi-
cal norms (3.6), it is very simple to derive a comparison system from the entries

of matrices A(.) and B(.). For instance, if V; = V; = ||-||,, then the formulae
(3.8) reduce to:

mii(.) = max |app + Z |agp(. },

Pp€EJ;
g€d;i.q#p

mi;(.) = max Z lagy ()]

€J;
pPEJi qEJj

ni;(.) ma.x [Z 1Ban(.) }

qed;
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where J; (resp. J;) are the set of the row indices (resp. column indices) of the
block Aij, that is, Aij(.) = {apq(.)}pe_]'., g€l; -

3.4 Qualitative Criteria of Stability

We assume in this part that it is possible to find for (1.1) a local comparison
system of the form (3.9) associated with a vector function V. The term local
means here that (3.9) is a comparison system as long as z(t) belongs to a given
domain D of R".

The definition of stability in the sense of Lyapunov is just a mathematical
notion: it expresses the fact that the solution does not move too far away from
the equilibrium if the initial conditions belong to a given neighborhood. But,
there is no condition on the size of this neighborhood. This is a weak point of
the notion of stability because the diameter of this neighborhood gives an idea of
the order of the size of the admissible perturbation or provides an estimate of the
admissible changes of operating point. So, in order to complete this qualitative
notions of stability, we define the stability domains, introduced for nonretarded
systems by Gruji¢ [7], and that extend the well-known notion of domain of
attraction.

Definition 6. The set D; is the stability domain of the zero solution of (1.1) if:

i) For any € > 0, the set Ds(c) = {p € C(R") : Vt > to, ||z(t;to, ) || <e}is
a neighborhood of 0 in C(IR™) (with the uniform convergence norm)
i) Ds = U;no Dsl8)

The asymptotic stability domain of the zero solution of (1.1} is Das = Ds N D,
where D, is the domain of attraction of the zero solution.

A way of obtaining an estimate of the stability domain is given in the follow-
ing theorem.

Theorem 7. If thereisane >0 and a r-vector u with positive components such
that
[M(t,z,y) + N(t,z,y)] u < ~€u, (3.10)

for allt > tg, and all z,y in D,

then the zero solution of (1.1) is stable and the biggest set Ty(a,u) = {p €
C(D) : V(p(s)) < au,Vs € [~7,0]} is a positively invariant set with respect
to (1.1), and thus is an estimate of the stability domain of its zero solution.
Moreover, if the matriz N(t,z,y) is bounded on [to,00) x D x D then the zero
solution of (1.1) is asymptotically stable, and the biggest set Ty (a,u) contained
in C(D) is an estimate of the asymptotic stability domain of the zero solution of
(1.1).

If D =1R" then stability or asymptotic stability is global.

The existence of such a vector ¢ may be easily tested in many cases, some of
them are given in the following corollaries.
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Corollary 8. If the matriz M(.) + N(.) is the opposite of a constant M-matriz,
then there is o vector u satisfying (8.10). If in addition the matriz M + N is
irreducible, then its importance vector is a possible choice for u.

Corollary 9. If the matric M{.) + N{.} is such that all non constant entries
are located in the same row, and if there is an € > 0 such that the matriz
M(t,z,y) + N(t,z,y) + eI is the opposite of an M-matriz for all t > ty, and all
z,y in D, then there is a vector u such that inequality (3.10) holds.

Corollary 10. If there are two matrices D{.) and Z such that

a) D(.) is a diagonal matriz which elements are larger than a positive number
8, and

b) Z is the opposite of a constent M-matriz,

¢) M()+N()=D()Z,

then there is a vector u such that inequality (3.10) holds.

Note that all the criteria proposed in this section have stated independent-of-
delay conditions implying the stability of the matrix A(.) in an intuitive sense.

4 Retarded-Type Systems: Stability Criteria Dependent
on the Delay

In the previous section, different criteria have been given in order to test the
stability of nonlinear time-delay systems and to determine stability domains.
The results which have been presented are independent of the maximum value
Tm. of the delay. So they can be applied to a wide class of delay systems, and
give very robust conditions.

However, it may be interesting to determine stability criteria that are more
precise and that take into account the value of the delay. Indeed, it is often
possible to determine upper bounds on the delays in a system, and if they turn
out to be small, independent-of-delay conditions may appear to be conservative.
Then, stability conditions that take into account the size of the delays lead to
less restrictive conditions on the values of other parameters in the system.

As in the previous section, the different results are obtained using a compar-
ison lemma (Theorem 3), applied on a comparison principle whose coefficients
depend on 7,,, and whose maximum delay is 27,,. Qualitative results will be
determined (stability conditions, Theorems 11 and 13), as well as quantitative
ones (estimation of stability domain, Theorem 14). These results depend on 7,.
Moreover, they allow to deal with systems whose memoryless feedback is not
stable, in contrast to the i.o.d. criteria. They therefore constitute an interest-
ing enhancement to the previous section, and allow to take into account the
stabilizing effects of some of the delayed feedbacks.
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4,1 Stability Criteria
As before, the system (1.1) is considered :
:B(t) = A(ta xtsd) x(t) + B(tixt:d) IL'(t - T(t)) .

The initial time t; is set to 0, but the results hold for any initial times.
Let us decompose the matrix B(.) into : B(.) = B'(.) + B"(.).
Let D be a domain of IR™ containing a neighbourhood of the origin, and let
us associate with the system (1.1} the following matrix :
P, = sup {(A(t,z¢,d) + B'(t,2¢,d))"}

t?.Tmi‘D7Sd

+ e20Tm sup {Tm sup {tB’(t,:l)t,d) At — N, zi-», d){
t>7m,D,Sq 0<AL T

+ |B'(t,z¢,d) B(t — A, xt_A,d)|} + IB"(t,xt,d)l},

and so

B = sup {(A(t,z¢,d) + B'(t,21,d))"}
tZTms‘D’Sd

4+ sup {Tm. sup {lB'(i,xt,d)A(t-A,:x:t-,\,d)l
1271m,.D,8a 0<A<Tm

+|B'(t,21,d) B(t — A\, 21, d)|} + |B"(t, zt,d)l},

where the suprema  sup  are calculated for ¢ > 7,, for functions z with
t27m,D,8q
values in D, and for d in Sy.

Theorem 11 [10]. If Py is the opposite of an M-matriz on the domain D C R",
then the equilibrium 0 of the system (1.1) is asymptotically stable.

Remarks:

1. The entries of the matrix Py depend on the maximum value 7, of the delay.
The stability criterion is thus a delay-dependent one.

2. If B’(.) = 0, the criterion is delay-independent and corresponds to the delay-
independent Corollary 8 given in the previous section.

3. The efficiency of this theorem depends on the decomposition of the matrix

B(): B'(.) must be chosen such that sup (A(.)+ B'(.))" is the oppo-
t27m, D8
site of an M-matrix. Moreover, the criterion is all more likely to hold that
sup (A()+ B'(.)* has small off-diagonal elements compared to the
t>7m, D584
absolute values of the diagonal ones, and that

sup  {Tm. sup {|B'(t,z:, At — Az, d)|
tZT’THDsSd OSASTM

+|B'(t,z:,d)B(t — Azeoy, )|} + |B”(t,xt,d)|}
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is a small matrix. A compromise has thus to be found, which is not so diffi-
cult in many cases.

As mentionned above, Theorem 11 takes into account the fact that some
delayed feedbacks can stabilize a system. Indeed, if B(.} has stabilizing el-
ements (negative diagonal elements with large absolute values), B'(.) may
be chosen such that sup (A(.) + B'(.))* is the opposite of an M-matrix

t>Tm ,D,Sq
{even if A(.) is not a stable matrix).

Using the same tools, an exponential rate of convergence may be determined, as
well as scalar stability criteria :

Theorem 12 [10]. If the conditions of the previous Theorem 11 are satisfied
and if moreover Py is irreducible, then |z(t)] < k.e™" for t > T, as soon as
|z(8)] < ke, 6 € [~Tm,Tm], where vy is the real positive solution of the
equation Ay (—Py) = v and k is an eigenvector (with positive components) of
(—Py) associated with vy, such that {z € R",|z| < k.e?™} C D.

Theorem 13 [8]. If for every t > 1,

sup {“B”(t>xt7d)|l + Tm SUp (”B’(ta IL‘t,d) A(t - ’\>xt—)‘a d)”
t271m,D,Sq g

+ ||B'(t, z¢,d) B(t — /\,xt_,\,d)l[)} + sup {u(A(t,2,d) + B'(t,24,d))} <0,

t>7m.D,Sa

SALTm

then the equilibrium O of (1.1) is asymptotically stable.

More information about these results and other theorems can be found in
the papers referenced in this chapter, as well as in [§].

The following example shows that these results, because they take into ac-
count the stabilizing effects of the delayed terms, enable the determination of a
delayed static state feedback stabilizing an unstable nonlinear process. An other
example will be given later, together with the determination of delay-dependent
stability domains.

Example: Stabilization of an unstable open-loop process.
Let us study the nonlinear unstable system described by

§(t) — ar () y(t) = u(t),

that is to be stabilized using a feedback regulator with a delay.
The parameter a;(.) varies between 1.5 and 2. It may depend on ¢, on the state
or eventually on a disturbance parameter. The output y(t) is measured at the
instant ¢, but its derivative is computed only after an unknown (or varying) time
lag 7(t), whose upper bound is 7,,.

The problem is to obtain a relation between k; and 7, that assures the
stability of the closed-loop system. If the system is asymptotically stable, then
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y ¢ U(t) E y(t) delayed. 9({ - T(.))
; (t)'a]‘(.)).'(t) = u(t) derivative

+

Fig. 1. Description of the process

lim;—y 400 y{£) = ¥° and y° is set to 0 during the stability study.
The state equation for the closed-loop system is:

2(t) = M, 2(t) + N, z(t — 1),

with

T I I A PO UL EOR

All delay-independent stability criteria are unable to lead to any conclusion.
1A
01
the first delay-dependent stability criterion to the system that is obtained {for
details, see [8] or [10]). The results providing stabilizing couples of parameters
(ky, Tm) are shown on Fig. 2. The stabilization of the process is proved possible
if the delay is not too large.

Let us define the change of state variables: z = Pz, with P = { } , and apply

4.2 Stability Domains

Let us now lead a “quantitative” study of the stability with delay dependence.

We denote M = sup {(A(t,z,.))*}, N = sup {|B(t,2,.)]}, and
[Oyfm yyod 0Tm ,D,84
m= sup {p(A(t,z,.)},b= sup {[|B(¢ =)}
[0,7m},D,S4 [0,7],D, 84

These suprema are this time calculated for 0 < ¢ < 1, 2; € C(D), and when
the perturbations take all their admissible values.

Theorem 14 (Stability domains) [10]. Suppose P, is the opposite of an M-
matriz, and let v be a positive vector such that Pov <0, and I(v,1) C D.

An estimate of the stability domain can be found as follows:

Case 1: 7(t) is constant and knoun (1(t) = Tm ).

Let ky be a positive real vector of R™ satisfying the following condition:

¢
eMt (kl +/ e"M’Nkl,ds) < v,t € [0;7Tm).
0
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o 5 10 15 20 25 130 135 40 K

Fig. 2. Sufficient conditions of stabilization

Then Z(ky, 1) is an estimate of the stability domain of the equilibrium.

Case 2: 7(t) < 1, and a vector ky > 0 such that (M + N) ks <0 can be found.
Let o be a positive real such that a ks < wv.

Then Z{a k2, 1) is an estimate of the stability domain of the equilibrium.

Case 3: cases 1 and 2 do not hold, and —m > b.

Let B be the unique positive solution of the equation :

B+m+Pef™ =0

and w; be the largest real positive number such that Iy(w;e®™) C I(v,1).
Then In(wie~P™) is an estimate of the stability domain of the equilibrium.
Case 4: cases 1 and 2 do not hold, and —m < b.

Let & be the unique positive solution of the equation :

§—m—be % =,

where 1y is the minimum possible value of the delay.
Let wy be the largest real positive number such that In(w2e®™) C I(v,1).
Then In(w2e~%™™) is an estimate of the stability domain of the equilibrium.

Remarks:

1. The estimates of the stability domains depend on the supremum 7,, of the
delay, and, in case 4, on the minimum 7.

2. If the inequality Py v < 0 is strict, i.e. Pyv < 0, then the sets which are found
with the above method are estimates of the asymptotic stability domain.
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Example:
Let us consider the following system:

(t) = A(t,d) z(t) + B(t,z(t),d) z(t — 7),
z(to +6) = p(6), 8¢ [-7,0],

where
A(t,d) = [ ()1 =1+ ax(t, d) } ’
_[-1+Aetme) 0
B(t,x(t),d) - [ ' £ ’ -1 +,32(tsd) Al ,

la1(t,d)| < 1.6; |B1] < 0.1; |aq(t, d)] < 0.05; |B2(t,d)] <0.3; |¢] < 1.

Two cases are considered for the expression of g(t, z2(t)):

e g(t,z2(t)) = cos(t). This example is the same as the one given in [20] and {23]
if a1(t,d) = oz cos(t), as(t,d) = azsin(t), fa(t,d) = facos(t), e = ~1. In
these last papers, the zero solution was proved to be asymptotically stable for
any constant time-delay 7 < 0.1036 [23} and 7 < 0.2013 [20]. Using Theorem
11, it is proved to be stable for any time-varying delay r(t) < 0.276 (see {10]
for calculations).

¢ In the second case, the system is nonlinear with |g(¢,z2(¢))| < |z2(t)]. The
asymptotic stability of this system will be studied and estimates of the sta-
bility domains will be given. They depend on the value of the delay, which
is considered constant and known for simplicity.

D=Dy={zeR?: || < ¥}
P [ ~1.4 +0.19 + 7(4.6 + 0.1%) 0
0= 1+7 ~1.65+ 2.357
position of the delayed matrix:
o) = 3 ° | Bratnd = e, - Bt
Considering any value of 7 less than 0.304, there exists a domain D, where
= 45287 such that Py < 0, v = [L85=23574 . ¢]T. Then Theorem 14 (case
1) allows for the estimation of the stability domain of the equilibrium point with
respect to the delay. Fig. 3 gives these estimates. Of course, the real estimates are
the sets of functions defined on [~7,0] with values in the domains represented
on Fig. 3. Two simulations for a delay 7 = 0.01 and for constant initial functions
show that the estimation is not too conservative.
The delay was considered constant, but the same kind of results can be ob-
tained for a time-varying delay, using the case 8 of Theorem 14 (for an example,
see [10]).

with the following decom-
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Fig. 3. Estimations of the stability domain

5 Generalization to Neutral Systems

In this section the problem of stability analysis of nonlinear FDE systems of
neutral type is considered. A systematic method is given in order to compute a
comparison system which is of retarded type; then a simple criterion is proposed
in the linear time-invariant case.

The considered systems are now of the form:

#(t) = A(t,ze,d) 2(t) + B(t, o, d)z(t — 7) + Ci(t —7),  t>to, (5.1)
T4, (0) = @(8), ¢, (6) = 9(8), VO € [~7,0],

where A(t, 1, d), B(t, z1, d) are nxn matrices defined and continuous on [tg, 00) x
C!([-1,0];R™) for any admissible disturbances d, C is a constant n x n matrix
and 7 is a scalar positive constant.

This section consists of two main parts: the first part provides scalar and
vector conditions for existence of a comparison system for (5.1) together with
conditions that ensure stability of the zero solution of (5.1); in the second part,
several examples illustrate the obtained results.

5.1 Additional Notations and Assumptions

In order to avoid the case where (5.1) reduces to a simpler retarded delay system,
we assume C is non nilpotent, that is, C* # 0 for any integer k.
In the following, we use the additional notations:
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M =M - kr,z4pr,d),
V (z) is the continuous function mapping from [—7,0] into R" defined by:
Viz)(0) = V{z(t +6)), V6 € [-7,0].

5.2 Main Results

Scalar results

This part provides a way of constructing a scalar overvaluing system and addi-
tional conditions for this overvaluing system to be a comparison system of {5.1)
with regard to stability.

Lemma15 (construction of scalar overvaluing system) [28]. Suppose
the following conditions hold

a) |IC]l <1
b) there exists a scalar positive bounded function n(.) such that

STHCW T IBO+CAN <) <00, t>to, meR, deSs .
k=1

Then the system defined by
#(t) = WAL 2@ + Y_ICHTHHBO) +CAW 2 ~k7),  (52)
k=21

is a local overvaluing system of (5.1) with respect to the scalar norm || - || and the
set £2. Moreover, if a) holds and A and B are constant matrices, then (5.2) is a

global overvaluing system of (5.1) and n(.) can be computed as 1(.) = I ﬁTI%A#U'

The following corollary gives a way for symplifying the expression of over-
valuing systems.

Corollary 16 [28]. Under conditions of lemma 15, any scalar system

i) = a() z(t) + 3 _NCI a(Dz(t - kr), (5.3)
k=1
such that a(.) > p(A()), and ax(.) 2 | (B() + CA( Dk ||, for z € 2; d € Sq
is also a local overvaluing system of (5.1) with respect to scalar norm ||-|| and
set 2.

Theorem 17 (scalar stability criterion) [28]. Let us suppose that the hy-
potheses a) and b) of Lemma 15 hold, and in addition

c) sup  p(A())+n() <0
tZto,EgEO,dGSd

Then the zero solution of (5.1) is:
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1. locally stable;
2. locally asymptotically stable if the inequality in b) is strict;
3. if, in addition 2 = C, then stability (asymptotic stability) is global.

In the linear time-invariant case the conditions of Theorem 17 reduce to a
very simple criterion. This is given in the following corollary which is important
because it can be a guide for investigating a suitable overvaluing system of (5.1).

Corollary 18 [28]. Suppose A and B are constant matrices then if || C ||< 1
and if u(A) + f_ T,G"?! < 0 (respectively < 0) then the zero solution of (5.1) is
stable (resp. asymptotically stable).

The following theorem summarizes the results presented in this part.

Theorem 19 (comparison principle) [28]. Suppose the conditions a) and b)
of Lemma 15 hold, then any scalar overvaluing system verifying conditions of
Corollary 16 is a local comparison system of (5.1) with regard to stability (resp.
asymptotic stability).

Vector Results
This part enlarges the scalar results to the vector case by considering a Vector
Lyapunov Function (VLF). Having a vector overvaluing system may be useful for
the study of some properties such as estimation of asymptotic stability domains
and attractors. In addition, it appears to be a suitable tool for the analysis of
polyhedral constrained control problems, as is shown in [4] and [5].

As in section 3, we consider vector function V' which components are of the
form (3.6). With respect to this function V, we associate with a n X n matrix A,
the matrices I'(A) and V(A) defined by:

I'{A) {F(A),J} with I'(A);; = u(A;;) and I'(A);; = I Ay ”ij’ for i # j,
V(4) = {V(A)5} with V(A)y = | Ay |, -

Lemma 20 (construction of vector overvaluing system) [28]. Suppose
the following conditions hold

a) o(V(C)) <1,
b) there exists a matriz I1(.) with positive bounded coefficients such that

D VEFIVIBO) +CAN S (), t2to, 5 € 2,d€Ss . (54)
k=1

then the system

2(t) = T(AQ) 2(t) + D_ V(O WV((B() + CA())x) 2(t — k1),  (5.5)

k=1
t 2 to, 2t (0) = ¢(9), fe (—'OO’O]
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is a local overvaluing system of (5.1) with respect to VLF'V and set 2.
Moreover if a) holds and A and B are constant matrices, then (5.5) is a global
overvaluing system of (5.1) and II{.) can be expressed as:

) = (I, - V() 'V(B+CA) .
Corollary 21 [28]. If the conditions of Lemma 20 hold, then any system
(o8]
#t) =T 2(t)+ Y V(C)¥ ' Ag2(t — k1)), 2(t) ER", > o, (5.6)

k=1
2,(0) = 9(0), 6 € (~00,0],

such that I'* > I'(A(.)) and Ay > V((B(.) + CA())x), for t > to, x4 € 12,
de Sd,
is also a local overvaluing system of (5.1) with respect to VLF V' and set 2.

Theorem 22 (vector stability criterion) [28]. Let us consider that the hy-
potheses a) and b) of Lemma 20 hold, and consider the two following properties:

c) there exists a positive constant vector u such that
[MAW) +O()ju <0, Vi>ty, 3 €0, d€ S,

d) the matriz I'(A(.)) + II(.) is less or equal to the opposite of a constant M-
matriz for allt > tg, z: € 2 and d € Sy.

Then, the zero solution of (5.1) is:

1. locally stable if c) holds.
2. locally asymptotically stable if d) holds.

Remark: Property d) implies property c).

Corollary 23 [28]. Suppose A and B are constant, then if o(V(C)) <1 and if
there exists a positive vector u such that [[(A)+ (I, ~V(C))*V(B+CA)]u <0
(resp. T'(A) + (I, = V(C))~'V(B + CA) is the opposite of an M-matriz) then
the zero solution of (5.1) is stable (respectively asymptotically stable).

The following theorem is a summary of results given in this part.

Theorem 24 [28]. Under conditions a) and b) of Lemma 20, any vector over-
valuing system verifying conditions of corollary 21 is a local comparison system
of (5.1) with regard to stability (resp. asymptotic stability)

Remark: Corollary 18 and 23 are important because very easy to apply ; Corol-
lary 18 is a generalization of [21].
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5.3 Examples

Example 1: Let us consider

a':(t)=((—)_§ _°2>z(t)+(g 065>z(t—7')+(8 2)&:@—7). (5.7)

This example given in [34] was firstly considered in [12] ; the problem is to
determine the values of parameter ¢ that guarantee the stability of zero solu-
tion of (5.7). In [34], applying complex Lyapunov function, it is shown that if
—0.9848 < ¢ < 0.9837 then the zero solution of (5.7) is asymptotically stable.
Applying our methods yields to the following results:

1. scalar case
with ||-}| = || - ||, stability condition: |¢| < 0.5,
with |- || = || - || stability condition: |¢| < 0.6,
2. vector case with V(z) = [|1], |z2]]7: stability condition |c| < 0.5

These results are weaker than those in [34] but immediate to obtain; they
are stronger than those given by [12] (0.25 < |c] < 0.52 ).

Example 2: Consider the scalar system

#(t) = —az(t) -~ bzt —7)+cz(t~7), t>0, (5.8)
where a > 0, b, ¢, 7 > 0 are given constants, l¢] < 1
Applying Corollary 18 proves that, if —a + gfacc < 0, then the zero solution of

(5.8) is asymptotically stable.
This asymptotic stability condition, in the particular case b = 0, is the same as
one of those given in [15] by applying the so-called “two stages method”.

6 Conclusion

As we mentionned in the paper, the comparison method appears to give a simple
and efficient way to answer many questions linked to stability: conditions on the
parameters, on the variables (initial conditions), and on the disturbances.

Among the original contributions of this work on nonlinear delay systems,
we can remark that:

— Section 3 provides very simple conditions for i.0.d. stability (including sta-
bility domains), together with a method that constitutes the keystone of the
further results.

— Section 4 allows to deal with systems with unstable or stable memoryless
feedbacks, which means that stabilization by means of delayed feedback can
be studied by this way. The provided criteria are delay-dependent, as well
as the estimated stability domains or exponentional rates of convergence.

— Section 5 allows to deal with the difficult neutral systems, using the same
background. The obtained criteria turn out to be very simple when a linear
comparison system can be defined (as at the end of Lemma 15).
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The results of this last section can now be generalized to delay-dependent con-
ditions for neutral systems by using the decomposition procedure of section 4:
this has not be done in this presentation, but is a straightforward development
of the work.

7 Appendix

Definition of an M-matrix and properties:

A matrix M is the opposite of an M-matrix if it is Hurwitz with non-negative
off-diagonal elements.

If M is the opposite of an M-matrix, then the following statements hold:

- The real parts of the eigenvalues of M are negative.

~ M admits a real negative eigenvalue —\,, (M), called the importance eigen-
value, such that for any eigenvalue \; of M, Re();) < —An (M) holds. There
is a non-negative eigenvector k(M) associated with —A,, (M), so called im-
portance vector. Moreover if M is irreducible then the components of k(M)
are positive.

- For any vector £ > 0, # 0, there exists an index ¢ such that z;(Mz); < 0.

- M verifies the Kotelyanski conditions, i.e. its successive principal minors are
sign-alternate.
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Abstract. This chapter considers the problem of output feedback sta-
bilization of continuous time linear systems with a constant time-delay
in the state. We develop a delay-dependent method for designing lin-
ear dynamic output feedback controllers which ensure global uniform
asymptotic stability for any time-delay not larger than a given bound.
The proposed stabilization method, which is based on linear matrix in-
equalities, is then extended to the case of uncertain polytopic systems.
We also consider the problem of delay-dependent robust stabilization
via output feedback for state delayed systems with norm-bounded pa-
rameter uncertainty. In this situation, the solution is given in terms of
a generalized eigenvalue problem. The developed stabilization methods
can be implemented numerically very efficiently using existing convex
and quasi-convex optimisation techniques.

1 Introduction

Time-delays are frequently encountered in many dynamic systems and very often
are the source of instability and poor performance; see, e.g. [12]. The problems
of stability analysis and stabilization of dynamic systems with delayed state are,
therefore, of theoretical and practical importance and have attracted consider-
able attention for several decades. Various techniques of stability and robust
stability analysis have been proposed over the past few years, including delay-
independent as well delay-dependent stability criteria; see, e.g. [2], [4], [6], [9],
[10], {13}, [15], [17]-[19] and the references therein.

Recently, increasing attention has been devoted to the problems of stabiliza-
tion and robust stabilization of linear state-delayed systems. For example, stabi-
lization techniques which are independent of the size of the time-delay have been
proposed in [3], [7], [8], [11], [16] and [19], whereas delay-dependent stabilization
methods have been recently developed in [9], [10] and [15]. With exception of
(3], [7] and [19], all these stabilization techniques are based on state feedback,
and thus do not apply to situations where some of the state variables are not
available for feedback.

This chapter is concerned with the problem of delay-dependent output feed-
back stabilization of linear systems with a constant time-delay in the state. Both

241
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the cases of systems with, or without parametric uncertainty are treated and at-
tention is focused on the design of stabilizing linear dynamic output feedback
controllers which depend on the size of the time-delay. We first consider the
stabilization problem for linear time-delay systems without parameter uncer-
tainty. We obtain conditions which ensure the system isstabilizable via a linear
dynamic output feedback controller for any time-delay not larger than a given
bound. A procedure for constructing stabilizing controllers is also derived. The
proposed method is based on the solution of linear matrix inequalities (LMIs).
This approach is then extended to the problem of robust stabilization of un-
certain polytopic systems with a delayed state, where the controller is required
to guarantee global uniform asymptotic stability for any time-delay not larger
than a given bound and for the whole set of admissible systems. We also con-
sider the problem of robust stabilization of linear state delayed systems with
norm-bounded parameter uncertainty in all the matrices of the system state
equation. We develop a controller design technique which is given in terms of
a generalized eigenvalue problem. The proposed stabilization methods have the
advantage that can be implemented numerically very efficiently using recently
developed interior-point algorithms for solving LMIs and generalized eigenvalue
problems; see, e.g. {1} and [14]. ‘

Notation. The following notation will be used throughout this chapter.
Re" denotes the n dimensional Euclidean space, Re"™™ is the set of all n x m
real matrices, diag{---} denotes a block-diagonal matrix and || - || refers to
the induced matrix 2-norm. The notation X > 0 for X € Re™ " means that the
matrix X is symmetric and positive definite.

2 Problem Formulation and Preliminaries

Consider the following linear time-delay system

z(t) = Az(t) + Aqz(t — 7) + Bu(t) (2.1)
z(t) = ¢(t), Vi€ [-7,0| (2.2)
y(t) = Cz(t) (2.3)

where z(t) € Re" is the state, u(t) € Re™ is the control input, y(t) € Re? is the
output, 7 > 0 is the time-delay of the system, ¢(-) is the initial condition, and
A, Ay, B and C are real constant matrices of appropriate dimensions.

In this chapter we investigate the problem of designing linear dynamic output
feedback stabilizing controllers for the system (2.1)-(2.3}. Attention is focused
on the design of controllers which depend on the size of the time-delay.

We shall adopt the following assumption for the system of (2.1}-(2.3).

Assumption 1 (A + Ay, B) is stabilizable and (A + A4, C) is detectable.

Note that Assumption 1, which is equivalent to the stabilizability via linear
dynamic output feedback of the system (2.1)-(2.3) in the absence of time-delay,
is a necessary condition for the existence of a stabilizing linear dynamic output
feedback control law for the system (2.1}-(2.3).
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‘We shall consider linear dynamic output feedback controllers for the system
(2.1)-(2.3) as follows:

£(t) = Act(t) + Bey(?) (24)
u(t) = Ce(t) + Dey(t) (2:5)

where £(t) € Re"™, and A, B, C; and D, are matrices of appropriate dimensions.
The control problem we shall address is as follows. Find a controller of the
form of (2.4)-(2.5) for the system (2.1)-(2.8) such that the resulting closed-loop
system is globally uniformly asymptotically stable for any constant time-delay
not larger than a given positive scalar 7.
We conclude this section by recalling two lemmas which will be used in the
derivation of the main result in the next section.

Lemmal. (see [9]) Consider the system &(t) = Az(t) + Aqz(t — 7). Given
a scalar ¥ > 0, this system is globally uniformly asymptotically stable for any
constant time-delay T satisfying 0 < v < T if there exist a matriz X > 0 and a
scalar 8 > 0 solving the following LMI

M XAT  XAT Aqg

AX -&pI 0 U
AdX 0 -5(1-B)I O
AT 0 0 ~&I

where & = 1/7 and
M=X(A+ AT + (A + Ag)X.

Lemma2. (see, e.g., [5]) Given matrices G = GT € Re™ ™, Y € Re"™ ™ and
Z € Re*™™, then there exists a matrizr © € Re™™® satisfying

G+YTOZ +2ZT0TY <0

if and only if
NEGNy <0,  NIGNz <0

where Ny and Nz are any matrices whose columns form bases of the null spaces
of Y and Z, respectively.

3 Output Feedback Stabilization

Motivated by the LMI approach to H., control proposed in [5], in the sequel we
develop an LMI based method for solving the delay-dependent output feedback
stabilization problem for the system (2.1)-(2.3).
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Theorem 3. Consider the system (2.1)-(2.3) satisfying Assumption 1. Given a
scalar ¥ > 0, this system is stabilizable via an output feedback controller (2.4)-
(2.5) for any constant time-delay 7 satisfying 0 < 7 < 7, if there exist n X n
symmetric positive definite matrices R, S and P, and a scalar 3 > 0 satisfying
the following LMIs:

T

NBi Nei |
N2 Hs(S,P,3) Nz <0 (3.1)
0 I 0 I
Ne |o]" Ne | o
HRg(R,B) <0 (3.2)
0 I 0 I
R I 23
IS >0 (3.3)
where {xm } and N¢ are any matrices whose columns form bases of the null
B2
spaces of (BT BT] and C, respectively, and
AT SAT | A+ A4 SAT Ag
AS —afBI A 0 0
Hs(S,P,B) = | AT 4+ AT AT ~GP AT 0 (34)
A4S 0 Ay —-d(1-8I 0
| AT 0 0 0 ~51 |
Qr | AT AT RA4
A g 31 0 ]
Hu(R,8) = o (3.5)
Aqg 0 -61-BI 0
ATR | 0 0 —51
Qs = S(A+ Ag)T + (A+ Ad)S, (3.6)
Qr=(A+A)TR+ R(A+ Aq), (3.7)
F=1/7. (3.8)
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Proof. The proof technique is inspired by that used in [5] to prove Theorems
4.2 and 4.3. The closed-loop system of (2.1)-(2.3) with the controller (2.4)-(2.5)
can be described by the following state-space model

Te(t) = Axc (t) + Admc (t—1) (3.9)
where
z.=[2T €717, A=A+BoC, (3.10)
AC BC ]

0= [Cc D, | (3.11)

_ A0 . (44 0
A= P e (3.12)

0 0 00

_ 0 B _ [or
= , C= . (3.13)

I o | C 0

Applying Lemma 1 to the system (3.9), it follows that the controller (2.4)-
(2.5) solves the stabilization problem for a given 7 > 0 if there exist a 2n x 2n
matrix X > 0 and a scalar 8 > 0 such that

Gx +YT0Zx +2307Y <0 (3.14)
where

Qx XAT  XAT Ay

G AX -&pI 0 0

YTlA4x o0 -sa-8I 0 | (3.15)
AT o0 0 -&I

Qx =X(A+ AT+ (A+ 4y X, (3.16)
Y=[B" BT 0 0], 3.17)
Zx=[CX 0 0 0]. (3.18)

By Lemma 2, the inequality (3.14) is equivalent to
NEGxNy <0, J\ngxNzx <0 (3.19)

where My and Nz, are any matrices whose columns form bases of the null
spaces of Y and Zx, respectively.
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Note that by defining

Z&[C 0 0 0], (3.20)
we have
Z = ZxJy!
where
X 0 0 ¢
0 I 0 0
K=o 010
0 0 0 I
Hence, the columns of
Nz = JxNz,

form a basis of the null space of Z. This implies that

N3 GxNzy = NZ IxGx-1JxNzy = NFGx-1Nz

where
Qx-1 AT A—Z‘ X"lz’—id
A —apI 0 0
Gx2= | g4, 0 -s(1-8I 0 (3:21)
ATX-1 0 0 -1

Qx-1=(A+A)TX 1+ X YA+ Ay).

Hence, it follows that NZTX GxNz, <0 is equivalent to N7 Gx-1Nz < 0.
Next, we shall express the conditions Nf’;G xNy <0and NIGx-1Nz <0
in terms of the plant parameters. To this end, we shall partition X and X! as

X = S N X 1l= R M (3.22)
SNV | MT U '

where R, S, M,N,U and V are n X n real matrices. Note that in view of (3.3)
and considering that R, S, M and N satisfy

MNT =]-~RS

it results that M and N are non-singular matrices. Moreover, it can be easily
established that given any non-singular matrices R > 0, S > 0 and N, there
exist unique matrices M, U and V such that X > 0. Indeed, we have that

M=(I-RS)N"T, U=N"YSRS-S)N-T, V=NT(S—R™Y)7'N. (3.23)
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With the partition as in (3.22) and considering (3.12), Gx and Gx-1 of (3.15)
and (3.21), respectively, can be rewritten as:

Gui G2 Giz Gus
c G, @ 0 0
X _
G, 0 @ ©
G, 0 0 Qs
Gun G2 Gz Gu
GL, @2 0 0
R
G13 0 Q2 0
GT, 0 0 Qs
where
r Qs (A + Ad)N
G = ) G2 =
A NT(A + Ad)T 0
[ S’AZ‘ 0 Ag O
Gz = , Gy = )
| NTAZ' 0 0 0
. [ Qr MT(A+ Ag) R
Gu = , 12 =
] (A + Ad)TM 0
. AT 0 . RA4; 0
Gz = ) Gy = >
| 0 0 MTA; O
[ -8 0 —a(1 - /)1
Ql = 3 2 =
0 —~331 0
[ —6I 0
Q3 =
| 0 -4l

SAT 0
NTAT ¢

0

o(1-B)I

hal

and the matrices Qg and Qg are as in (3.6) and (3.7), respectively.
On the other hand, considering that

Y=[BT BT 0 0]

|

|

(3.24)

(3.25)
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BT 0:BT 0:00:00
and

Z:—-—[C’OOO}:: OI:OOZOO:OO,

C0:00:00:00
it follows that Ay and Nz are of the form as below:

"Ng1r 0 0 0 0 07
0 I o0 0 0 0
NBZ 0 ; 0 0 0
P L O a26)
0 o0 I 0 0 0
6 o0 ¢ I 0 0
. 0 0 0 0 O I J
and
"Ne 0 0 0 0 0 017
60 0 0 0 0 0 O
0o o I ¢ 0 0 O
Ng=1 v o on e (3.27)
0 0 0 I 0 0 O
0 0 0 0 I 0 O
0 0 0 0 0 0 I |
where [ x’i: ] and Ng are any matrices whose columns form bases of the null

spaces of [BT BT] and C, respectively.
By considering (3.24) and (3.26), it can be easily established that the condi-

tion N GxNy < 0 is equivalent to

_ wT - -

Npgi 0 00 Npi 000

Ngz 0 0 0 Nga 000
0 IT0O0|Hs| 0 I 00}<0 (3.28)

0710 0 0110

i 00T | 0 00 ]
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where
[ Qs SAT (A+A)N  SAT Ag ]
AS —&B1 AN 0 0
Hs=| NT(A+ Ay))T NTAT  —5p61 NTAT 0
A4S 0 AN —5(1-8)1 O
i AT 0 0 0 a1 |

Now, multiplying (3.28) on the left and on the right by HT and H, respectively,
where

I 0 00

0 NP OO
H=

0 0 IO

0 0 o1

and introducing the new variable
P=pB(NNT)"1 >,

it follows that (3.28) is equivalent to (3.1).

On the other hand, by considering (3.25) and (3.27) it can be easily shown
that the condition N Gx-1 Nz < 0 is equivalent to the inequality of (3.2) which
completes the proof. \AAY)

In the case when the conditions of Theorem 3 are fulfilled, an output feedback
controller that solves the stabilization problem can be easily obtained. Indeed,
assuming that the LMIs (3.1)-(3.3) are satisfied for some (not necessarily unique)
matrices R, S and P, and scalar 3, a stabilizing controller can be found as follows:

1. Compute an n x n non-singular matrix N such that

NNT =P

2. Find a matrix X > 0, which satisfies the inequality (3.14), by using (3.22)
and (3.23), i.e.

x| 5 N _
| NT NT(S-RYH)-IN |’

3. Compute the controller matrices, A, B,, C. and D, by solving the LMI
A, B
of (3.14)for @ = | . ° € ], ie.
(3.14) & o
Gx +YT0Zx + Z10TY <0

where Gx, Y and Zx are as in (3.15)-(3.18).
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Remark1. Theorem 3 provides a delay-dependent sufficient condition for out-
put feedback stabilization of linear time-delay systems in terms of the solvability
of linear matriz inequalities. Observe that since this stabilizability condition in-
cludes information on the size of the time-delay, in general, it is expected to be
less conservative than the delay-independent result of [19], especially when the
time-delay is small. The proposed stabilization method has also the advantage
that it can be implemented numerically very efficiently by using interior point
algorithms, which have been recently developed for solving LMIs; see, e.g. 1] and

[14].

Remark2. It should be remarked that although Assumption 1 has not been ez-
plicitly used in the proof of Theorem 3, it is necessary for the inequalities (3.1)
and (8.2) to hold. Indeed, it can be easily verified that if (A + Aq, B) is not sta-
bilizable, then there exists a vector v such that Npv € Ker(BT), Npav =0
and

”*Ngx QsNpiv >0

where Ker(M) denotes the kernel of the matriz M and the superscript %’ stands
for complex conjugate transpose. The above inequality implies that (8.1) cannot
be satisfied. Similarly, if (A + Aq,C) is not detectable, there exists a vector w
such that Now € Ker(C) and w*NTQrNcw > 0, which contradicts (3.2).

Remark3. The problem of finding the largest ¥ which ensures output feedback
stabilization using the method of Theorem 3 can be easily solved without the need
of carrying out iterations for increasing 7. Indeed, the largest T can be computed
by solving the following quasi-convez optimization problem in R, S, 8 and &:

minimize &

subject to R>0, $>0, P>0, 8>0, >0, and (3.1)-(3.3).

The largest value of T, namely 7, is given by ¥ = 1/6*, where 6* is the
optimal value of &. Note that the above optimization problem has the form of a
generalized eigenvalue problem, which is known to be solvable numerically very

efficiently; see, e.g. [1] and [14].

4 Robust Output Feedback Stabilization

In this section, we extend the output feedback stabilization method of Section
3 to the case of linear state delayed systems with parameter uncertainty in the
state equation. We shall consider uncertain polytopic systems as well as systems
with norm-bounded uncertainty.
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4.1 Polytopic Uncertain Case
Consider uncertain linear polytopic systems described by

z(t) = A(t)z(t) + Aa(t)z(t — 1) + Bu(t) 4.1)
z(t) = ¢(t), Vte [~ 0] (4.2)
y(t) = Cz{t) 4.3)

where z(t) € Re" is the state, u(t) € Re™ is the control input, y(t) € Re” is
the output, 7 > 0 is the time-delay of the system, ¢(-) is the initial condition.
A(t), A4(t), B and C are real matrices of appropriate dimensions, with A(t) and
Aq4(t) being uncertain matrices satisfying

[A(t) At)] €, Vt>0 (4.4)

where {2 is a polytope with L vertices described by

L L
Q:{[A Ad i [A Ad=Y"Nl4i Aal; Mi>0, Z,\,-=1}. (4.5)
=1

i=1

The system (4.1)-(4.3) is supposed to satisfy the following assumption.

Assumption 2 (A; + Ag;, B) is stabilizable and (A; + Ag;, C) is detectable
Jor i=1,..., L.

Note that Assumption 2, which is equivalent to the quadratic stabilizability
via linear dynamic output feedback of the system (4.1)-(4.3) in the absence of
time-delay, is a necessary condition for the existence of a robust stabilizing linear
dynamic output feedback control law for the system (4.1)-(4.3).

We shall address the following robust stabilization problem: Given a scalar
7 >0, find a controller of the form of (2.4)-(2.5) for the system (4.1)-(4.3) such
that the resulting closed-loop system is globally uniformly asymptotically stable
for any constant time-delay T satisfying 0 < 7 < 7 and for all A(t) and A4(t)
satisfying (4.4)-(4.5).

Theorem 4. Consider the system ({.1)-(4.3) satisfying Assumption 2. Given a
scalar 7 > 0, this system is robustly stabilizable via an output feedback controller
(2.4)-(2.5) for any constant time-delay T satisfying 0 < 7 < 7, if there ezist nxn
symmetric positive definite matrices R, S and P, and a scalar B > 0 satisfying
the following LMIs:

NBI 0 N131

N N -

B2 Hsi(S,P,8) | N2 <0, i=1,...,L (4.6)
0 I 0 I

Hpi(R,B) <0, i=1,...,L 4.7)
0 | I 0 !1
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R I

f5>0

(4.8)

where { Ne:

} and N¢ are any matrices whose columns form bases of the null

NB?
spaces of [BT BT] and C, respectively, and
Qs SAT | Ai+As;  SAT Ag T
AiS  —aBI A 0 0
Hsi(S,P,8) = | AT 4 4,7 AT ~GP AdT 0
Ay S 0 Ay —6(1-BI 0
L AL 0 0 0 ~51 |
Qi | AT Ag  RAy
Hr(Rp)=| | 7P O 0
Ag; 0 —¢1-8I 0
AR 0 0 -1

Qs; = S(Ai + Ai)T + (Ai + Agy)S,
Qr; = (Ai + Ai) R+ R(A; + Awy),
5 =1/r.

Proof. Multiplying (4.6) and (4.7) by the weight A; and summing for ¢ =
1,...,L, we obtain

T

NBI L NBI
N >~ AiHsy(S, P,B) | _Nee <0 (49)
0 1] =t 0 I
Nec | 0 T Ne 1 O
> AiHpi(R, B) <0. (4.10)
0 I 1 0 I

With (4.9) and (4.10) and in view of (4.5), the result follows immediately from
Theorem 3. \AAY}

Remark . Theorem / establishes a delay-dependent condition for robust ouiput
feedback stabilization of uncertain polytopic systems with a delayed state. The
proposed result is given in terms of the solution of linear matrir inequalities.
We observe that the computation of a robust output feedback controller can
be carried out using the same procedure of Section § for the controller design.
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4.2 Norm-Bounded Uncertain Case
In this subsection, as an extension to method of Section 3, we shall develop a
delay-dependent robust output feedback stabilization method for linear time-
delay systems with norm-bounded parameter uncertainty. We consider systems
described by the differential delay equation

2(t) = [A + AA(R)]z(t) + [Ag + AA4(t)]z(t — 7) + [B + AB(t)]u(t) (4.11)
z(t) = ¢(t), Vte[-7,0] (4.12)
y(t) = Cz(t) (4.13)

where z(t) € Re™ is the state, u(t) € Re™ is the control input, y(t) € Re? is the
output, 7 > 0 is the time-delay of the system, ¢(-) is the initial condition, 4, Ag4,
B and C are known real constant matrices of appropriate dimensions which
describe the nominal system of (4.11)-(4.13), and AA(:), AA44(-) and AB(-)
are unknown real norm-bounded matrix functions which represent time-varying
parameter uncertainties. The admissible uncertainties are assumed to be of the
form

[AA(t) AB()] =DF@)[E, Ei|, AAat)=DiFit)E;  (4.14)

where F(t) € Re**7 and Fy(t) € Re?*%¢ are unknown real time-varying matrices
with Lebesgue measurable elements satisfying

IFEON<TL |FR@I<1, vt (4.15)

and D, Dy, E,, Ey and E; are known real constant matrices which characterize
how the uncertain parameters in F(t) and Fy(t) enter the nominal matrices A,
Ad and B.

The robust stabilization problem to be investigated in this subsection is as
follows. Given @ scalar 7 > 0, find a controller of the form of (2.4)-(2.5) for
the system (4.11)-(4.13) such that the resulting closed-loop system is globally
uniformly asymptotically stable for any constant time-delay T satisfying 0 < r <
7 and for all admissible uncertainties AA(t), AAq4(t) and AB(2).

In order to derive a solution to the robust output feedback stabilization
problem, the following delay-dependent robust stability result will be needed.

Lemma5. Consider the system (4.11)-(4.12) with u(t) = 0. Given a calar
T > 0, this system is robustly stable for any constant time-delay 7 satisfying
0 <7 <7 and for all admissible uncertainties AA(t) and AAq(t) if there exist
a matric X > 0 and scalars a; > 0,4 =1,...,5, solving the following LMI:

QX) XMT LT(a,X) N

Mx  -&0, 0 0
<0 (4.16)

L(e1,X) 0 —oyl 0

~

NT 0 0 -5U,
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where § = 1/7 and

QX)=X(A+ AT + (A+ A9)X

LT(a,X)=[auD ayDy XET XET]

MT=[AT E] A Ej]

N =[A4 Dq]

Uy = diag {aal — a3DDT, a3l, (1-az)i~aDeDY, ayl}

U, = diag {I - asETE4, osI}.

Proof. The result follows immediately from Theorem 3.1 of [9].

VAAY
Hence, we have the following robust output feedback stabilization result.

Theorem 6. Consider the system (4.11)-(4.13) satisfying Assumption 1. Given
a scalar 7 > 0, this system is robustly stabilizable via an output feedback con-
troller (2.4)-(2.5) for any constent time-delay 7 satisfying 0 < T < 7, if there
exist n X n symmetric positive definite matrices R, S and P, and scalars o; > 0,

i=1,...,5, satisfying the following inequalities:
Qs SET | B FEF
rl - N .
N 0 FlS "Tl F1 0 N 0
[ s | ] — - s 19 (4.17)
0 |1 Ef ET | —aP ET 0 |
B0 Fy -Ty

T
[N c O} At-on 00 {‘——%—NC 0} <0 (418)
0 | I E., 0 —azgl O 0 | I

R I
{I S}>0 (4.19)

where Ng and N¢ are any matrices whose columns form bases of the null spaces
of [BT BT ET ET) and C, respectively, Qs and Qg are as in (3.6) and
(8.7), respectively, & = 1/7 and

B = [AT BT BT

F2=A+Ad
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FI = [SAY SEY a1D ayDy SE] Aa Da)
Fl =[AY ET 00 EJ 0 0]
Fl =[AT EI aRD a;RDy ET E] RAs RD4]
Ty = diag {6J;, a3, ayI}
Ty = diag {62, asdl, o1l, ayl, onl, 5Js3, asal}
Ts = diag {52, au6l, oI, ail, aul, eI, GJ3, as61}
Ji = asl — azDDT
Jo = (1 — ag)l — ayDyDY
Js=1—-asETE,.

Proof. The proof is along the same lines as that of Theorem 3, except that
Lemma 5 is used in lieu of Lemma 1. Similarly to the proof of Theorem 3,
the closed-loop system of {4.11)-(4.13) with the controller (2.4)-(2.5) can be
described by

io(t) = [A + DF()E,)z.(t) + [Aa + DaFy(t)Eglz (t — T) (4.20)

ae[3]. o-[2]. oe[2].

EA'GSEG-FE@@C', E Z{Ea G}, Ebz"-{o Eb], Ed=[Ed 0]

where

and A, Ag, C and © are as in (3.10)-(3.13).

By Lemma 5, the closed-loop system (4.20) is robustly stable for any constant
time-delay 7 satisfying 0 < 7 < # if there exist a matrix X > 0 and scalars
a; > 0,1=1,...,5, satisfying the following inequality

Gx +YT0Zx + ZZ0TY <0 (4.21)
where

Y=[BT BT EfT 0000 Ef 00 0]

Zx=[CX 000000000 0]

Q(XxX) XMT LT(a;,X) NT
MX -l 0 0
L(a;,X) 0 —oy I 0
N 0 0 —aU,

(o]
>
1l
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QX)=X(A+ A"+ (A+ A))X
L"a,X)=[amD aDy XET XET)
MT=[AT ET AT ET]
NT=[A; Dy]
U1 = diag {a2 — a3DDT, a3l, (1-a3)l —ayDyD7, oul}
Uy = diag{I — asE] E4, asl}.

The result can then be obtained after lengthly manipulations using similar ar-
guments as in the proof of Theorem 3 and defining P = as(NNT)~*. VVV

Remark5. Theorem 6 provides a delay-dependent condition for robust out-
put feedback stabilization of linear uncertain time-delay systems. Note that the
inegualities (4.17)-(4.19) can be solved numerically very efficiently by using
interior-point algorithms for generalized eigenvalue problems; see, e.g. [1].

The computation of a robust output feedback controller can be carried out
using a procedure similar to that of Section 3 for the controller design. More
specifically, when the LMIs (4.17)-(4.19) are satisfied for some matrices R, S
and P, and scalars a;, ¢ = 1,..., 5, an output feedback controller that solves the
robust stabilization problem can be obtained as follows:

1. Compute an n x n non-singular matrix N such that

NNTﬁCtzpwl;

2. Find a matrix X > 0, which satisfies the inequality (4.21), by using (3.22)
and (3.23), i.e.

x| % N _
| NT NT(S-RHIN |’

3. Compute the controller matrices, A., B, C. and D, by solving the LMI

_ A:. B
of (4.21) for O = [ c. D, ]

5 An Example

Consider the linear time-delay system
00 -2 -0.5 0
Loy _ ;
z(t) [0 1}:z(t)+{0 -1 }z(t r)+{1}u()

y(t)=[1 1]az().

(5.1)
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We observe that the above system with 7 = 0 is not asymptotically stable.

It should be noted that the delay-independent output feedback stabilization
methods of {3}, [7] and {19] cannot be applied to system (5.1) as the pair (A, B)
is not stabilizable. On the other hand, applying Theorem 3 to system (5.1), it
was found using the software package MATLAB-LMI Lab that this system is
stabilizable via linear dynamic output feedback for any constant time-delay 7
satisfying 0 < 7 < 0.2650. Moreover, a stabilizing output feedback controller is
given by

£(t) = Ack(t) + Beyl(t)
u(t) = ch(t) + Dcy(t)

where
4| B -40.6723 -110.2708 | 10.1577
{ =T 5 } = | —20.8760 —60.7428 | 5.4553
e b 43109 -12.7778 | —0.6107

We emphasize that smaller controller gain could be obtained by reducing the
maximum allowed time-delay.

6 Conclusions

This chapter focused on the design of output feedback controllers for continuous
time linear systems with a delayed state. Both the cases of systems without,
or with parameter uncertainty have been treated. Polytopic and norm-bounded
uncertainties have been considered. Delay-dependent sufficient conditions for sta-
bilization and robust stabilization via linear dynamic output feedback have been
obtained and the design of such controllers have been discussed. The proposed
stabilization approach as well as the robust stabilization method for uncertain
polytopic systems are based on linear matrix inequalities, whereas the robust
stabilization method for norm-bounded uncertainties involves the solution of a
generalized eigenvalue problem.

References

1. S. Boyd, L. El Ghaoui, E. Feron and V. Balakrishnan, Linear Matriz Inequalities
in Systems and Control Theory, Studies in Applied Mathematics, Vol. 15, SIAM,
Philadelphia, 1994.

2. 8.D. Brierly, J.N. Chiasson, E.B. Lee and S.H. Zak, “On stability independent of
delay for linear systems,” IEEE Trans. Automat. Control, AC-27, 252-254, 1982.

3. H.H. Choi and M.J. Chung, “Observer-based Ho, controller design for state delayed
linear systems,” Automatica, 32, 1073-1075, 1996.

4. C.E. de Souza and X. Li, “Delay-dependent stability of linear time-delay systems:
an LMI approach,” Proc. 3rd IEEE Mediterranean Symposium on New Directions
in Control and Automation, Limassol, Cyprus, July 1995.



258

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Output Feedback Stabilization

P. Gahinet and P. Apkarian, “A linear matrix inequality approach to He, control,”
Int. J. of Robust and Nonlinear Control, 4, 421448, 1994.

. J. Hale, Theory of Functional Differential Equations, Springer-Verlag, New York,

1977.

. E.T. Jeung, D.C. Oh, J.H. Kim and H.B. Park, “Robust controller design for

uncertain systems with time delays: LMI approach,” Automatica, 32, 1229-1231,
1996.

. J.H. Lee, S.W. Kim and W.H. Kwon, “Memoryless Ho controllers for state delayed

systems,” IEEE Trans. Automat. Control, AC-39, 159-162, 1994,

. X. Li and C.E. de Souza, “LMI approach to delay-dependent robust stability and

stabilization of uncertain linear delay systems,” Proc. 84th IEEE Conf. on Decision
and Control, New Orleans, LA, Dec. 1995.

X. Li and C.E. de Souza, “Robust stabilization and Ho control for uncertain linear
time-delay systems,” Proc. 18th IFAC World Congress, San Francisco, CA, June
1996.

M.S. Mahmoud and N.F. Al-Muthairi, “Quadratic stabilization of continuous-time
systems with state-delay and norm-bounded time-varying uncertainties,” IEEE
Trans. Automat. Control, AC-39, 2135-2139, 1994.

M. Malek-Zavarei and M. Jamshidi, Time Delay Systems: Analysis, Optimization
and Applications, North-Holland, 1987.

T. Mori, and H. Kokame, “Stability of #(t) = Az(t) + Bz(t - 7),” IEEE Trans.
Automat. Control, AC-34, 460-462, 1989.

Yu. Nesterov and A. Nemirovsky, Interior Point Polynomial Methods in Convez
Programaning, Studies in Applied Mathematics, Vol. 13, SIAM, Philadelphia, 1994.
S.I. Niculescu, C.E. de Souza, J.M. Dion and L. Dugard, “Robust stability and
stabilization of uncertain linear systems with state delay: Single delay case,” Proc.
IFAC Symyp. Robust Control Design, Rio de Janeiro, Brazil, Sept. 1994.

J.C. Shen, B.-S. Chen and F.-C. Kung, “Memoryless stabilization of uncertain dy-
namic delay systems: Riccati equation approach,” IEEE Trans. Automat. Control,
AC-36, 638-640, 1991.

J.-H. Su, “Further results on the robust stability of linear systems with a single
time delay,” Systems & Control Letts., 23, 375-379, 1994.

T.J. Su and C.G. Huang, “Robust stability of delay dependence for linear uncertain
systems,” IEEE Trans. Automat. Control, AC-37, 1656-1659, 1992.

L. Xie and C.E. de Souza, “Output feedback control of uncertain time-delay sys-
tems,” Proc. 1993 European Control Conf., Groningen, The Netherlands, July
1993.



Robust Control of Systems with A Single Input
Lag

Gilead Tadmor

ECE Department, Northeastern University
Boston, MA 02115, USA
e-mail: tadmor@cdsp.neu.edu

Abstract. A state space design methodology is developed for various
H,, problems and gap optimization in systems with a single input lag.
The main contribution is in converting associated operator Riccati equa-
tion and abstract model compensator realizations to algebraic and dif-
ferential matrix Riccati equations of a fixed order and finite dimensional,
integro-differential realizations.

1 Introduction.

This chapter presents a state space solution method for certain Hy, and gap
robustness optimization problems, in systems with a single, pure input lag at
the control port. Systems with a single input lag form what is probably the
simplest and yet one of most frequently encountered class of distributed param-
eter models. Examples of the use of such models include those systems where
the presence of delay is justified by a physical phenomenon (such as in process
control systems}), systems where an input delay is used as a simplified represen-
tation of more complex phenomena (such as point to point wave propagation),
or systems where a delay provides a conceptually simple, approximation—over—a—
band of a phase-lag due to high order components. The vast use of this class of
systems motivates the search for effective, tailored—to-measure design methods
that make full advantage of its relative simplicity.

H, optimization in the general context of distributed parameter systems,
as well as in the framework of delay systems, has been investigated by several
authors. A few examples are results based on state space analysis [34, 25], the
skew Toeplitz approach {17] and direct reduction to a commutant lifting / oper-
ator interpolation type results [8, 7, 13, 21, 22, 35]. The prcblem of robustness
optimization in the gap metric has been long established to be equivalent to an
H, problem [9] and its variant in a system with a single input lag has already
been treated in [6, 16, 14].

State space solutions of H,, and gap optimization problems in ordinary sys-
tems are well established since the late 1980’ [1, 5, 9], and have been extended
early on to distributed parameter systems (see e.g. in [26, 34] and references
therein). Typical to the distributed parameter case is the difficulty to solve asso-
ciated infinite dimensional operator Riccati equations. [15] addressed this chal-
lenge ~ in the context of systems with a single input or output lag — by viewing

259
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the problem as constrained by an essentially periodic system (with the delay as
its period); using a “lifting” technique the problem is transferred to an equiva-
lent setting in terms of a distributed input and output, LTT discrete time system
over a finite dimensional state space. This technique, and the resulting generic
solution, are akin to what has been previously done in sampled data Hy and
Hj control (compare, e.g. with [24]). The solution is based on algebraic matrix
Riccati equations that arise in an allied LTI problem and a differential matrix
Riccati equation that stems from I/O norm evaluation of a certain (continuous
time) system over the delay interval. A marked disadvantage of this solution is
that the periodic structure is reflected in the generic compensator, which turns
out to be periodic, time varying, even when the original system is LTI

In this chapter we suggest a way to overcome this difficulty by a combination
of a direct appeal to continuous time, abstract evolution models over the state
space My = R™ x Lo[~1,0], and a two steps, finite dimensional analysis of an
associated differential game. Our method is based, jointly, on the observation
that the solution of the operator Riccati equation (that arises from the abstract
model formulation) is the kernel of the M, quadratic form for the game’s optimal
value, in terms of initial data, and on our capacity to reduce the game and
solve it in a finite dimensional setting. The resulting compensators are all of
the usual “two loop” form, where the “central compensator” is based on an
integro-differential equation of a neutral type.

This chapter presents the statements of the main results in several generic
H., and gap optimization problems, and reviews the proof for the case of the
one block problem; the main ideas, jointly used in all variant problems, will be
presented in that proof. The current presentation builds on our work in [28, 29,
30, 31, 27], where complete arguments can be found, for all the results mentioned.
We shall also limit our reference list to a minimum, and exclude important
references to significant, both recent and earlier work on solutions to optimal
and robust control problems in distributed parameter systems. More references
and leads are provided in the author’s cited papers.

2 A Basic Abstract Model

This section presents some basic features of My models for systems with a pure
control delay, as captured in a representative example. The principles of such
models and their general forms are well known and the purpose of this section
is mainly to serve as a brief review. For a background on semigroups and ab-
stract model representations of distributed parameter systems, in general, one
may consult [3, 4, 18]. Examples of Hilbert state space representations and LQ
optimization in general linear delay systems are [10, 11, 19]. Directly relevant
details and more related references are provided in [30, 31, 34].

As an example of the type of systems that this work addresses, consider now



Time-delay Systems 261

the standard system form

z#(t) = Az(t) + Buw(t) + Bau(t—-1)
z(t) = Ciz(t) + Duw(t) + Diu(t-1) (2.1)

y(t) = Cozx(t) + Daw(t)

with z € IR", the exogenous input w € IR™*, control u € IR™?, controlled output
z € IR"* and observationy € IR". By standard nomenclature, the relevant control
history is denoted u;(-) (where u;(8) = u(t +8), 6 € [-1,0]) and is embedded in
L,[-1,0]. A complete state of the system must account for both the Euclidean
z(t) € R™ and for u; € Ly[~1,0].
The following abstract model will be shown to provide a realization of the

I/0 mapping in (2.1).

j = .A + 81w + 82’(1.

z = Of + Dhw (22)

y = Cof + Daw
with the state f = (f°, f!) € M, and with the following coefficients —

B]’w = (Blw,O), Bg’u. = (0,5@()’(1.)

Gf

C1f%+ Dy f1(-1), Cof = Caof° (2.3)

Af = (Af°+ Bof'(-1), £f1)

Here §p is Dirac’s function, centered at zero) and A is defined over the dense
domain

(4]
D(A) = { feM, : fi(s)= / o(r)dr, ¢ € Lz} (2.4)

The following analysis is a summary of some basic facts, relating (2.1) and (2.2).
The main results of this chapter use this and several other associations of abstract
models with delay systems or systems with neutral FDE realizations.

Lemmal. Let S(t) be the family of linear operators over M, as defined by
the homogeneous dynamics in (2.1) and the relation (z(t),u:) = S(t)(z(0), ug).
Then S(t) is a co — semigroup over My with A as its infinitesimal generator.

Results similar to Lemma 1 can be found in the literature cited above con-
cerning the use of M2 models in the treatment of LQ optimization in delay
systems, and we shall be content with a review of some main points in the
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proof. For more details and justifications of other such associations, the reader
is referred to [30, 31, 27, 32] and references therein.

Outline of the proof. The fact that S(¢) is a ¢y — semigroup (that is, that
S(t)S(r) = S(t+r) and that S(t) is strongly continuous in ¢ [4]) stems from the
basic properties of solution operators in ODEs.

To motivate the stated form of the generator of §, one may evaluate the time
derivative of (z(t), u¢(s)) where it exists. Complete proofs can be obtained, e.g.
by adaptations of either the proofs of [4] Theorem 2.4.6, 2] Theorem 2.3, or of
[32] Theorems A and B. Guidelines for the adaptation of proofs from [2] and [32]
will now follow.

It is first noted that, both here and in later instances, one can write the un-
derlying homogeneous, integro—differential delay equation in the standard form
of a neutral FDE ~

d
a}gzt =Fz, t>0 (2.5)

where z = (z,u) and in terms of bounded linear operators £ and F
: Wi([~1,0],R"*™2) s IR™ ™2, Precisely, in the case of S(t) we have £z, =
Zt(O) and F(zt,ut) = (A(Et(G) + Bzut('—'l) , 0)

In the framework of the cited papers this would have called for the use of
the higher dimensional “M,” state space R™*™2 x Ly([~1, 0], IR®*™2), with the
complete state (€2, z:). The simplification in the current lower dimensional set-
ting is due to the following specific features: (a) The dependence of both £z
and Fz; on the component z; of z; is restricted to z{t) = z¢(0). Particularly, the
vector formed by the first n entries of £(z¢,u:) is z(t). This allows to replace
the component z; in the complete state by z(t), without losing necessary infor-
mation. (b) The last my entries of Fz vanish, making the subspace of (£, 2t)
where the last m entries of £(z;,u;) are zero, an invariant subspace under (2.5).
Focusing on that subspace, the last m entries of £{x¢,u;) can be removed from
the state, ending with the current choice of (z(t), us). =

The analysis leading to the results in this chapter utilizes several other M,
semigroups. When relating to such semigroups we shall be content with provid-
ing, without proof, the forms of their generators and their respective domains.
In each of these cases one will be able to draw on arguments from {2, 32] to
verify the association of the semigroup and the generator in a manner similar to
the proof outline, above.

For later reference we write down the details form of the relationship f(t) =
S(t) f(0), as defined by an-explicit solution of (2.1) -

) = eAo0) + [ eAt= By f1(0)(s ~ 1)ds

i

FHO,t +8) ~-1<8<—t, 0<t<1 (2.6)
f1{t,9) {

0 else

It is a standard observation that a restriction of S(t) to the dense subspace
D(A) C M defines a cp — semigroup over D(A), relative to the stronger graph(A)
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topology. Also, the definition of S(t) extends, by dense injection, to a ¢ — semi-
group over the larger space D(A’')’ D M,. Such extensions and restrictions are
used extensively (cf. the more general discussions in [20, 19]). The definition of
the restriction to D(A) is obvious. The following details concern the adjoint semi-
group and the of S(t) to D(A’)’. The adjoint Hilbert space M} will be identified
with My, throughout.

Lemma2. The adjoint semigroup g(t) = S(t)'g(0) is define via —

) = erig%0),
g* (0,5 — 1), s€(t—1,0], te0,1] (2.7)
gt(t,s) =
BleA'(t=s-1) g0(g), else

The infinitesimal generator of S(t)' is —
d
- ro %1
A'g = (A'g°,~=g) (23)
over the domain
DAY ={ge M, : ¢' € W}[-1,0] and g¢'(-1) = Bjg°} (2.9)

Proof: The expressions (2.7) readily follow from the expression (2.6), for S(t),
and the definition of the adjoint operator via (S(t)f, 9)a, = (f,S(t) g)m,.

The domain D(A’) is characterized by the fact that g € D(A") and h = A'g
means that V f € D(A), (Af,9)m, = (f, h)m,. Indeed, for f € D(A) we can write

s f 4 f1(r)dr. On the one hand, for such selections and any g € M.,
one has -
(Afa g)M2 = ((Afo + Bzfl(-—l) ) d_ds'fl(s)) ’ g)M2
(2.10)
= ((f° £11(s)) , (A'g% —Bag® + ¢*(s)))as

On the other hand, if also g € D(A’) and h = A'g, the expression (2.10) must
be equal to —

(Afrg)Mz = (fa A,g>M2

=[] &£ ()dr) |, B)ag, (2.11)

i

((foa 34; 1(3)) s (ho:"‘f(; hl(r)dr)>M2

Comparing the right hand sides of (2.10) and (2.11), both the stated forms of
A" and of D(A') follow. o

We have just seen that an element g € D(A’) can be identified with the pair

(¢°, £9") € M;. A norm on D(A') that is consistent with the graph topology
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of A, is |lgllpeany = (g% £9")las.- The adjoint space D(A')’ can therefore be
identify with pairs (h%, h') € M,, via —

d
{h, g)peary prary = (B, hYY , (4°, a;gl»Mz (2.12)

Associated with that representation is the norm |{h||pcary = ||(h%, ') as, -
‘We shall maintain these representations and introduce the continuous injec-
tion 1 : My < D(A')’ and its (unbounded, left) inverse # : D(A') + M;, as

follows ~
f) = O+ B [2, firydr, [) f}(r)dr)
(2.13)
m(h) = (h% - Byh'(~1), —£h)
Integration by parts provides the following equality, holding for all f € M, and
g € D(A')

(0 = 6L1) (6% 52d Mo (214

which justifies (2.13). The (unbounded) adjoint mapping 7' defines the embed-
ding of D(A') with the M, structure as explained earlier; its bounded left inverse
is o/, Explicitly -
(9= (4", 56"
(2.15)
V(y) = (@°, By + [, 9 (r)dr)
The definition of the semigroup S(t) over the entire D(A')’ is made by contin-

uous extension of 2 0 S(t) o 7 from the dense submanifold «(M3). Its infinitesimal
generator will be denoted A¢. The following lemma provides their precise forms.

Lemma3. Let D(A') be embedded with the M, structure, as explained above.
For h(0) € D(A') let h(t) = S(t)h(0) be the trajectory of the extended semigroup.
Then -

WO@t) = eAtho(0) — [ Y eAt-r) AB, (0,7 ~ 1)dr,

hl(09t+s)1 s€ [—“]‘v"t)i te [Oa 1]1 (216)
hl (t, S) = 3
O else
The generator of the extended semigroup, A, is defined over the domain -
D(A%) = {h : h* € W3[-1,0], h*(0) = 0} = +(Mp) (2.17)
vig — J
Ach = (A(h° — B2h' (-1)), %hl) (2.18)

In particular, A is continuous over 1(Ms) relative to the My topology. (Also
noted is the equality A°h =10 Aowh for h € +(D(A)).)
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Proof: We compute h(t) = S(t)h(0) for h(0) = 2(f(0)) in the dense submanifold
1(My) C D(A')'. By definition of the extended semigroup, this means that h(t) =
1(f(t)) for f(t) = S(t)f(0). Using the explicit expressions for the injection ¢ in
(2.13), this first implies -

W(t,s) = [2fit,r)dr = [P0 110,84 r)dr

h'(0,t+s), sel[-1,-t),t€[0,1],
= f.:in(t+s,o) f10,7)dr = {
0 else
(2.19)
The expression (2.6) provides the explicit value of f1(¢)(s) in f(£) = S(¢)£(0).
We use that expression, the definition (2.13), the definition of the extended
semigroup and integration by parts, to obtain —

RO(t) = fO(t) + Bahl(t,—1)

= et flg) 4 [P A=) B, £1(0,r — 1)dr
(2.20)
0
+B; fmin(t-—-l,O) fl((),’l')d’l'

= eAth0 — [P A=) AB,RY (0,7 — 1)dr

which completes the proof of (2.16).

The expression just derived for the extension of S(t) to D(A') are very
similar to the expressions (2.6) for S(t) over its original domain. That analogy
must therefore carry in the form of the infinitesimal generator .A¢ of the extended
semigroup, and of its domain. o

The definitions of the input coefficients operators in (2.1) and their adjoints
adapt to the state space extension from M, to D(A'), as follows. The bounded
operator By : R™ + M; extends to a bounded operator : R™ s D(A')
via 1 0 Byw = (Byw,0). The adjoint operator is B, f = B} f°, f € M, and its
restriction (via ¢') to D(A') is B{g = Bjg°, g € D(A").

The operator B, takes values in D(A’)'. We shall now derive an expression
for B3, based on the representation of D(A') by members of M,, as explained
earlier: fix v € R™* and g € D(A’); then -

(Bau, g)pary Dy = (4,6 (0))e = (u, g (~1) + [°, Lg'(s)).
(2.21)
o
=(u, Byg" + [, £9'(5))e = ((Baw, 1(s)u) , (¢°, &' (s)))ass
where 1(s) is the unit-valued constant function. The adjoint operator is Byg =
g'(0), g € D(A").
The state equation in (2.2) should be understood in the context of the ex-

tended state space. The validity of (2.2) as an abstract model realization of the
inhomogeneous dynamics of (2.1} will now be established.
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Lemmad. Fiz initial data f(0) = (z(0),u0) € M and inputs u,w €
Ly 15.[0,00). Let z(t) be the state trajectory in (2.1) that corresponds to these
initial data and inputs and denote f(t) = (z(t),us). Finally, let h(0) = +(f(0)).
Then the following mild evolution of (2.2) -

R(t) = S(t)R{0) + /Ot S(t - r) (Byw(r) + Bau(r)) dr {2.22)

is such that h(t) = +(f(t)) and C;h{t) = C;f(t) = Ciz(t), t > 0. If, moreover,
u € W}, [~1,00), then for any g € D(A) there holds ~

d
E(h(t)’g)D(A')’,D(A) = (A°h(t) + Biw(t) + Bau(t) , g)pary,pay  (2.23)

for a.e. t>0.

Proof: The variations of parameters formula represents effects of initial data,
the exogenous input w and the control input u. Each will now be analyzed
separately.

From the original definition of S(¢) and the relation S(t) oz = ¢ 0 S(t) in the
extended semigroup, the validity of the component of (2.22) that involves initial
data, is verified.

By (2.16) -

S(t - r)Byw(r) = (A" Biw(r) , 0) € M,

Thus the claim concerning effects of w is also true.
To analyze control effects set h(0) = 0 and w = 0 and denote x(t,r) =
S(t = r)Bau(r), so that

t
h(t)=/(J x(t,r)dr

In what follows we use the equalities Bou = (Bau, 1(s)u) (for the D(A’)’ value
of Bou) and (2.16). The Lo{—1,0] component of x(t,r) is -

u(r), t—r+s, s€[-1,0]
x(t,r) (s) =
0 else
Thus - ; 0
hl(t,s) =/ u(r)dr =/ g (r)dr, (2.24)
max{t+s,0) max{s,~t)

in agreement with the L,[~1,0] component of 2(f(t)).
The R™ component of x(t,r) is -

x(t,r)? = (eA(“‘”) -fomin(t-r’l) eA(t‘T’S}AdS) Bau(r)

{ Bou(r), r € [max(0,t — 1), ¢

eAt=r=1) Boy(7), t>1, ref0,t-1)
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Therefore ~

ho(t) — fomax(O,t—-l) eA(t—r-—-l)Bzu(T)dr + B, ftax(o,t_l) u(r)dr

m

= [riny ¢ ¢ Bau(r — L)dr (2.25)

m

+B2 pax(o1,p ue(r)dr = 2(t) + Bah' (¢, -1)

m

Here too we observe the asserted agreement with the definition of +(f(t)). We
have thus established that h(t) = i(z(t),u;) in (2.22).

It remains to establish (2.23). Indeed, fix g € D(A'), an initial value z(0)
and inputs w € Ly joc[0,00) and u € W3 ;,.[-1,00) in (2.1) and denote f(t) =
(z(t),us) and h(t) = 21(f(t)). Then -

£(h(t), vy pay = £ (), 9) 1
= £ ((o(),9%) + [ (ult + ), 9'(s)).ds
= (Az(t) + Biw(t) + Byult — 1), 0% + [°(Lult + 5), g*())eds
= (Aa(t) + Biw(t), % + (u(t), §"(0))e - J2, (u(t + ), £.9*(s))eds

= (A%(z(t), ue) + Biw(t) + Bau(t) , g)pay pian

(2.26)
where the first equality is due to (2.14) and the equality h(t) = 1(f(t)); the
second equality merely writes the previous term explicitly; the third equality is
obtained by invoking the state equation in (2.1) and the assumed differentiability
of u; the fourth equality is the result of integration by parts, using the fact that
g' € W3[-1,0} and that g*(—1) = Bbg® for g € D(A'); the fifth equality builds
on the previously computed expression for A¢ and the definitions of B;. This
completes the proof. o

The output operator C; is bounded over My, but its extension to D(A’) is
not. The output operator C; is already unbounded over Ms, and only its restric-
tion to R™ x W3[—1,0] (and certainly, to D(A)) is bounded. Using the previous
lemma, however, it is noticed that when the initial state and the inputs to (2.1)
and (2.2) coincide then the outputs of the two systems coincide as well. Thus
when the input and output trajectories are embedded with the Ly ;5.[—1, 00)
topology, the mapping (f(0),w,u) — (z,¥) is continuous.

In closing it is notice that, while other variants may fall into the framework
of the Pritchard-Salamon class ([19]), the model (2.2) does not.
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3 A One Block Problem

Let P = [A4, B,C, D] be a minimal realization of a rational P € Lo (yR). The
following is standard. Let

n
R* = stXVas

be a direct sum partition of IR” into a stable and an anti-stable eigenspaces. Let
X, and Y, be the positive definite controllability and observability Grammians
of the respective restrictions of {4, B] and [A, C] to Vg4, and define the n x n,
positive semidefinite matrices

0 O 0 O
P= st = st
{0 X;}] ad 9 {0 YazlJ

A left co-prime factorization P = Ml‘lN; is then provided by
N;=[A-QCC',B-QC'D,C,D] and M;=[A-QC'C,-QC",C,I]

Several optimization problems, such as the weighted sensitivity minimization,
involving plants with a pure input lag, can be shown to reduce to a model
matching form, defined in terms of an allied system “P” and its factorization,
as follows

inf{[|Ny(s) — My(5)e~*0(s)|loo : @ € Hoo} (3.1)

The optimal value of (3.1) is denoted 4o and for ¥ > 7o, the suboptimal set is
denoted 6, = {@ € Hy : ||@llw < 7}. To avoid issues of well posedness, we
restrict our attention to transfer functions of system with atomic neutral FDE
realizations [32]. (This does not affect o!)

The following definitions are used in the statement of our first result. The
first is po = max {p(XasYas), p(D'D)} (where “p(M)” is the spectral radius).
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The rest of these definitions are made for v > py, as follows

Za3 = YC;‘I - “,?IEXas’
] 0z O
o= [ 0z } ’
Ep = -(¥’I-D'D)7'D,
Bz = —y(y*I-DD')74,

En = (YI-D'D)73,

Hy = +(y’I-DD)73C,

H, = (v I-D'D)"'D'C,

Gi = (B-QC'D)+*-D'D) %

G: = (v¥*QC'-BD')(y’I-DD')™*
In these terms we have

Theorem5. v> v < (8)7* > po and (b) ARo(t) > 0 € Luo[0, 1] such that

Ro + Ro(A — G20) + (A - G2C)' Ry
(3.2)
+RoG1G Ry + H!H; =0, Ro(1)=R

Set v > 0. Then the I/O mappings for © € @, & are defined by realization
of the following forms

Zo(t) = Aczc(t) + Baw(t) + Bgu(t—1)
u(t) = Cclzc(t) + qus(t) + De.izuy (3.3)
P(t) = Ceazc(t) + Dearw(t) + Depsue, ¢ = B0t

where Oy is selected subject to the restriction that it is defined as the I/O mapping
in a stable, neutral FDE and satisfies the norm constraint {|Gglloc < 1, and
where the coefficients are as follows: $(t,s) is the transition generated by Ay =
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A — GoC + G1GRy.; in these terms

A = A-QCC,

Ba = B-QC'D,

B, = QC,

Ca = (CU-QR)+%DBE'R) (1,0,

Da: = (2Ej,Ep)71,
Cea = ~GiRo(0) - 2D'Hy,
Deyy = EZ,
Ery = for Po(r, s)G1G Py (7, 8)'ds,
Dasu: = (C(I-QR)+%DB'R)[° &(1,5+1)
((I+ E(s+ 1)Ro(s + 1)G2 + Z(s + 1) H{ E12)us(s)ds,
Deppwy = —1D'Epqu(t—1)

~G4 f°, Bo(s +1,0)' (Ro(s + 1)Ga + H| Era)uy(s)ds

It is easy to see that the “central solution” - the one with @y = 0 - is
defined by an integro-differential equation that adheres to the general pattern
of a neutral FDE [32].

4 Gap Optimization

This section concerns robustness optimization in the gap metric of the standard
negative feedback loop of Fig. 1, in systems with a single input lag. (A recent
solution from a different perspective is [6] and ideas similar to ours were explored
in [14].) We shall thus consider a plant P(s) = Pg{s)e™? where Pg(s) is rational
and, for simplicity, strictly proper, with a minimal realization Py = {4, B, C,0].
It has been established [9] that this problem is equivalent to a search for stabi-
lizing compensators C that minimize the H,, norm of

Fo = [;] @+cp)ylic
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Fig. 1. Closed Loop Configuration

Following the standard convention, we denote
v =inf {||[Fclle : C is a stabilizing compensator}

For v > vy denote by C, the set of strictly v suboptimal, stabilizing compen-
sators. The following is our result, pertaining to this problem.

Theorem 6. Let X,Y > 0 be the stabilizing solutions of the LQG Riccali equa-

tions
XA+AX-XBBX+CC=0

AY +YA' -YC'CY + BB' =0 (4.1)
Theny >y <« v >1and3Z(t) > 0,€ Lyo|0,1], satisfying
Z=ZA+AZ+ v 1 1ZC'CZ + BB’ (4.2)

subject to Z(0) =Y and (v* — 1)I > X%Z(l)X%. Given v > 7o and the asso-
ciated solution of (4.2), let matrices and matriz functions Ut and V* be defined
below. Then the set C., comprises compensators that can be realized as follows

o(t) = Amo(t) — Bu(t - 1)+ YC'(e(t) — Cze(t))

u(t) = Ulzc(t) + [° UM(s)ue(s)ds + b(z) (4.3)

Ii

c(t) = VOxe(t) + 2, Vi(s)us(s)ds —e(t); b= Coc
where the free design parameter is the stably realizable (neutral) system Cy,

selected freely, subject to the norm bound ||Cof| < v/7? — 1, and where the coef-
ficients are defined as follows:

1

Az(t)=A+72_1

Z(6)C'C

generates the transition matriz $z(t,s):

R=7(v*-1)I-XZ(1)"'X,
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The matriz function Z(t) solves

d'— i fand 72 t Pl
—Z 4+ A7 Z+EAz + 1CC=0, E(1)=R

dt= y2 —
In these terms
U® = B'R®z(1,0),
Ul(s) = B'R®z(1,s+1)B,
Ve = ;ﬁ%;C(YS(O) +72I),
Vi(s) = ;QL_TCY@Z{S +1,0) E(s+1)B

5 The Standard Problem

Here we consider the standard (four block) problem, as defined in terms of the
system (2.1). The optimal value -y is now the infimal H, norm of the mapping
T, : w + z with stabilizing compensation v = Cy. Given ¥ > -, the set
C, contains the stabilizing, strictly v suboptimal compensators. Again, to avoid
issues of well posedness, and without any effect on -y, we restrict our attention
to compensators with atomic, neutral FDE realizations. This problem will be
considered under the following, standard assumptions.

Assumption 5.1 1. The pairs [A, B1] and [A, Bs] are stabilizable .
2. The pairs [A,C1] and [A, Cs) are detectable.

8. D{,[C1 D12} =1[0 I}

4. Dn[By Dy =0 I}

The pertinent result follows.

Theorem7. v > 71 < 3X,Y > 0 and Z(t) > 0 € L[0,1], satisfying the
following.

XA+ AX + X(»%BIB; — ByBY)X +C.C, =0 (5.1)
and I
A=A+ (?BlB{ - ByBY)X
is stable;
Z+ZA+A'Z+ —%ZBIB{Z+C'{CI =0, Z(1)=X; (5.2)
Set .

Az(t)y=A+ ?BlB;Z(t)
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let &7(t,s) be the generated transition matriz and
1 t ! H
G(t) = ;—2- ¢Z(t, S)BlBlﬁz(S, t) ds
0
In these terms

(A+ %BiB{Z(0))Y +Y(4 + 4B, B} Z(0))’
(53)
+Y (%82(1,0/ X B:BjX87(1,0) - C4C,) Y + By B} =0

such that

1 1
A=A+ ?B1BQX + Y(?éz(l,ﬂ)’XBgBéXéz(l,O) - CiCy)
is stable. Assume that, indeed, v > o, let X, Z(s) and Y be the said solutions
of the Riccati equations (5.1), (5.2) and (5.8). Then the family of stabilizing,

strictly v - attenuating compensators u = Cy is parameterized in terms of the
Jollowing realization.

jc(t) = Acooxc(t) + Acorus + Bcly(t) + Bc2U(t)

i

u(t)
q(t))

Acloxc(t) + Ao up + 'U(t) (54)

—Cozc(t) +y(t), v=Coyq

where the free design parameter is the stably realizable (atomic neutral FDE)
system Co, subject to the L2(0,00) - induced norm constraint ||Col| < v, and
where the coefficients in (5.4) are defined as follows:

AcOO = A+ ,71;B1BiZ(0) — YCéCg,

Acorur = ;_71:; f —1oBlB{§pz(S + 1,0)’Z(3 + 1)Bg’ll,g($)d8 + Bzu(t - 1),

Bcl = YCé,
B2 = ':}Q'YQZ(I,O)’XB%
Ao = —BjX®z(1,0),

Awg = — [°, ByX®7(1, s+ 1)(I + G(s + 1) Z(s + 1)) Byus(s)ds
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6 Proof of Theorem 5

Notwithstanding various differences in detail and even some changes in impor-
tant features in the makings of the three H, problems that are represented by
the results stated above, the proofs of these results share the same fundamental
structure. we shall thus be content with an outline of the proof for the first of
the three stated theorems, Theorem 5.

The transfer function N;(s) — M;(s)e™*6(s) has a stable realization of the
form (2.1), with the coefficient substitutions A — QC'C — A, B—QC'D — B,
QC' — By, C = Cy, D v Dyy, =T+~ Dy, 0+ Cy and I = Doy, and with the
mapping u = @y assuming the compensator’s role.

A Differential Game. The analysis is an adaptation from that of the regular
case in [33].

Lemma8. Ify > v in (8.1) then for any (z(0),uo) € My there exists a unique
solution w*,u* for the (open loop} game

. 2 2 inf 2 6.1
el {7 o

The game (6.1) is analyzed in two steps. First considered is its restriction to
[1, 00). The problem’s data is then z(1) and the optimization is over the pertinent
input selections u | ) and w I [1,00) - Substituting 4(t) = u(t — 1), the delay is
eliminated and results from the ordinary case apply.

Lemma9. The {1,00) restriction of (6.1) is solvable if and only if v > 4 =

p(XasYas). For v > 4 the matriz R = Ost 0w1 satisfies
0 Z
RA+AR+R GEB'B - QC'CQ) R=0 (6.2)

and the matric !

A=A+ (:Y;B’B - QC’CQ) R
is stable. The optimal value of the restricted game is —(x(1), Rz(1)) and the
optimal trajectories w*, @* and z* satisfy the equations —

w* = :}%B‘R:c*

and

@ = (C(I - QR) + %DB’R)::*
Now (6.1) reduces to the L»{0, 1} optimization problem

inf {42l 0.1 — I2l13,0, = (2(1), Ra(D) } (6.3)

considered for v > 4 with the data (z(0),uo). Extending results from {12, 23]
one has
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Lemma 10. The problem (6.3) is solvable < v > po and 3Ry as stated in
Theorem 5. Given the definitions in Section 3, then Iz, p € Ly[0,1] s.t.

i

T (A-G:C)z + GiGip + Gau
(6.4)

15 = -H{Hla: - (A—GzC)Ip - H{Elzﬂ

where i(t) = uo(t — 1) is part of the initial data and p(1) = Rx(1). The optimal
state is then x* = x and the optimal input is

w* = Hoz™ + Ez]G’lp* + Eos it

This completes the proof of necessity in Theorem 5.

In preparation for the proof of sufficiency and of the validity of the param-
eterization (3.3), assume the necessary conditions are met, whereby, in partic-
ular, (6.1) is solved, as explained above. We shall now compute complete state
feedback expressions for the solution of (6.1) (i.e. we shall seek formulae that
determine the optimal inputs at the time ¢ in terms of (z(t), u:)) and the optimal
value of the game, as a quadratic form in the complete initial state.

Both tasks pend on solving (6.4). Let Ry be the solution of (3.2), which
existence is now assumed. Setting ¢ = Roz — p and invoking (3.2), the Hamilton-
Jacobi-Bellman system (6.4) assumes an equivalent, upper block triangular form

T = Ao.’l)‘ - G] ’1q + Gzﬁ
(6.5)
qg = -  Ayg  + (RoG, + H}E1,)i

with ¢(1) = 0. Eqgs. (6.5)-(6.4) are easily solved, first for ¢ (which is independent
of z), then for z and finally, for p. Direct variations of parameters computation
yields

z(1) = o(1,0)z(0) + J Bo(1,5)-
((I + £Rg)Ga + ZH! E12)(s)uo(s — 1)ds
(6.6)
p(0) = Ro(0)z(0) + f &(s,0)"-

(RoG2 + H! Ey5)(s)uo(s — 1)ds

Evidently, the restriction of (6.1) to any ray [t, 00), given (z(t), u;), will be solved
in complete analogy to the solution of that problem in its original setting (i.e.,
over [0, 00), given (z(0), ug)). Let the “s” super-script denote the solution of the
latter. The uniqueness of that solution implies, furthermore, that the solution of
the restriction of (6.1) to any ray [t,c0), given the initial data (z*(¢), u}), must
coincide with the restriction to [t, co) of the original solution, over [0, c0). (This
is the standard argument in any dynamic programming solution.) In reference
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to optimal trajectories, one can thus substitute z(t), us, z(t + 1) and p(t) for
1:(0), Ug, 1:(1) and p(O), in (66) -

g*(t+1) = Bo(1,0)z*(t) + [ Po(1,8)-

(I + ZRo)G2 + ZH{Ey2)(s)u; (s — 1)ds
(6.7)

p*(t) = Ro(0)z*(t) + [, &(s,0)'
(RoG2 + H{Ey3)(s)uf(s — 1)ds

These expressions can be then used in the formulae for the optimal solutions
along the first time unit, which have been provided in Lemmas 9 (for u*) and
10 (for w*) -

w*(t) Hoz*(t) + By Gip*(t) + Egu*(t — 1)

w'(t) = (C(~QR)+%DBR)z*(t+1)

(6.8)

Once (6.7) is substituted in (6.8), the desired complete state feedback formulae
are obtained. For convenience we introduce the abbreviated notations

@*(t) = Lo2(t) + L'uy, u*(t) = K'2(t) + K'uy

where @ = Ex'w(t) — ;%D’(Hla:(t) + Ejqu(t — 1)).

To compute the optimal value of (6.1), make the following definitions: the
mapping N (x(0), up) — ((0),p(0),uo) translates the boundary value problem
data in (6.4) to the data in an allied initial value problem, utilizing (6.6); the
mapping M(z(0), p(0),ue) = (x(1),z(-), p(-), uo(-+1)) is defined in terms of the
variations of parameters solution of the said initial value problem; set a matrix

R 0 0 0
7o |0 HH 0 HE, |
0 0 -GG 0 ’

0 Ej,H; 0 E{,E2

finally, define R = N'M'JMAN . In these terms, the optimal value of (6.1) is
{(2(0), uo), R(z(0), uo))-

Explicit computations, based on the definitions, above, show that R is defined
by the unique solution of {6.4), via

+E12U0( ) + ( +1))
Details of these computations can be found in the author’s papers that are cited

above. They are based on straightforward, albeit somewhat lengthy manipula-
tions of the Hamilton-Jacobi-Bellman system.
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The differential game: An abstract model based solution. Let an abstract
model of the form (2.2) be associated with our system; it is constructed by first
bringing the system to the form (2.1), as explained earlier, and then on the
association of (2.1) with (2.2).

Lemma11. (i) For any Ly inputs and the associated state, denote

wY (1) = w(t) — LOz(t) — L'uy and u¥ = (2B}, Ey3)? (u(t) — K%z(t) ~ K'uy)
and f(t) = (z(t),u:). Define also mappings

BiwY = (GwV,0)

Bou¥

(2E., F19)"2ByuY

Cif
Then these definitions imply

Hif%+ Epf(-1)

wY(t)=w - BiRf and u’ =2B4Rf
(i) Vt > 0
Yl 0. — !lzllhm (F(£), Rf())my
(6.10)
= w10, = 1V 11110, — (F(0), RF(O))as,
(i) Let S1(t)(z(0), uo) = (z(t),us) be defined in terms of shifts along optimal

solutions of (6.1). Then S, is an exponentially stable cy — semigroup over My,
generated by

Af = (A= G0+ G L f° + GIL' ' + Gof ' (-1), %fl)

over the domain
D) = {1 et s L eLal-L0, O = KPR

(iv) Trajectories of f(t) = (z(t),u:) are governed by the abstract model

j = A f + Blwv + 32UV
(6.11)
z = Gf

(v) The following integral, operator Riccati equation is satisfied over M,

(FiRAM = [ AF 5 S1(t) (G101 — RBLBLR) Si(t) fm,dt (6.12)
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Part (i) of Lemma 11 follows directly from the definitions of wV, «V and
B;, and from the explicit form of R, as computed above. Since existence and
uniqueness of solutions of (6.1) are established, the algebraic semigroup property
of &; (in part (iii)) follows. The complete-state feedback formulae for the optimal
w and v show that optimal trajectories satisfy well posed integro-differential
equations,{equivalently, a well posed neutral FDE [32]). Continuous dependence
on the data and strong continuity in ¢, follow immediately. From the analysis
of the restriction of (6.1) to [1,00) it followed that optimal trajectories of z(t),
t > 1, are generated by the exponentially stable ODE

.'iZ=A1.'IZ

In particular
le®)llre < ae™PEVjz(1)||g=, t>1

for some positive « and 8. The optimal inputs satisfy
1 1
w(t) = ?BRm(t), u{t—1) = (C’(I -QR)+ ?DB’R) z(t), t>1

Hence the exponential decay of (z(t), u;) relative to (1) and, eventually, relative
to (z(0), uo). Consequently, S; is exponentially stable. The form of the generator,
A1, and its domain, are obtained by standard associations [32] of neutral FDEs
and their semigroup representations. The association of the current case with
the general setting of [32] is similar to what is explained in the outlined proof of
Lemma 1. The same applies to the abstract model (6.11), for the inhomogeneous
system. The equalities (6.12) and then, (6.10) are obtained by a laborious and
yet straightforward manipulation of the integral variation of parameters formula
in (6.11).
The proof of Theorem 5 will be complete with the following lemma.

Lemma12. If v satisfies the necessary conditions in Theorem 5 then v > Yo
and @ € O, & O admits the following realization

fc = Af. + Baw + Beag
u = Cclfc + D012¢ (613)

Y = Cafe + Deaw, ¢ =6y

where

ase=((4-qoOR + 008D, £1)
is defined over the domain

DAY= {fees s L e Lo, £O) =K+ K1)
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where the remaining coefficients are

Bcl = Bl

B = B,

Cafe = KfR+K'f;,

Day = (2E§,E1)73,

Cofe = —(L°+ ID'"H\)fY - L'f} - ID'Exaf3(-1),

—1
Dc21 = Egl

and where the free design parameter, the mapping @y, is defined by the 1/0
mapping in ¢ stable, neutral FDE with the L[0, 00) induced norm bound ||0g|| <
1. Moreover, trajectories of (6.13) correspond to trajectories of (3.3) via f.(t) =
(@c(t), ut). Thus the parameterizations (6.13) and (3.3) are identical.

The system (3.3) is built of the closed loop interconnection of two well posed,
atomic integro-differential equations of neutral type: one is @y and the other is
the strictly proper system which governs the dynamics of z, and u, with the
exogenous input ¢ and output 3. This interconnection is thus a well posed
neutral integro-differential equation in its own right. The last statement in the
Lemma 12, namely, the association of (3.3) with (6.13) is yet another standard
association of an integro-differential equation of neutral type with an abstract
model [32]. This association thus implies, in particular, that the abstract model
(6.13) is well posed and that A, is the infinitesimal generator of a ¢y - semigroup
over M,. Furthermore, close inspection shows that the dynamics is identical to
the associated dynamics of the original system (that is, with the state z).

The following is an outline of the proof of stability of (6.13) and the induced
norm bound in. The notation “¢ = Oyy)” in (6.13) represents the I/O mapping
in a stable, neutral FDE. Let fo be the state in a stable M, realization of 0.
Including the contribution of the homogeneous part (and the initial state) to the
output, in that system, we denote ¢ = Tp fo(0) + Got); in these terms 2 and Op
are bounded operators from M, and Ly[0,00) into L3[0, 00), respectively. The
condition }|@]| < 1 allows us to introduce the notation of A2 = 1 — ||@y||?.

To establish stability set w = 0 and select a combined initial state
(fc(0), fo{0)) in (6.13) and the said realization of @y. Then w" = ¥ = Ceof.
and uV = ¢. Using these equalities, (6.10), and the induced norms ||Yp|| and
[|©oll, one obtains the inequality

0 < (£c(0), Rfe(0)) asz + 11 T0l? 1l foll3s,
(6.14)

+201 0l follat ¥l aio.s = NI 0.
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where the right hand side is a quadratic expression in ||1||1,[0,j- This leads to
a bound of [ ,fo,co) in terms of 1£.(0)l|n, and [ fo(0){lty- Since [18]f,cc) i
bounded in terms of ||fo(0)|las, and ||¥]|1.(0,00), the continuity of the mapping
(£c(0), fo(0)) = (3, ¢, fo) Ma x My — Ly x Ly x Ly is established. The stable
state equation in (6.11) is valid with f., ¥ and ¢ substituting f, w" and uV.
This verifies the continuity of (f.(0),¢,¢) — f.. Consequently the mapping
(£.(0), fo(0)) = (fe, fo) Ma x My — Ly x Ly is continuous. As is well known [4],
that last continuity is equivalent to exponential stability.

To establish v suboptimality of (6.13) select w # 0 with the zero initial data
. Then again, f.(t) = {z.(t),us) is a trajectory of the original system (2.1) (with
the interpretation specified in the beginning of the proof). Using the established
stability, let ¢ — oo in (6.10) -

Pllwllf = 12115 = lw¥ I3 ~ 1Oow¥ I > A*[lwV |3 (6.15)

The mapping w¥ +~ w is governed by the stable (6.11), the relation u¥ =
OwY and the output equation w = DC‘;I {(wY —Cea f). That mapping is therefore
continuous and A?Jjw¥||? can be bounded below by p?|jw||3, with some fixed
u # 0. Thus the closed loop L, induced I/O norm is < /7% — p2.

The argument for completeness of the Parameterization will be briefly out-
lined, to complete the proof. Given any stable, v suboptimal @, one can realize
the closed loop mapping wV ~ u¥, denoted Oy, by an appropriate, well posed
perturbation of the original closed loop system. Relying heavily on (6.10), it can
be shown (in similarity to arguments used in (26, 33]) that © is a stabilizing
closed loop compensator in the latter system, and that it renders the closed loop
mapping &g a strict Lo contraction. It is then easy to reconstruct the closed
loop mapping @ : w v+ u in terms of the original system and of ©p is. That
reconstruction is (6.13). o
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Abstract. This chapter is concerned with robust guaranteed cost con-
trol for uncertain linear time-delay systems with quadratically con-
strained uncertainty using a linear matrix inequality (LMI) approach.
We only consider the case of using memoryless static state fesdback
in this chapter. Two specific problems are considered in this chapter,
namely the robust guaranteed cost control problem for linear systems
with single state delay and the one for systems with mixed state and
input delays. We show that feasibility of some LMIs guarantees the solv-
ability of the corresponding robust guaranteed cost control problem.

1 Introduction

Stability and stabilization of dynamical systems which include time-delays in
their physical models are problems of recurring interest since the existence of
delays often induce instability and/or undesired performance (see, e.g. [7, 6, 11,
10, 15)).

Although the last decade has witnessed significant advances on the robust
control theory [20], the robust control problem for linear systems with delayed
state and/or delayed control input has not been fully investigated. There are,
however, some results on robust control of time-delay systems available in lit-
erature. For example, robust memoryless controllers have been considered in
(17, 18] (delay-independent closed-loop stability) or in [12, 9] (delay-dependent
closed-loop stability) using the Lyapunov’s second method based on Lyapunov-
Krasovskii functional approach {12, 13}, or on the Lyapunov-Razumikhin func-
tion approach [9, 17, 13].

In this chapter we consider a class of uncertain linear systems described by
differential equations with delayed state as well as delayed control input. The
focal point of the chapter is to design finite dimensional memoryless static state
feedback controllers that make the closed-loop systems uniformly asymptotically
stable for all admissible uncertainties and guarantee an adequate level of perfor-
mance. The performance index considered in the chapter is an integral quadratic
cost function as in the LQ regulator problem, see e.g. [14, 16]. Reza Moheiami
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and Petersen [16] have already considered this problem in the delay case, but
handling uncertainties only on the non-delayed state, which is a particular form
of the proposed framework.

The approach adopted here is based on the Lyapunov-Krasovskii functional
technique [13] combined with an LMI technique {1]. The obtained conditions are
delay-independent {do not include any information on the size of delay) and han-
dle only the case of a single and constant state delay. Using an appropriate choice
of the Lyapunov-Krasovskii functional, these results can be easily extended to
multiple state delays case or to the time-varying delay case.

The chapter is organized as follows: in Section 2, some preliminary results
are given. Section 3 is devoted to robust performance analysis problem. The
single state delay case is treated in Section 4, and the mixed state and input
delays case is considered in Section 5. We illustrate our design procedure using
examples in section 6. Some final remarks conclude the chapter.

Notations. The following notations are used throughout the whole chap-
ter: C; = C([-,0], R") denotes the Banach space of continuous vector functions
which maps the interval [—7,0] into IR"™ with the topology of uniform conver-
gence; ||dllc = sup_,<;<olld(t)|| is the norm of a function ¢ € C,; C} is the set
defined by C¥ = {¢ € C; : ||¢llc < v}, where v is a positive real number. The
rest of the notations follow the convention.

2 Preliminaries and Definitions

Next, we introduce and define the $-procedure.

Definition 1. [19]
Denote a space H and let F(g), V1(g),-..,Vr(g), g € H, be some functionals or
functions. Further define domain IF:

F={geH: N{g)>0,...,V(g) >0} (2.1)
and two conditions:
(A) .’F(g) >0,VgeIF;
(B) 3e1 > 0,...,€e > 0 such that
k
Se,9) = Flg) - eVilg) >0, VgeH. (2.2)
Jj=1

Then (B) implies (A). The procedure of replacing (A) by (B) is called the S-
procedure.

Definition 2. {19] The S-procedure for the condition (A) is said to be lossless
if (A) is equivalent to (B) and lossy otherwise.
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In fact, (B) implies (A) is rather trivial as the S-procedure in this case is
almost equivalent to Lagrange multipliers method which is frequently used in
optimization. However, the S-procedure lossless property is not trivial. One of
the important S-procedure results we will use in this chapter is the following
S-procedure lossless lemma:

Lemma3. [19] If k = 1, H is a real linear space and F, Y, are quadratic
functionals, the S-procedure is lossless.

We also recall the following linear matrix inequality result:

Lemmad4. [1, 4] Given a symmetric matriz ¢ € R™"™ and two matrices U €
R“*™ V € R®*™. There exists a matriz © of compatible dimension such that

7+ UTOTV +vToU <0 (2.3)

if and only if
vTeu;, < 0 (2.4)
viev, < 0 (2.5)

where Uy € R™* agnd V) € R™*2 are any matrices whose columns form
bases of the null spaces of U and V', respectively.

3 Robust Performance Analysis

Consider the following uncertain linear time-delay system

z(t) = Az(l) + Agz(t — 1) + Baz(t — 72)

+H1(1(t) + HaGo(t) + Hs(s(2) (3.1)
z1(t) = Eiz(t) + Ea1Gi(t) (3.2)
22(t) = Enz(t— 1)+ Exnl(t) (3.3)
z3(t) = Egz(t —12) + Fa3(s(t) (3.4)

with the initial condition

z(to +0) = ¢(0), V0 € [-max{m,m2},0}; (to,¢) € R* xC¥

max{r1,72}

where z(t) € R" is the state, z;(t) € R*, i = 1,2,3, the fictitious outputs,
and (;(t) € R¥, i = 1,2,3, the uncertain variables. We call the uncertainties as
admissible if the uncertain variables satisfying the following quadratic constraint

3 3
SHGOF <Y llzml?, v to. (3.5)
il =1

In the above, A, A4, By, Hy, Ha, Hs, E;, By, Eao, Es3, E41 and Eg49 are
known constant matrices of appropriate dimension.
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Remark 1. Note that (3.5) allows dynamic, time-varying and nonlinear uncertain
structures. For H; # H, # Hj, the uncertainties added to the state matrix, the
delayed state matrices have different structures.

Remark 2. The following well-known uncertain linear systems with delayed state
z(t) = (A+ AA)z(t) + (Ag + AA)z(t — 1) + (Ba + ABg)z(t — 12)  (3.6)
with norm-bounded uncertainty

[ AA AAy ABy)=HiF(t)[Ey Eq Ep], FT@WF@#)<I, Vt>t
(3.7)
is a special case of system (3.1)-(3.5) with Ep; = 0,4 = 1,2,3 and H; = Hy = Hj3.

Remark 3. It seems to be nature that the uncertainties are admissible if the
uncertain variables satisfying the following quadratic constraints:

NGO <llz@)?, i=1,2,3, V>t (3.8)

However, we notice that all uncertainties satisfying (3.8) will also satisfy (3.5),
the reverse is not necessary true. Therefore, (3.5) allows a broader class of un-
certainties than (3.8). On the other hand, (3.5) permits the so-called non-generic
uncertainties, i.e., the uncertain variables and the fictitious outputs could have
the following relation

IG@I 2 Nz (3.9)

for a specific fictitious output signal z;(t) at a specific time instant ¢ as long as
the overall constraint (3.5) is satisfied for all time instant. It is generally diffi-
cult to describe and treat the non-generic uncertainties using other uncertainty
descriptions like norm-bounded uncertainty.

Without loss of generality, we assume to = 0 in the sequel.
Associated with system (3.1)-(3.5) is the following quadratic cost function:

J= / T H0sBd,  QER™™, Q>0, Vi>o0. (3.10)
0

Now, we address the robust performance analysis problem associated with
the uncertain system (3.1)-(3.5) as follows:

Determine if the system (3.1)-(3.4) is uniformly asymptotically stable and
find an upper bound for the cost function (3.10) for all admissible uncertainty
satisfying (3.5).

We then have the following result for the robust performance analysis prob-
lem:

Theorem 5. Consider the system (3.1)-(3.4) with uncertainty satisfying (3.5),
the robust performance analysis problem associated with the uncertain iime-delay
system (3.1)-(3.5) is solvable if there exist matrices P € R™", §; € R™*",
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Sz e R**", P> 0, S; >0, Sz > 0 and scaling scalar parameter € > 0 such that
the following LMI is feasible:

P P2 Pis
L= 73’17; Paa Pas | <O0. (8.11)
PL PL Pas

where
Py = ATP+PA+¢ETE, +Q+ 851+ 85,

P12 = [PAg PBy)
P13 = [PH; +¢ETE, PH, PH;)

P . [ -5 + €E£Edl 0
27 0 ~Ss + €ELEy
P _ ] 0 6E£E22 0
2T lo 0 eELEy
i —eIkl + €E2TlE21 0 0
Psz = 0 —ely, + €EL Eay 0
A 0 0 —elp, + SE%Ezg

Moreover, the cost function (3.10) satisfies the following bound:
0

J < 2T(0)Pz(0) + /

-7

=7 (6)S,2(6)d6 + / ’ 27(0)S,z(6)d8, Vt> 0. (3.12)

Proof. Consider the following Lyapunov-Krasovskii functional candidate:
¢

Vit,z;) = T (t)Pz(t) + /

{71

T (0)S12(0)dd + / T 0)S0d (313)
t—-Tg

where P > 0, S; > 0 and S; > 0.
We can easily verify that

/\min(P)”x(t)”2 SVt ) < (Amao(P) + T Amae (S1) + 7-2/\ma:c(s2))”xt“%'
. (3.14)
Denote V (¢, z;) the derivative of the Lyapunov-Krasovskii functional V' (t, ),
then the following inequality

Vit,z) + 27 (1)Qx(t) <0 (3.15)

guarantees both uniform asymptotic stability and the upper bound (3.12) for
the cost function (3.10). Indeed, we have

Vit, ) < —2T()Qz(t) <0, V>0 (3.16)

and zT()Qz(t) = 0 if and only if () = 0. According to Lyapunov-Krasovskii
stability theorem, conditions (3.15) and (3.16) guarantee the uniform asymptotic
stability of system (3.1)-(3.4) without constraint (3.5).
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On the other hand, integrating (3.15) on [0, t], then it is obvious that (3.15)
is a sufficient condition to guarantee

]
V(t,z;) — 27 (0)P(0) — / z7(8)S,z(0)d6

-y

]
-~ / =T (6)Syz(6)df + T (t) < 0,

—Ty

Yt > 0.

Since V(t,z:) > 0, ¥t > 0, we have

0 0

z7(0)S,2(0)dd + / z7(6)S,2(6)ds, vt > 0.

1o

(3.17)

Furthermore, due to the uniform asymptotic stability we have established,
z(t) — 0 when t — 0o0. Then we have

7() < 27 (0)Pz(0) + /

-7

0 0

2T (6)S1x(0)d6 + / z7(0)S2z(0)do.

—T9

7 < OPs(0) + [

-

Applying S-procedure to inequality (3.15) with constraint (3.5), we conclude
that (3.15) is satisfied under constraint (3.5) if there exists scaling parameter
€ > 0 such that

3
V(t,ae) + 27 (0Qa(t) + ¢ 3 _(l=®IF - IG®IF) <0, (318)

izl

and the S-procedure (3.18) is lossless according to Lemma 3.
Since

Vit,z) = &7 (t)Px(t) + zF @)Pi(t) + 27 1)S1z(t) — 27 (¢t — 11)S1z(t — 1)
+2T (1)S5z(t) — 2T (t — 72)Sex(t — 72),
we can rewrite (3.18) in the following form:
T " -

z(t) ] z(t)
z(t —mn) z{t — 1)
z(t - 73) z(t — 12)
¢i(t) = Gi(t) <0 (3.19)
10 G(t)
Gt) G

(3.11) is a sufficient condition to guarantee that (3.19) is satisfied for all
admissible uncertainty.
In fact, we can require that the following inequality instead of (3.18) holds:

3
V(t,20) + 327 (HQx(®) + ¢ S (I — IGOIP) <0 (320)

i==l
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for any given § > 0. The physical explanation of (3.20) is that we require
V(t,z:) < =8l2(0)}’

holds for any given & > 0 subject to constraint (3.5). However, since § > 0, we
can absorb it into P, S, So and ¢, namely, let

-1 = 1 . 1 .

P= SP, 51 = 551, SQ = 352, €= 36,
then (3.20) takes the same form as (3.18), and this absorbing procedure doesn’t
invalidate condition 1 of Lyapunov-Krasovskii stability theorem and affect the
upper bound for J. Therefore, without loss of generality, we use {3.18). o

1

Instead of system (3.1)-(3.5), we can alternatively consider the following sys-
tem with a different uncertainty structure:

&(t) = Az(t) + Agz(t — 1) + Baz(t — 72) + Hi((t) (3.21)
2(t) = Eiz(t) + Eaz(t — 11) + Espz(t — 12) + E3((t) (3.22)

where the admissible uncertain variables satisfy
ICON* < H=@)I1?, vt > to. (3.23)

We can use the same method as described above to tackle system (3.21)-(3.23).
As a direct application, we consider the following uncertain linear system with
single state delay:

Z(t) Az(t) + Agz(t — 1) + Hi((t) (3.24)
z(t) = Eiz(t) + Ergz(t ~ 7) + Ex((t) (3.25)

with z(t) € R* and the admissible uncertain variable ¢(t) € R* satisfying the
following quadratic constraint

KON < N1, V> to. (3.26)

Then we have the following corollary straightforwardly:

I

Corollary 6.  Consider the system (3.2{)-(3.25) with uncertainty satisfying
(3.26), the robust performance analysis problem associated with the uncertain
time-delay system (3.24)-(3.26) is solvable if there erist matrices P € R™ ",
S €R™™, P>0,5 >0 and a scaling scalar parameter € > 0 such that the
following LMI is feasible:

ATP+ PA+€¢ETE\+Q+S PAy+¢ETE\y PH; +¢ETE,
ATP + eET E, €ELEiy - S eET,E, < 0.
HITP + €EgE1 6E§Eld —€Ik + EEgEz
(3.27)
Moreover, the cost function (3.10) satisfies the following bound:

J(t) < 2T(0)Pz(0) + / ’ zT(0)Sz(6)ds,  Vt>O0. (3.28)

bk 2
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Remark 4. The feasibility of LMIs (3.11) and (3.27) can be easily determined
using Matlab LMI Control Toolboz [5].

In the sequel, we will consider robust guaranteed cost control problem using
memoryless static state feedback. We will simplify our derivative steps in order
to reduce redundancy.

4 Robust Guaranteed Cost Control — Single State-delay
Case

Consider the following uncertain linear time-delay system

i(t) = Az(t) + Aga(t — 7) + Bu(t) + Hi((2) (4.1)
z(t) Eqz(t) + Ergz(t — 1) + Eau(t) + Ea((t) (42)

with the initial condition
z(to + 0) = #(8), V8 €[-T,0]; (to,9) € Rt x 4

where z(t) € IR" is the state, u(t) € IR™ the control input, z(t) € R® the
fictitious output, and ¢(t) € IR* the uncertain variable satisfying the following
quadratic constraint

IE@I? < [zl (4.3)

Again, A, A4, B, Hy, E1, E14, E; and E3 are constant matrices of appropriate
dimension. ’

Similar to the robust performance analysis problem, we take to = 0 without
loss of generality.

Associated with the system (4.1)-(4.3) is the following quadratic cost func-
tion:

70 = [ @"OQa) +uT O R,
0
QeR™™, ReR™™, Q>0, R>0, Vt>0. (4.4)

We consider the following robust guaranteed cost control problem associated
with system (4.1)-(4.3):
Find a controller in the following form:

u(t) = Kz(t) (4.5)

such that the closed-loop system ({.1)-(4.5) is uniformly asymptotically stable
and give an upper bound for the cost function (4.4) for all admissible uncertainty
satisfying (4.8).

We have the following theorem for robust guaranteed cost control using mem-
oryless static state feedback:



Time-delay Systems 291

Theorem 7. Consider the system (4.1)-(4.2) with uncertainty satisfying (4.3),
then there exists a memoryless static state feedback controller (4.5) that solves
the addressed robust guaranteed cost control problem if there exist matrices X €
R™™, Y e R"", X >0,Y >0 and a scaling scalar parameter € > 0 such that
the following LMIs are feasible:

-Y 0 YET,
0 —€' e'Ef | <0 (4.6)
EY 6_1E2 -e_lIk

" XAT + AX XET | Ay ¢'Hy X
E X —-6-11}; E Y 6_1E2 0
AT Y AT YEL, | -Y 0 0

o o o|lo

e'H €'EI| 0 —e'I 0 N<0 @D
X 0 0 0 -Y
X 0 0 0 0 -@

NI O
N= [ 0 Iam:;}

with N any matriz whose columns form a basis of the null space of [BT ET).
Moreover, the cost function (4.4) satisfies the following bound:

where

JG)SszLX”EUD+:/Oszﬂ””zwﬂw, vt > 0. (4.8)

-7
Proof. The closed-loop system of (4.1)-(4.2) with controller (4.5} is the following;:

i(t) = (A+ BK)x(t)+ Agz(t — 7) + H1{(t) (4.9)
z(t) = (BEy+ EsK)z(t) + Erax(t — 1) + Ea((t) (4.10)

where the uncertain variable ((f) satisfying

KN < llz@I. (4.11)

Applying Corollary 6 to system ({4.9)-(4.11), it is an easy exercise of using
Schur complements that (4.9)-(4.11) is uniformly asymptotically stable and the
guaranteed cost (4.8) is satisfied if there exist P > 0, S > 0 and € > 0 such that
the following LMI is feasible:

(A+ BK)TP + P(A + BK) T
+S+Q+KTRK PA; PH, 6(E1 + E3K)
ATp -5 0 €¢ET, <0. (4.12)
HTIP 0 —el eET

e(Ey + E3K) eFhg €Fy —el},
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We then rewrite {4.12) into the following form:

" ATP+PA PAy; PHy €¢ET I, I, 0
ATp -5 0 eEL, 0 0 0
HTIP 0 —elp €eET 0 0 0
eby eFig €By —cly 0 0 0 +
I, 0 0 0 =St 0 0
I, 0 0 0 0 -1t o0
i 0 0 0 0 0 0 R
[ I, ] " PB ]
0 0
0 0
+1 0 | KT[BTPOOCE] 001n]+ | eBs | K[I, 000000} <0.(4.13)
0 0
0 0
L 0] L Im
Applying Lemma 4 to (4.13), note that
0
Inyok
is a matrix whose columns form a basis of the null space of I | 0 ... 0}, and
P—l
ny l N0
™ I 1 010
m
011
| Ttk

is a matrix  whose columns  form a basis of  the
null space of [BTP ¢EY I, | 0 ... 0], further let X = P~ and ¥ = §7,
we obtain (4.6)-(4.7) after some algebraic manipulations. a

Remark5. When P > 0, S > 0 and € > 0 are obtained, we can synthesize the
controller using LMI (4.13). Indeed, we replace P, S and € in LMI (4.13) with
their obtained forms, then the controller gain matrix K is the only unknown
variable in LMI (4.13). It then requires some algebraic manipulations to get
explicit expression for K. However, we observe that K is not unique due to the
non-uniqueness of N. This is in fact one advantage which allows us to explore
all possible controllers which solve the addressed robust guaranteed cost control
problem.
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5 Robust Guaranteed Cost Control — Mixed State and
Input Delays

Consider the following uncertain linear time-delay system

(t) = Az(t) + Agz(t — 1) + Bu(t) + Bau(t — 72)

+H G (t) + HaGo(t) + Hz(s(2) (5.1)
z1(t) = Eijz(t) + Ea1 (1(t) + Ezult) (5.2)
2(t) = Eaz(t —711)+ E((t) (5.3)
z3(t) = Egu(t — 1) + E23(3(t) (5.4)

with the initial condition

III(to + 9) = ¢(6), Ve € [«—max{n,rg},ﬂ]; (t0,¢) € IR+ X cr‘;)ax{n,fz}
where z(t) € IR" is the state, u(t) € R™ the control input, z;(t) € R¥, i =
1,2, 3, the fictitious outputs, and (;(t) € R¥ | i =1,2,3, the uncertain variables
satisfying the following quadratic constraints

3 3
Y MG <D Hla®l?, vt to. (5.5)
i=x1 i==]

Again, A, Aq, B, By, H1, Ha, H3, Ey, Ey, Ess, Eo3, Egi, Eg and E3 are
known constant matrices of appropriate dimension.

Generally, it should be very restrictive to require ; = 5. The two uncertain
delays impose on output channels and input channels separately, therefore, it is
unlikely for them to have a exact match. For this reason, we would like to treat
71 and 7y as two independent delays while it is clear that the unified state and
input delay is just a special case of our problem.

We also take to = 0 without loss of generality.

Associated with the system (5.1)-(5.5) is the following quadratic cost func-
tion:

J= / w(zT(t)Qz(t) +uT(t)Ru(t))dt,
0
QER™™ ReR™™ Q>0, R>0, Vi>0. (5.6)

We consider the following robust guaranteed cost control problem associated
with system (5.1)-(5.5):
Pind a controller in the following form:

u(t) = Kz(t) (5.7)

such that the closed-loop system (5.1)-(5.5) is uniformly asymptotically stable
and give an upper bound for the cost function (5.6) for all admissible uncertainty
satisfying (5.5).

We have the following theorem for robust guaranteed cost control using mem-
oryless static state feedback:
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Theorem 8. Consider the system (5.1)-(5.4) with uncertainty satisfying (5.5),
then there erists a memoryless static state feedback controller (5.7) that solves
the addressed robust guaranteed cost control problem if there exist matrices X €
R Y; e RV, YV, e R, X > 0,Y) >0, Yy > 0 and scaling scalar
parameter € > 0 such that the following LMIs are feasible:

R Ri2

[ RT, Ra ] <0 (5.8
Qu | Q12 Qi3

NT VO 1 Qs Qo [N <O (5.9)
QT3 Qg; QBS

where

N | 0
N =
[ 0 lI4n+k1+2k2+k3 :!

with N any matriz whose columns form a basis of the null space of

{BT ET o }
BT o EL)|’
and
[ -V, 0 0
Riui= 0 ——6"1I1‘,1 +€“1E«£E21 0
L 0 0 —tE”'IIk2
r T
0 YlEdl -E_IIkS + E'_lEg;;Ezs 0
Riz=1]0 0 , Ros = 0 eI,
L 0 e 'EL, 2
[ XAT + AX XET 0
Qu = B X —€e 1, 0
L 0 0 —6_1Ik3
[ AdY1 eT'Hy e 'Hy ¢e'Hy 0 X X X
Q2= 0 e'Ey O , Qi3 = 0 00 0 O
0 0 0 6"1823 g 0 0 0
[ -1 0 0 0 iET, 000
Qn=1| 0 -l 0 , Qag=10 0 000
0 0 — L, 0 e'EL 000
('L, 0 0o 0 0
0 -, 0 0 0
Qaz = 0 0 -Q7! 0 0
0 0 0 -y 0
0 0 0 0 -Y,
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Moreover, the cost function (5.6) satisfies the following bound:

0 0

2T (6)Y, 2(6)dd + / T (6)Y; 2(6)db, ¥t > 0.

J <zT(0)X1z(0) +/
o (5.10)

-7y

Proof. The closed-loop system of (5.1)-(5.4) with controller (5.7) is the following:

(t) = (A+ BK)z(t) + Aqz(t — 1) + BaKz{t — 72)
+H1Gi(t) + Ha(a(t) + Ha(a(t) (5.11)
21 (t) = (E1 + EgK)I(t) -+ E21<1 (t) (512)
22(t) = EBaz(t — 1)+ Eaala(t) (5.13)
23(t) = EgpKz(t — )+ Eys(s(t) (5.14)
where the uncertain variables (;(t), i = 1,2, 3 satisfying
3 3

Y MG < @), vezo0 (5.15)

i=1 i=1

Applying Theorem 5 to system (5.11)-(5.15), it is an easy exercise of using
Schur complements that (5.11)-(5.15) is uniformly asymptotically stable and the
guaranteed cost (5.10) is satisfied if there exist P > 0, S > 0 and € > 0 such
that the following LMI is feasible:

[(A+ BK)TP+ P(A+ BK)+ KTRK PAy PB;K
Agp -8 + ng’lEdl 0
KTB;{P 0 ~89 + 6KTE;€2E¢2K
HTP + ¢EL(E, + B3 K) 0 0
HIP eE;-,r?Edl 0
H]P 0 ¢ELEnK
I, 0 0
I, 0 0
L I, 0 0
PHy +€(Ey + E3K)TEy, PH, PH;
0 6E;{1 E22 0
0 0 ¢KTEL Eoy
"5Ik1 -+ 6E31E21 0 0
Lo 0 —ely, + CEg;EQQ 0
0 0 —ely, + 6E2’1;3E23
it 0 0
0 0 0
0 0 0
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I, I

0 0

0 0

0 0

~ 0 0
0 0
,..Q~1 0
0 -5

0 0
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< 0.

vy

xg’?oaooooc:;‘ﬁ

(5.16)

We then rewrite (5.16) into the following form:

" ATP+ PA PAy
ATP -8
0 0
HITP 0
HgP 0
HTP 0
6E1 0
0 GE,ﬂ
0 0
I, 0
I, 0
I, 0
L 0 0
eET 0
0 eE}l
0 0
eE, 0
0 ¢Ed,
0 0
~ —elg, 0
0 —ely,
0 0
0 0
0 0
0 0
0 0

0 PH, PH
0 0 0
-5 0 0
0 —ely, O
0 0 --EIk2
0 0 0
G €E21 0
0 0 €E22
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
0 I,
0 0
0 0
0 0
0 0
¢eEL, 0
0 0
0 0
—6Ik3 0
0o -Qt
0 0 -
0 0
0 0

PH;
0
0
0
0
—EIk3
0
0
€Fs3
0

0
0
0

-
ot
oy

J
oé’?cooooooooo;

coMoowoocoocooi
MooooocoooooOo O
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1, 07 [PB PBy]" [PB PBy] [I. 07
0 O 0 0 0 0 0 ¢
0 I, 0 0 0 0 0 I,
0 O 0 0 0 0 0 O
0 O 0 0 0 0 0 O
0 O 0 0 0 0 0 O
+] 0 0 |KT|eEs O +]eBs 0 |K| 0 0| <0(517)
0 0 0 0 0 0 0 0
0 0 0 EEdg 0 GEdg 0 0
0 O 0 0 0 0 0 O
0 O 0 0 0 0 0 O
0 © 0 0 0 0 0 0
| 0 0 | | I, 0 | | I 0 | L 0 0 ;
Applying Lemma 4 to {5.17), note that
0 0
I, 0
0 0
0 Igniok;+2ka+2ks
is a matrix whose columns form a basis of the null space of
I,|0/ 010
0i0jI,]0
and
P—~l
e, N 0
e, 0 0
I, 0 | Iantky+2ka+ks
Tantky+2ka+ks

is a matrix whose columns form a basis of the null space of
I, 10
0{0]’

we obtain (5.8)-(5.9) after some tedious algebraic manipulations. o

BTP €ET 0
BTP 0 €EY
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6 Illustrative Examples

Ezample 1. Consider the uncertain system (4.1)-(4.2) with parameters given by:

_[-3 07, _[-14 0o ]
A'_o.s 1}’ A“""[—o.s -—0.6j
ro lo
B A]’m LJ
(10 00
01 00
C=loo|" %=1
00 01
El = {01 1]; Eld, = {005 06]

Ez = 09, E3 =04.

We consider the following quadratic cost function:

J@=£ﬂf@%@+£mmmm

where

30
Q“[OZ}’ R=10.1

If the state is measurable, we can possibly design a memoryless static state
feedback controller. First of all, we determine if the LMIs {4.6)-(4.7) are feasible
for the above given system parameters. Then we can synthesize the feedback gain
matrix K based on LMI (4.12) if LMIs (4.6)-(4.7) are feasible. Note however, we
have the freedom in selecting the matrix N in LMI (4.7).

First, we select N as a matrix whose columns form an orthonormal basis of
the null space of [BT ET].

Simulation using Matlab LMI Control Toolboz [5] shows that LMIs (4.6)-(4.7)
are feasible for our uncertain system, and we obtain the following variables from
the feasibility test:

P [ 1.4808 0.0187 ] i vl = [ 1.1205 0.1195 ]
0.0187 1.0885 |’ 0.1195 0.9826

e = (.4181.

With the obtained variables, it is straightforward to get a suitable memoryless
static state feedback controller as follows:

ult) = [~0.4667 — 7.3572)z(t) (6.1)

which guarantees that the cost function satisfies (4.8).
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2 0
N=10 -02
0 05

whose columns also form a basis of the null space of [BT EJ).
Simulation shows that for memoryless static state feedback control, we now
have

Alternatively, we choose

43731 -0.0241

-l _ . -1

X0 = {-—0,0241 1.2132 ] Y “[
€ = 0.4987

2.3136 0.1544
0.1544 1.2817

while the controller is given by
u(t) = [-0.0890 — 8.0439]x(t). (6.2)

Ezample 2. Consider the system (5.1)-(5.4) with the given parameters:
-3 0 -14 0 0
A‘[o.s 1}' ‘4"‘{-0.5 —0.6}’ B_[l]

e [1] me[E] e ] e

E, =[011; Eg =[0.050.6];Es =06
Eot = Egpp = Ep3=0.9;, E3=04.

The following quadratic cost function is given by:

J(t) = /0 oo(.a;T(t)Q:f,»(t) + uT () Ru(t))dt
where

30
QZ{OQ}; R =0.1.

Simulation using shows that LMIs (5.8)-(5.9) are feasible for our uncertain
system, and we obtain the following variables from the feasibility test:

-1 = 1.4936 0.0019
~ 1 0.0019 1.0926

vl 1.2903 -0.08237 _; [ 0.1746 -0.0017
1 -0.0823 09641 |’ "% T | -0.0017 0.2054
€ = 0.1320.

With the obtained variables, it is straightforward to get the controller gain
matrix
K = [~1.3548 — 9.8765].
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Therefore, a suitable memoryless static state feedback controller is given as fol-
lows:

u(t) = [~1.3548 — 9.8765]z(¢) (6.3)

which guarantees that the cost function satisfies (5.10).

7 Conclusion

We consider the robust guaranteed cost control problem for linear time-delay sys-
tems with quadratically constrained uncertainty. Our uncertainty description is
more general than norm-bounded time-varying uncertainty and linear fractional
transform type uncertainty descriptions. We show that the feasibility of LMI
(3.27) guarantees the solvability of the corresponding robust performance analy-
sis problem while the feasibility of a pair of LMIs (4.6)-(4.7) insures the existence
of a memoryless static state feedback controller which solves the addressed ro-
bust guaranteed control problem. Once the solvability issue is determined, it is
then straightforward to construct a family of desired memoryless static state
controllers numerically.
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Abstract. This chapter deals with the stabilization of linear continuous-
time systems with time-delay in the state and subject to bounded in-
puts. A saturated state feedback control law is used. Sufficient condi-
tions addressing the local stabilization of such systems are proposed.
The methodology consists in determining some domains of safe admissi-
ble states for which the stability of the saturated closed-loop system is
guaranteed.

1 Introduction

In practical control problems, many constraints have to be treated in or-
der to design suitable controllers operating in real environment. Hence, controls
and states of practical systems are bounded and therefore subject to amplitude
saturations.

The stabilization of linear systems with saturating actuators has been widely
investigated in the last years: see, for example, [1] and references herein. The
problems of local and global stabilization for such a class of systems have been
studied. Some of these results have been extended to the case of linear systems
with delayed state and then sufficient conditions for state feedback stabilization
have been given, for example, in [3], [5], [18] (independent of the size of delay) or
in [3], [16] (dependent of the size of delay). The stability conditions presented in
these papers are mainly based on the use of matrix measure, complex Lyapunov
equations, or still Razumikhin-type theorems. For an outline concerning the last
results on the delay systems see, for example, [9] and references herein, or still the
different papers on the subject in the 13th World IFAC Congress (San Francisco,
USA - July 1996).

In this chapter, we consider a linear continuous-time system with saturat-
ing controls and with time-delay in the state. The main objective of this chapter
consists in determining some domains of safe admissible states for which the sta-
bility of the saturated closed-loop system is guaranteed. The approach is based
on a Lyapunov-Krasovskii technique for analysing the uniform asymptotic sta-
bility of solutions of functional differential equations. The main results consist in
proposing simultaneously delay-independent sufficient conditions for the asymp-
totic stability of the closed-loop system via memoryless static state feedback and
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a suitable domain of safe admissible states. These conditions are given in terms
of solutions of appropriate finite dimensional algebraic Riccati equations. The
suitable associated domain is obtained from an optimization linear program. To
obtain these results, the saturated closed-loop system is written as a convex
combination of matrices belonging to a convex polyhedron of matrices.

The chapter is organized as follows. Section 2 presents the considered system
with its hypotheses and states the objectives. Section 3 proposes a solution when
saturation of controls has to be avoided. Section 4 addresses the problem when
controls are allowed to saturate. In Section 5, a numerical example, borrowed
from the literature, illustrates the results. Finally, Section 6 gives some conclud-
ing remarks.

Notations. Throughout this chapter, the following notations are used. Re de-
notes the set of real numbers, Re™ is the set of non-negative real numbers, Re™
denotes the n dimensional Euclidean space, and Re™*™ denotes the set of all
n x m real matrices. The notation X > Y (respectively, X > Y), where X and ¥
are symmetric matrices, means that the matrix X — Y is positive semi-definite
(respectively, positive definite). For a real matrix A, AT and A(iy denote the
transpose of matrix A and the ith row vector of matrix A respectively. I,, de-
notes the identity matrix in Re™ ™. Az (P) and Apmin(P) denote respectively
the maximal and minimal eigenvalues of matrix P. C, = C([-7, 0], Re") denotes
the Banach space of continuous vector functions mapping the interval {~7,0]
into Re™ with the topology of uniform convergence. The following norms will
be used: || - || refers to either the Euclidean vector norm or the induced matrix
2-norm ; || ¢ {[c= Sup_; <;<o Il #(t) || stands for the norm of a function ¢ € C;.
Moreover, we denote by C? the set defined by C? = {¢ € C; ; || ¢ ||c< v}, where
v is a positive real number.

2 Problem statement

Consider the linear time-delay system described by:
z(t) = Az(t) + Aqz(t — 7) + Bu(t) (2.1)
with the initial condition
z(to + 0) = ¢(6), V8 € [-7,0], (to,¢) € ReT x C? (2.2)

where z(t) € Re™ is the state, u(t) € Re™ is the control input, 7 is the time-
delay of the system, A, A4, B are known real constant matrices of appropriate
dimensions. Furthermore, pair (A, B) is assumed to be stabilizable.

The vector u(t) is assumed to take values in the compact set 2 € Re™:

2= {u€Re™; ~up <u < up} (2.3)

with ug component-wise positive vector of Re™.
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From (2.3), the saturation function sat(Kz(t)), K € Re™*", is defined as

sat(Kz(t)) = [ sat(Kpya(t)) . sat(Kmz(®) ] (2.4)
with for i =1, ...,m:

~UQ(4) if K(i)il: < =Up(s)
sat(K(,):l;(t)) = K(,)CE if —Uop(i) S K(z)l' S Uo(i) (2.5)
ugy i K@ > o)

By implementing such a saturated control law, the closed-loop system is :
&(t) = Az(t) + Agz(t — 7) + Bsat(Kz(t)) (2.6)

When the controls do not saturate, that is, for all z(t) € S(KX, up) described as
follows:

S(K,ug) = {z € Re™; —up < Kz < ug} (2.7

system (2.6) admits the linear model:
&(t) = (A+ BK)z(t) + Aqz(t — 1) (2.8)

The aim of this chapter is to investigate conditions for closed-loop stability
of the saturated system (2.6) via memoryless state feedback. The approach de-
veloped is mainly based on the Lyapunov-Krasovskii Theorem [4], [8]. However,
some results based on the Razumikhin’s approach are discussed. No assumption
on the stability of the open-loop system is made. When the open-loop system
(u = 0) is stable the global stabilization can be studied (see [14] and references
therein).

First the linear model (2.8) is considered: a state feedback matrix K and a set
of safe admissible states (domain of linear behavior) guaranteeing the asymptotic
stability of the system are then determined.

Next, considering the saturated system (2.6), a domain of nonlinear behavior
is determined in order to guarantee the asymptotic stability of the system.

3 Closed-loop stability without saturations

This section addresses the determination of a local domain of stability in
which the control law is not saturated. In other words, a local domain included
in S(K,uo) and in which the model (2.8) is valid has to be found.

Lemmal. Assume that for two Lyapunov functions the inequality Vi(z) <
Va(z) < co holds. Then the set Dy contains the set Dy, where the sets Dy, i = 1, 2
are defined by

D; = {z € Re"; Vi(z) < o}
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Proposition 2. Given symmetric and positive definite matrices ) and R, if
there exist two symmetric and positive definite matrices P and S solutions of

ATP+ PA+PAS'ATP-PBR'BTP+S+Q=0 (3.1)
then system (2.8) is asymptotically stabilizable by the state feedback matriz
K =-R7'BTP (3.2)
for all initial condition ¢ € B(o) defined by

B(o) = {¢p e 5l ¢ |12< o}
(3.3)

with 0 = s— B

where the scalar p corresponds to the largest ellipsoid D{P,u} = {z €
Re™; 2T Pz < p} contained in S(K,up).

Proof. Let us introduce the following Lyapunov functional candidate:
¢
V() = z(t)T Px(t) -i-f z(0)T Sz(8)dd (34)
t—r

where P and S are solutions of the Riccati equation (3.1). Furthermore, one
gets:

Bullz(t) < V(ze) < B2 | 2 |12 (3.5)

where 81 = Apin(P) and B2 = Aoz (P) + TAmaz(S). The time-derivative of
V (z;) is given by:

Viz:) = &(t)TPz(t) + z()T Pi(t) + z(t)T Sz(t)
—z(t —7)TSz(t - 1)

Then from (3.1) and (3.2), along the trajectories of system (2.8) it follows:

V(z:) = —z(t)TQz(t) — z(t)T PBR~ BT Px(t)
—[z@t — 1) - STTAT Pz(1)]T S[z(t — 7) — S~ AT Px(t)]

Hence, it follows that there exists a positive scalar 83 such that one gets V(z;) <
—B3 || z(t) ||*< 0, and therefore V (z;) < V(z,), provided that the linear model
(2.8) remains valid. According to Lemma 1, it is clear from (3.5) that both:

~ V¢ € B(o) it follows ¢ € D(V, i), which is the domain defined by D(V, u) =
{z € Re™ V(z:) < i}
— Vz; € D(V, ) it follows z(t) € D(P,pu) = {z € Re™; 2t Pz < p, u > 0}.
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Furthermore, since V(z:) < V(zy,), from {3.5), it follows that V¢ € B(o) one
gets z(t) € D(P, pj. Thus, if we determine the largest ellipsoid D(P,u) = {z €
Re™ z' Pz < p, p > 0} included in S(K, ug), it follows that V¢ € B(o) = {¢ €
C¥%il ¢ |12< o} with 0 = 4 #(t) € S(K,up). Then, for any initial condition
in B(c) the linear system (2.8) is valid. Hence, using the Lyapunov-Krasovskii
functional approach {(see the first chapter of this monograph}, for any initial
condition in B(c) the local asymptotic stability of system (2.8) is guaranteed.
a

Then the following Algorithm can be stated.

Algorithm 4 1. Given symmelric and positive definite matrices () and R,
compute solutions P and S of (8.1).
2. Compute p = miin 1; where ; = K}—?ﬁ:‘}}ﬁ; is the solution of the optimiza-
tion program:
maxz! Pz = A
subject to KT < ug;)

3. Compute o0 = pw—02 ;‘T pw—

It is worth to notice that the set D(V, u) = {z € Re"™; V(2:) < p} obtained
from Step 2 is a positively invariant and strictly contractive set [6] with respect to
the trajectories of system (2.8). Nevertheless, a better way to determine a set of
safe admissible states would consist in finding the maximal set D(V, 1) (defined
above) with g = min ¢; where {; would be the solution of the optimization
program: :

max V(z) = §
subject to K(;z < ug(;)

However such a computation is very hard and no simple solutions are really at-
tainable at the current time.

Since one gets:
Y¢ € B(o) then z; € D(V, pu) and z(t) € D(P, p) (3.6)

it could be interesting to know if the ellipsoid D(P, u) is a positively invariant
and contractive set for system (2.8). In this sense, based on the Razumikhin’s
approach the following proposition can be stated.

Proposition 3. Given symmetric and positive definite matrices Q and R, if
there exist two symmetric and positive definite matrices P and S solutions of
(3.1) then system (2.8) is asymptotically stabilizable by the state feedback K,
defined in (8.2), for all initial condition ¢ € D(P,p) = {z € Re";2" Pz < p},
where p is defined as in Step 2 of Algorithm 4. Hence, D(P,p) is a positively
invariant and contractive set for system (2.8).
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Proof. Compute the time-derivative of the quadratic Lyapunov function V{z) =
zT Pz along the trajectories of system (2.8). Then from (3.1) and (3.2) it follows:

V(z) = —z(t)T(Q + PBR™'BTP + S)x(t) + 2z(t)T PAgx(t — 7)
—z(t)TPA4S T AT Px(t)

Let us first consider the following term
[z(t ~7) = S AT Px(1))TS[z(t — 7) — S~ AT Px(2)] > 0
which is equal to
z(t —7)T8z(t —7) = 22()TPAgz(t — 7) + z(t)TPAS AT Px(t) > 0
therefore it follows:
2x(t)T PAgz(t — 7) — 2(t)TPAS AT Pa(t) < z(t — )T Sz(t — 1)
Hence the time-derivative of V{z) satisfies:
V(z) < —z(t)T(Q + PBR™'BTP + S)z(t) + z(t — 7)T Sz(t — 1)

From the use of the Razumikhin’s Theorem [4], it is assumed that there exists
a positive number g > 1 such that

z(t — )T Px(t — 7) < @z (t)T Pz(t)
which is equivalent to the existence of £ > 1 such that
z(t - 1)TSz(t — 1) < K2z (t)T Sz(t)
Then concerning V(z) it follows:
V(@) < (~Amin(S™2(Q + PBR™'BTP + 5)S~%) + #®)a(t)T Sz(¢)

Moreover, remark that @ + PBR™'BTP + S > § since Q and S are positive
definite. Therefore it follows that

“3Q+PBR'BTP+5)5 ¥ >1

and thus the condition Apmin(S~2(Q + PBR~1BTP + 5)S~%) > 1 follows.

Therefore if Amin(S™%(Q + PBR™'BTP + §)§~%) > 1, there exists £ small
enough such that V{z) < 0. Model (2. 8) being valid only in S{K,ue), since the
choice of p > 0 follows Step 2 of Algorithm 4, one gets D(P, ) C S(K,uo) and
therefore V(z) < 0, for any z € D(P, ). The set D(P, u) is a positively invariant
and contractive set for system (2.8). o
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Propositions 2 and 3 mean that the function V(z.), defined in {3.4), and
the quadratic function V(z) = 2T Pz are both Lyapunov functions for system
(2.8). The first one is based on the Lyapunov-Krasovskii approach, whereas the
second one uses the Razumikhin’s approach. Proposition 2 allows to conclude
that D(P, u) is a domain of stability, whereas Proposition § allows to conclude
that D(P, i) is a positive invariant and contractive set.

In the case 7 = 0, one can consider the term Agz(t) as a norm-bounded
uncertain term, that is, Ay = DFE; where F is the parameter uncertainty
satisfying FTF < 1. Then to stabilize system (2.1) one can solve equation (3.1)
by considering S = eI, € > 0, that is, one has to determine € and P solutions
of [15]:

ATP + PA+ePA4ATP -~ PBR'BTP+ ¢ ', +Q =0

Furthermore, in the case 7 = 0, the following corollary to Propositions 2 or
3 can be stated.

Corollary 4. Given symmetric and positive definite matrices () and R, if there
exist two symmetric and positive definite matrices P and S solutions of equation
(3.1) then system (2.8) is asymptotically stabilizable by the state feedback K,
defined in (8.2), for all initial condition in D(P,p) = {z € Re";2TPz < pu},
where p is defined as in Step 2 of Algorithm 4. Hence, the set D(P, u) C S(K, up)
is a positively invariant and contractive set for system (2.8).

Proof. It suffices to compute the time-derivative of the quadratic Lyapunov func-
tion V(z) = zT Pz along the trajectories of system (2.8) in which 7 = 0. Then
from (3.1) and (3.2) it follows

V(z) = -2z7(Q + PBR™'BTP)z
~zT(I, — S~YATP)TS(I, - S7'AY P)z

Model (2.8) being valid only in S(K,uo), since the choice of y > 0 follows Step
2 of Algorithm 4, one gets D(P, u) C S(K,up) and therefore V{z) < 0, for any
z € D(P, p). o

4 Closed-loop stability with saturations

To develop the results of this section, the saturated system (2.6) is written
under an equivalent form. Let us write the saturation term as:

sat(Kz(t)) = D(a(z))K=z(t) ; D(a(z)) € Re™™ (4.1)

where D(a(z)) is a diagonal matrix for which the elements a;(z) satisfy for
i=1,..,m vty -
“T{'(T% if I((,;):E < —Up(s)
ai(z) =41 if —ugny < Kz < g (4.2)

-—)-;((’f;w if Kz > uog)
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and
0<aiz) <1 (4.3)

System (2.6) can then be written in the equivalent form:
i(t) = (A + BD(a(z))K)z(t) + Agz(t — 7) (4.4)

Recall that for a given stabilizing state feedback K it is generally not possible
to determine analytically the region of attraction of the origin. Nevertheless, the
determination of either a positively invariant and contractive set [2] or a domain
of stability [10] for system (2.6) may be an interesting way to approximate it.

The determination of such a set for systems (2.6) or (4.4) gives lower bounds
for o, i = 1,...,m. Thus, if this set is denoted Sy, it follows that for any z(t)
belonging to Sp, one may define a lower bound for ¢;(z) as:

(2i(2))min = min{a;(z) ; T € Sp} (4.5)

Therefore, Vz(t) € Sp, the scalars a;(z), ¢ = 1,...,m, satisfy (@;(2))}min <
ai(z) < 1. From a convex linear combination of matrices A4; defined by [12]:

Aj= A+ BD(v,)K (4.6)

where D(v;) is a diagonal matrix of positive scalars v;(;), for i = 1,...,m, which
arbitrarily take the value 1 or {@;())min, system (2.6) may be written, for any
z(t) € So, as:

-
2(t) =Y Aj(@(t)A;a(t) + Agz(t — 7) (4.7)
j=1
with
-
YA =1, X)) 20 (4.8)
j=1

Note that the matrices A; are the vertices of a convex polyhedron of matrices.
Note also that (c;())min, ¢ = 1,...,m, define the polyhedral set

S(K,ug) = {x € Re";—u§ < Kz <u§} (4.9

where every component of vector 1§ is defined by -(a—'?zﬂ)-s);::, i=1,...,m. This set

contains So and corresponds to the maximal set in which model (4.7) represents
system (2.6) or (4.4).

Proposition 5. Assume that matrices P and S are solutions of (3.1) and K is
given by (3.2). If for all j = 1,...,2™, one gets:

-Q+KT(R~ RD(y;) ~ D(v;)R)K < 0 (4.10)
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then system (2.6) is asymptotically stabilizable by the state feedback K for all
initial condition ¢ € B(6) defined by

B() = {peCll ¢12< 8}
(4.11)
with § =

2
Amaz (P)”}'TAmac (S)

where the scalar p corresponds to the largest ellipsoid D(P,p) = {z €
Re™; 2T Pz < p} contained in S(K,ug).

Proof. Using the same Lyapunov functional as defined in (3.4) and considering
its time-derivative along the trajectories of system (4.7) it follows
Vize) = Z,\ (2)z(t)T(ATP + PA;)a(t)
+2z(t)TPAdz(t - T) +z(t)TSz(t) - z(t — )T Sz(t — 1)

From (4.8), (3.1), (3.2) and from the convexity of function V(z;) it follows that:
. 2m .
Viz) =) _A(@)V;(w)
=1

where V,-(zt) is defined by:

Vj(zs) = —z(t)TQz(t) + z(t)TKT(R — RD{(v;) — D(7;)R)Kx(t)
~[z(t — 1) ~ S~ AT Px(t)]T S[z(t — 7) — S~TAT Pz(t)]

Hence, if condition (4.10) holds, then there exists G4 > 0 such that Vi) <
—Bs || z(t) ||2< 0, provided that model (4.7) is valid. The end of the proof of
Proposition 2 can be mimicked. For any initial condition in the ball B(d), the
trajectories remains in S{K,u§) and the model (4.7) is valid. Hence, for any
initial condition in the ball B(J) the local stability of system (2.6) is guaranteed.

[m]

Notice that if we consider the ellipsoid D(P, p), we can define the resulting
@i (Z)min as

(%) min = min( Yo 1), i=1.m (4.12)
ﬁ\/K(i)P—IK@)

Therefore the definition of vectors v;, = 1,...,2™, follows. A way to compute
the suitable vectors v; and the positive scalar § is now proposed.

Algorithm 5 1. From the solution obtained in Algorithm 4 compule s; =

U . .
o K(‘:;‘; T i=1,..m. Onegetss; 2 1,i=1,...,m

2. Choose an zncrement Aw and iterate w from 1.
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8. Compute the 2™ possible combinations of vector v; from vj = 1 or
min(%,1), i = 1,...,m. Test if condition ({.10) holds.

4. If condition (4.10} is verified, w is a suitable value then increment it and go
to the step above. Otherwise stop.

5. Among the suitable values of w select wpe, = maxw and compute p = w2, p1.

6. Compute § = )‘m”(P}«fr)‘maz(S)'

As in section 3, since
Vo € B(d), z: € D(V,p) and z(t) € D(P, p) (4.13)

the following proposition can be stated, based on the Razumikhin’s approach,
to establish in what case the ellipsoid D(P, p) is a positively invariant and con-
tractive set for system (2.6).

Proposition 6. Assume that two symmetric and positive definite matrices P
and S are solutions of (3.1) and K is given by (8.2). If for all j = 1,...,2™
condition (4.10) holds, then system (2.6) is asymptotically stabilizable by K,
defined in (8.2), for all initial condition ¢ € D(P,p) = {z € Re®;27 Pz < p},
where p is defined by Step 5 of Algorithm 5. Furthermore the set D(P,p) is a
positively invariant and contractive set for system {2.6).

Proof. Compute the time-derivative of the quadratic Lyapunov function V(z) =
zT Pz along the trajectories of system (2.6). Then from (3.1) and (3.2) it follows:

2m
V() = Y M(@)z®)T (AT P + PA;)z(t) + 22(t)T PAgz(t - 7)
J=1

From (4.8), (3.1), (3.2) and from the convexity of function V(z) it follows that :
. 2m .
V() = Y Ai(@)V;(=(t)
j=1
where V;{(z(t)) is defined by:

Vi(z(t)) = ~2(t)T Q(t)
—z(t)TSz(t) — z(t)T PAS AT Pa(t) 4 22(t)T PAgz(t — 7)
+2(t)TKT (R — RD(y;) - D(v;)R)Kx(t)

Thus, one gets:

Vi(z(t) < —2()7Qa(t) — o(t)T Sa(t) + a(t — T)T Sz (t - 7)
+z(t)" KT(R — RD(v;) - D(v;)R)Kx(t)

Then if condition (4.10) holds for all j = 1,...,2™, therefore since S is positive
definite it follows that

Q+S - K"(R~ RD(y;) - D(1;)R)K > §
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therefore
S7%(Q + S - KT(R~ RD(y;) — D(v;)R)K)S™% > 1

and the condition Amin(S™3(Q + S — KT(R — RD(v;) — D(v;)R)K)S~%) > 1,
Vj = 1,...,m, follows. Furthermore, by mimicking the proof of Proposition 3 one
can conclude that by Razumikhin’s approach there exists a sufficiently small
k > 1 satisfying z(t ~ 7)TSz(t — 7) < &?z(t)TSz(t) such that V;(z) < O.
Moreover, model (2.6) is valid only in S(K,u§). Since p > 0 is chosen such
that D(P,p) C S(K,u§), by using Razumikhin’s approach the same type of
reasoning can be applied to conclude that V;(z) < 0, and therefore V(z) < 0,
for any z € D(P, p). Thus, ¥¢ € D(P, p), one gets z(¢) € D(P, p), YVt > to. The
set D(P, p) is a positively invariant and contractive set for system (2.6). =

The objective of Proposition 6 was to express the possible links between the
Lyapunov-Krasovkii and the Razumikhin’s approaches for a system with satu-
rating controls as system (2.6). Hence, it is clear that other sufficient conditions
may be found in order to guarantee the positive invariance of D(P, p) for system
(2.6).

In the case T = 0, the following corollary of Proposition 5 can be stated.

Corollary 7. Assume that matrices P and S are solutions of (3.1) and K is
given by (3.2). System (2.6) is asymptotically stabilizable by the state feedback
K in D(P,p) = {z € Re™;2T Pz < p} if, for all j = 1,...,2™, one gets:
~Q ~ (I, -~ SYATP)TS(I, — S~ ATP) (4.19)
+KT(R~ RD(v;) - D(%;)R)K <0 '
Proof. Using the Lyapunov function V(z) = z(t)TPz(t) and considering its
time-derivative along the trajectories of system (4.7) in which 7 = 0, it follows:
2m
V(z(t) = Y M(@)z(t)T(A] P+ PAj)a(t) + 22(t)T PAaz(t)
J=1
From (4.8), (3.1), (3.2) and from the convexity of function V'(z) it follows that :

o
V() =Y A(@)Vi(=(t)

Fe==1
where V;(z(t)) is defined by:
Vi(z(t)) = —2(t)7 Qz()
—z(t)T[I, — ST AT Px(t)|TS[I, — S~ AT Plx(t)]
+z(t)TKT(R - RD(v;) - D(v;)R)Kz(t)
Hence, if condition (4.14) holds, then V;(z(t)) < 0 and therefore V(z(t)) < 0 for

all z € D(P, p). In this case, the set D(P, p) is positively invariant and contractive

for system (4.7). Thus, the local stability of system (2.6) is guaranteed in D(P, p).
a
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5 Numerical example

Consider the numerical example borrowed from [17]. System (2.1) with con-
straint (2.3) is described by the following data:

1 15 0 ~1
A""{o.a —2} "4“"{0 0]

B={1(1)] sup=15; 7=1

Then by choosing R=1 and @ = { ? ; } one gets:

P 0.2387 -0.0537] S= 2.9810 0.0043
T ] —0.0537 1.3102 | 'Y T | 0.0043 2.9990

Then from (3.2) the resulting state feedback matrix is
K =[-23335 —0.7734 ]

5.1 Closed-loop stability without saturations
By applying algorithm 4, it follows:
u=9.3328; ¢ = 2.1639

Thus for any initial condition belonging to B{(c) the resulting trajectories of the
closed-loop system are those of system (2.8) since they remain in S(K, ug). Fur-
thermore the asymptotic stability of system (2.8) is guaranteed.

From Proposition 3 since
Amin(S™H(Q + S+ PBR™BTP)S}) < 1

we can conclude that the set D(P, 1) obtained is a positively invariant set with
respect to the trajectories of system (2.8).

Moreover, in the linear case (that is, in the Algorithm 4 case) the results
obtained here can be compared to those of Theorem 2 in [7]. The comparison
can be made in terms of size of domains of safe admissible states. The results
given in [7] are based on the use of the Razumikhin’s approach. Then, let us first
consider the symmetric and positive definite matrix Py solution of

(A+BK)"Po+ Py(A+ BK) =L,

One obtains:

P, = { 0.0247 —0.0253}

-0.0253  0.2373
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By applying Step 2 of Algorithm 4 in order to compute the maximal ellipsoid
D(Po, o) = {z € Re*;2T Poxr < pg) included in S(K,up), one obtains uy =
0.8394. From Theorem 2 in [7], domain D(Py, uo) is positively invariant and
contractive for system (2.8), that is, the time-derivative of Vo(z) = 7 Pyz is
strictly negative along the trajectories of system (2.8), if:

Amin(@0) | Amin(Fo)
| Poda l< =3 \//\mam(Po)

In the present case, it follows:

)\min(QO) )\min(PO)
PyAy |l=0.0354 ; 1/ = 0.1503
” (12 ¥/} “ 9 )\maa:(PO)

It clearly appears that the domains of safe admissible states is smaller than that
obtained from Proposition 2 or Proposition 3.

5.2 Closed-loop stability with saturations
Next, by applying Algorithm 5, one obtains:
Wmaz = 3.1208 ; p = 90.8941; § = 21.0751

One gets the following corresponding lower bound o(x)min for the saturation

term:
a{Z)min = 0.3204

which generates the set
S(K,ug) = {x € Re?; —46.8115 < [ —2.3335 -0.7734 ] = < 46.8115}

We obtain a domain of safe initial conditions B(d), larger than B(g), such that
the trajectories of the closed-loop saturated system (2.6) remain confined in the
domain S(K,ug). The local asymptotic stability of system (2.6) is guaranteed.

Proposition 6 may also be applied in order to verify that D(P, p) is a positively
invariant and contractive set for system (2.6).

6 Concluding remarks

~ The local stabilization of linear continuous-time systems with saturating con-
trols and time-delay in the state was addressed. The approach was based on
a Lyapunov-Krasovskii technique. Some domains of safe initial conditions
were determined from the solution of an algebraic Riccati equation. Using
the Razumikhin’s approach some domains of positive invariance and contrac-
tivity were determined. Hence, some links between the Lyapunov-Krasovskii
and Razumikhin’s approaches were discussed.
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— The conservativeness of the results proposed in this chapter is mainly due
to the representation chosen for the saturated system. Indeed, all the tra-
jectories of system (2.6) can be represented by those of system (4.7) only
in S(K,u§). Hence, all the conditions obtained from this representation are
only sufficient.

— The presented results can be extended to the multiple delays case. Consider
the following system

r
(t) = Az(t) + Y _Agiz(t — ) + Bu(t) (6.1)
=1
with the initial condition

z(to + 0) = ¢(6), VO € [-7,0]

with 7 = max 7i(to, ¢) € Ret xC? (6.2)

Hence, the following Riccati equation would be considered :

ATP+PA-PBR'BTP+) (PAy;S;'Aal P+S5:)+Q=0 (6.3)

i=1

which is associated to the following Lyapunov functional:

V(xe) = z(t)T Px(t) + Z / z(0)T S;z(0)do (6.4)

P
~ In the time-varying delay case, that is, in the case where the delay satisfies
0<7(t) < Tmaz and 7 < (< 1

the algebraic Riccati equation (3.1) becomes:

ATP+PA-PBR'BTP 4+ PA,S™'ATP + 1——1-25 +Q=0 (6.5)

Then the following Lyapunov function can be used:
T 1 ‘ T
V(ze) = z(t)” Px(t) + —¢ z(0)" Sz(8)do (6.6)
- t—7(t)

In [11], the authors study the quadratic stabilization of continuous-time sys-
tems with time-varying delay and norm-bounded time varying uncertainties
but without control constraints. They use a similar algebraic equation to
that defined in (6.5).
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— In this chapter, the considered control law was memoryless. Nevertheless,
the desired control law may be expressed under the form:

u(t) = sat(Kz(t) + Kqz(t — 7)) (6.7)
In this case the considered Riccati equation would be formulated as:

ATP+ PA—-PBR*BTP+S5+Q

+P(Aq + BKd)Sml(Ad + BKd)TP =0 (6.8)

~ Some results can be obtained by considering the quadratic Lyapunov func-
tion V(z(t)) = z(t)¥ Pz(t) where matrix P is solution of

(A+A))TP+P(A+ Ay) — PBR'BTP+Q =0 (6.9)

for given symmetric and positive definite matrices @ and R. In this last case,
the Razumikhin’s approach has to be used [13]. Some positively invariant and
contractive domains for system (2.6) can be obtained from the solution P.

— When the open-loop stability properties allow it, the global asymptotic sta-
bility of the saturated closed-loop system (2.6) can be investigated. Hence,
one can show that [14]: Given a symmetric and positive definite matrix @, if
there exist two symmetric and positive definite matrices P and S solutions
of

ATP + PA+ PAST'ATP+5+Q =0 (6.10)
then system (2.6) is globally asymptotically stabilizable by the state feedback
K = -D(y)BTP

where D(%) is a diagonal matrix with positive diagonal elements. One can
prove that the time-derivative of the Lyapunov functional V' (z;) defined in
(3.4) is negative for all z € Re", z # 0.
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